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DYNAMICS OF A SYSTEM
OF PARTICLES

In the previous chapter, we discussed some of the more important principles and
techniques to be used in the analysis of the motion of a single particle. When one
considers the dynamics of a group of Interacting particles, one may still look at
individual particles, but in addition, certain over-all aspects of the motion of the
system may be calculated without specifically solving for the individual motions.
It is with these extensions and generalizations of previously discussed principles
that this chapter will be primarily concerned. In addition, the chapter will discuss
particular applications, such as the collision and rocket propulsion problems.

-1 THE EQUATIONS OF MOTION

Consider first a system of n particles, of which three are shown in Fig. 4-1. The
forces applied to a given particle may be classified as external or internal,
according to their source. The fotal force on the ith particle arising from sources
external to the system of n particles is designated by F; and is known as an
external force. All interaction forces among the particles are known as internal
forces and are designated by individual force vectors of the form f;, where the
first subscript indicates the particle on which the force acts and the second
subscript indicates the acting particle.

From Newton’s law of action and reaction, we know that the interaction
forces between any two particles are equal and opposite:

f; = —f; (4-1)

135
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Figure 4-1 The forces acting on a
x system of particles.

Also, these forces are assumed to be collinear, that is, they act along the straight
line connecting the particles. It can be seen that

fii = 0
in agreement with Eq. (4<1), indicating the fact that a particle cannot exert a
force on itself which affects its motion.

Now let us sum all the forces acting on the ith particle. Including both
external and internal forces, we can write the equation of motion in the form:

mi =F, + 2 £ (i=12,...,n) (4-2)

j=1
where m; is the mass of the ith particle and r; is its position vector relative to the
fixed point O. Next we sum Eq. (4-2) over all n particles, obtaining

ZImifi = Ff* > 2y (4-3)
i= i=1 e im1 =1

n

But, from Eq. (4-1), we see that

2 2E=0 (4-4)
i=1 j=1

since the internal forces always occur in equal and opposite pairs. Also, we note
that the total mass m is

m= > m : (4-5)

i=1

and the center of mass location is given by -

v |
I =—2,mt; (4-6)

m ;-4

The total external force is

F=>F (4-7)

Therefore Eq. (4-3) can be written in the form
F = mi, (4-8)
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This result has the familiar form of a force being equal to the product of a

mass and an acceleration. It indicates that the motion of the center of mass of a

system of particles is the same as if the entire mass of the system was

concentrated at the center of mass and was driven by the sum of all the force?s

‘ external to the system. It should be emphasized, however, that the forcg F is

~ calculated for the actual system of particles and not, in general, on the basis of a
single particle of total mass m located at the center of mass.

2 WORK AND KINETIC ENERGY

We have seen that Eq. (4~8) is identical in mathematical form to the equation of
motion for a single particle. It is apparent, then, that a set of principles similar to
those for a single particle also applies to the motion of the center of mass of a
system of particles.

Let us assume that the center of mass of the system moves from A, to B,
under the action of the external forces F; whose sum is F. Then, taking the line
integral of each side of Eq. (4-8) over the path of the center of mass, we obtain a
result similar to that obtained previously in Eq. (3-67). It is

B, 1 B, .
3 F.dr. = Emvﬁ (4-9)
[ AC

where v, is the absolute velocity of the center of mass. This equation states that if
one considers the sum of the external forces to be acting at the center of mass of
the system, then the work done by the total external force in moving over the
path of the center of mass is equal to the change in the translational kinetic
energy associated with the motion of the center of mass.

Note that the work expressed by the integral on the left side of Eq. (4-9)
does not include that work done by the internal forces, nor is it even the total
work of the external forces. To clarify this point, let us calculate the total work
done by all the forces, external as well as internal. Considering first the ith
particle, the work done by all the forces acting on m; as it moves from A; to B, is

B; n
W, = f (Fi + 2 fij> - dr; (4——10)
j=1

Aj

But, as shown in Fig. 4-2, we can express the position of the ith particle as the
sum

I, =r.+p (4-11)

where g, is the position vector of the ith particle relative to the center of mass.
So, substituting Eq. (4-11) into (4-10) and summing over all n particles, we
Obtain the total work

B;

w=Yw=3 |
=1 i=1-A4;

(ko + 28,) - @r. + dn)
j=1
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Figure 42 Position vectors of the cen-
ter of mass and of a typical particle
during an arbitrary displacement. -

or
n B, n n B n
W = 2 J’ (Fi + 2 fij) - dr, + 2] (Fi + z fi]) - dp; (4_12)
i=17JA, j=1 i=1YJA; j=1

where the limits on the second integral refer, in this case, to the position of the
ith particle relative to the position of the center of mass of the system.

The first integral on the right side of Eq. (4-12) can be simplified by using
Egs. (4-4) and (4-7). We note that r, and the limits of integration are not
dependent upon the summation index i, and therefore the summations can be
carried out before the integration. The second integral cannot be simplified, since
p; is a function of i. With these changes, we obtain

B, n B; n |
W = J F-dr + 2, f (F,- + > f,.,.) - dp; (4-13)
Ac i=1J4; j=1

Thus we see that the total work can be considered as the sum of two parts: (1) the
work done by the total external force acting through the displacement of the
center of mass; (2) the summation of the work done on all particles by both the
external and internal forces on each particle acting through the displacement of
that particle relative to the center of mass.

Now, for each particle, the principle of work and kinetic energy applis, sO
we can write

B; B;

i
A 2

1
W = -—mg; - I;
1 2mlrt rl

mi(ic S P 2k, - p t o pz)
where we have substituted for r; from Eq. (4-11). Summing over all particles, we
find that :

B

n B;
+ T mip;
A, i=1

n

‘+ %2 mii)l?

A; i=1

B;

o 1
W = Z W, = imvg (4-14)
i=1

Aj

where p, is the relative velocity of m;, as viewed by a nonrotating observer
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moving with the center of mass. Here we have used the notation:

Pzz =p - P

But we see from Eq. (4-6) that
mr, = E mr; = my(x, + p;)
i=1 i=1
=mr, + > mp,
i=}

and, consequently, that

> mp =0 (4-15)

in agreement with the original assumption that p, is measured from the center of
mass. Also, of course,

> mp; =0 (4-16)
i=1

and therefore Eq. (4-14) reduces to
B, n 1

+ 2, smpi
a2

1 B
W = Em_vg (4-17)
The right-hand side of Eq. (4-17) represents the sum of the increases in
kinetic energy of the individual particles, or, in other words, the increase in the

total kinetic energy of the system. Thus we can write
W=1T; -T, (4-18)

in a manner similar to Eq. (3~70) which was derived for a single particle. In this
case, T, and T), represent the total kinetic energy of the system at the beginning
and at the end, respectively, of the line integrations. It is apparent from Eq.
(4-17) that the total kinetic energy is

A

1 &1
T =-mvl+ D ~mp? (4-19)
2 12
Now Eq. (4-18) is valid for an arbitrary interval. So if we consider the case
where the work and the change in kinetic energy are evaluated during an
infinitesimal time interval A¢, we can write

AW = AT
or, in the limit as Az approaches zero, we obtain
W=T (4-20)

Thus the rate of increase of the total kinetic energy is equal to the rate at which
work is done on the system, that is, it is the instantaneous power associated with
the external and internal forces.
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Returning now to a further consideration of work and kinetic energy
relationships, we find from Egs. (4-9), (4-13), and (4-17) that

n B;

n B; n 1

S [ (B o+ St do = 35 mib (+-21)

i=1J4; j=1 =2 A
Hence the work done by the external and internal forces in moving through
displacements relative to the center of mass is equal to the increase in the kinetic
energy of relative motion. It is 1mportant to note that the relative velocity p; can
arise from rigid body rotations in which the particle separations do not change
with time, as well as in the more obvious case of changing particle separatlons

Referring again to Eqgs. (4-9), (4-19), and (4-21), we can summarize the

results of this section as follows:

1. The total kinetic energy is equal to that due to the total mass moving with
velocity of the center of mass plus that due to the motions of the individual
particles relative to the center of mass. This is Konig's theorem.

2. The work done by the external forces in moving through the displacement of
the center of mass is equal to the increase in the kinetic energy due to the
total mass moving with the velocity of the center of mass.

3. The work done by the external plus the internal forces in moving through
displacements relative to the center of mass is equal to the increase in the
kinetic energy associated with the relative motions.

4. The total work done by the external and internal forces is equal to the
increase in the total kinetic energy.

4-3 CONSERVATION OF MECHANICAL
ENERGY

The principle of conservation of mechanical energy was developed in Sec. 3-3
for the case of a single particle. Now let us extend this principle to apply to a

_ system of particles. First, recall from Eq. (4-8) that the motion of the center of
mass is the same as though it were a particle with a mass equal to the total mass
m and acted upon by the total external force F. Therefore, if the total external
force is derivable from a single-valued potential function involving the center of
mass position only, then, by analogy to the results obtained previously for a single
particle, the center of mass moves such that the energy E, is constant.

E =T +V, (4-22)

T. is the kinetic energy due to the translational motion of the center of mass, and
V. is the potential energy associated with the position of the center of mass. It can
be seen that it is possible for conservation of the energy E, to occur even in the
case of dissipative internal forces.

For the case where the internal as well as the external forces are
conservative, that is, they are derivable from a single-valued potential function
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: involving the coordinates only, we find that the total energy E is conserved,

- where

E=T+V (4-23)

In this case, T is the sum of the kinetic energies of the individual particles, or it
can be considered to be the sum of the portion due to the motion of the center of
mass plus the portion due to motion relative to the center of mass, as in Eqg.
(4-19). The potential energy V' is often just the sum of the potential energy due
to gravity and that due to the deformations of elastic elements such as springs. In
any event, the potential energy of # particles in a three-dimensional space can be
written in the form:

V = V(xl, Koy oo oy X3n) (4"24)

| since we assume that the system may have as many as 3n degrees of freedom.
Thus, as in Eq. (3-89), we find that if a small increase in x, results in a small
displacement of a certain particle in a given direction, then the force
E=-Y | (4-25)
axk
acts on the given particle in the direction of increasing x,. This is the total force
and includes, in general, both internal and external forces.

For the case of a system in which both conservative and nonconservative
forces are acting, one can use work and energy concepts in place of a strict
conservation of energy. For example, if W, represents the work done on the
system by nonconservative internal and external forces in going from configura-
tion A to configuration B, then

W, =Ep — E, (4-26)

where the total energies Ep and E, include potential energy terms corresponding
to all the forces doing work on the system except for the nonconservative forces.

Example 4-1 Atwood’s Machine

Two masses m; and m, are connected by a massless, inextensible rope
which passes over a pulley, as shown in Fig. 4-3. Neglecting the mass and
the bearing friction of the pulley, find the acceleration of m; and the tension
in the rope as the system moves under the action of gravity.

Let us use the coordinates x, and x, to designate the vertical
displacements of m,; and m.,, respectively, measured from some nominal
position. Since the rope is inextensible, we see that

X; = —X, (4_27)

Also, the pulley exerts no inertial or frictional forces on the rope and
therefore the tension T is uniform throughout its length.

First we shall solve the problem using Newton’s law of motion for each
mass separately. Each mass has two forces acting on it, namely, the rope





