MAE 6700 - A dvonced ’Dtgno\mics

- Ano\-ﬁ Ruina

Cowncse O UL\‘L'.V\Q

I. 3D o\‘ana\m?cs O-C Pa\rhdeg I i “o\ oL' e,d's
o /=7 =, H/C
H. Lmaromade. Eobns.
-Decive 2 wma_s"
O Newren Laws
@ Princ. of least action
-1 (‘c_‘\na & with exkea con 5'\(\"0\‘\ nts
TII, Nibcakions of s‘\'r'mas & beams

N. Miee. Topics® Friction, -:o\\'\s‘\oa,s/, non-holonemic  constraints

i

Cownrse O(‘t@mﬂiid\hoﬂ
« KWW X wee\‘\\?

- FinaL Exam
¢« FINAL TPrOAECT

\a \eeX O
2._'-—12-—-'?}"‘6 J Obée___ Ge e:"rg_




APV

Tf

lanow Fos'n-\"\oﬂ of o\ Po'm\'s o =0
D O
D o)
= position oF ANl phs

A

e + p ;
DPE D s A A Me F L L b etk ot A
= In 2D mobon is c\'w\rac:l—er}zeol [,8 2 ¥l B S+ H
c
2 % |

3D

where D s Po‘m\- on &
it sphere

Fal

A (o)

G‘“EN.: Po.S'A"Qn ok

o\l ?o\n'\'s o k=0
SO

A
?D/(__ U_) = rb/c. }. (‘t)

aowmt AL we need 6 '?‘,('t) + Pog,‘v'\r*or\ of al po‘w&s o
AR

wnit 5P\qgre
w‘A‘L\ 3:‘\? on

e.-?-) ;L [ER :M\'-sr vedror anit sP\aexa

=, T
oc e Y,o‘w\'\-g bc@ore 3 d\@."e’r

C\laiwn | On\a_ need to know Pos‘--\-‘toﬂ
Pownd D is d, o\\br\% reat circle
AR & Yhen 4, T Phe \ef




_L ‘&‘\sec}ror op AE
B s amro Po‘.n’(’ 'oe,@ore wiokion

D s where B %,e)cs ‘o ‘w1 mokion

A 5 -\'\‘\e \oo\n-\' Jr\f\oé\' eﬂ.J.E- U\-P
& B aflec Yhe mokion

=2 A% —> B¥D
Adhes wriokion, dkfowu L bisectory
aod Pheie  inkersechton has

n D\' MON Q.A

A
CP s the oaxis of ro‘rmxrion,n
O o the Mzal@. of rototion

A
i

s

FACTY" AR i'\depenéen"f it
O‘C C Loc ca‘mer\ MO"f‘xoﬂ

cWeice
Fiesy Parameletizodion of fotmtion s

b o' ?\/ &
+y =4

Not. \wde pendent’ r\: * v\,af—;fnz'* s

LR S Y

Not w\\gtme-' o§?\le =0 R, -6
D de =" R, erue

Representotion ¥ 2. \
N NOTE: nok uvnighe
- ENY A =
" = Yhe cotekion g ecor g (Q* Q_w)n
Nok ovedel A ey of Jedoe oddibion hove no sensitle
r'o-xoer}bﬂs

N =3 ﬁ\* 5N, M’rer‘we}t-m\-‘\bn n %e,ome:l'ra of
Q.-%B R,b*vc\e N \ Ylaen ‘N)'L J

o — = e
-\ P{\E,O/ N\ Yaen M?_ '# N?_ Hen N‘

nek rokedion e not §| *@,_



I \/28/2014 '

Rotadions (c,or{\-)

- |

"'3 -

)
Retoded vefsion &

o Oﬂﬁ‘\m\ \J&(—\'Df

- '{'3 s
CeuO0 o

[ " \
Recall | Rigid wokon = Franclafion 7  cotalion

TAY o\‘oou\'\' ONKIG ﬁ

Romtion = cokakion
C Joesrz{ o"\w’\ﬂe—

‘W ro&‘mjr: en

Anis “‘?j\e re‘aresen‘m\w‘or\ of roteien

N, ¢
R olon vedror & n whete A=T\\;/IT\§\

Or wsé umi\' \)e.c,l'of‘

n, &
# A LD
Not  wnnigne V\,9 = Ny
wd A8 TE A, 0rLaT
LY\’-\,Z—,%

—

Con be Maﬁke, uun?chLe,'- ! Siv\eﬁ, cos® ! or \5‘m(é/-z.)ﬁ,60$ (6[7,.)]

——

TODAY W au.e,s\‘\oﬂ
—
?‘wer\ R ’ e,Co

.
 —



GueN: 7,0, %
Fno: ©
NoTE: DP 1L <D
DP, L &D
DF, L ET




-~

NOTE: Rotadion 15 Waeas N o

Rok(a® *57,) = « Rk (T *hRok (%)
—
T

Two wags ‘o see-
) dae,DM 9‘\1‘(0» of P:atcx o‘oSec:\-g,
B LooR ok formula ﬁ*k

'_'________---——-"'"'_f
Tdentthy Tensor

= 0 F dind

o
w | & « = DR Y oaA0 R X _1-=-
—{nn’ + s (T Ae ) ¥ 5a04 3

———— =

R K "°\'°\‘\'tb'f\ Jt'e'nbor

= =

De}me, J\.‘,\o\ ?\k GS \;ec;\'of‘ ~ ﬂe.x“' o Ve,c.)rbr b
— SV
2 5.3 =a(v )

—
A T Y- TN
3 "[;\5\\ ¥ cos® (3;—_ 'Rﬂ)/) A ein® &

y—

= 5"\!\'9 é({‘\\)’-‘:\o
ASIDL! g A 7& ) .T
e
- A
® l:?-'-,o‘é\ ““‘:),Léq’ '}*)D-beg
A 2 A A ‘e v MMOCL{M
€ = > bey T hE Linstens  sw

Convention



ToDAY
¢ NELTORS
e TENSORS
> Dwaplcs

¢ METRICES
o ROTAT\ONS

Nechors  (Recommend Radaa/Prodnp Mp 2D X

Dave Block , booR  on Yensers
A Whak iy vedor ¢
AL A vedor s a yedor, (s o vedor. ..

Jeckoe [ o g.ome)r\«‘.na with pognitude ¥+ direction

o the cg(\cep“ of  scalar Mu\\—:p\te.o&*oﬂ s delined

& Mgk obva the rules of  veckor m‘i“«me—“tc:

(av'r\b —\ls = ox_:l +‘o¢

2 moin ex.ownp\r'—ﬁ: (> FoRCE ¥ @) RELATWNE Cosi TLON
ot

' dron \ i‘\era\r)ﬂov‘\.
FORCE ' some wmeadufe ok wme o) in

B .
Deline in Yermo ok 5?““6 /

Ale 19 oy ar\\-aév‘\of\

magy 15 strengis of spring.
Definkion of oddition: A?f\‘ﬁ 2 focces ot same  place



& 5*‘5\'&‘4 with  sawme e Elect

I?:' + -FJ": 1o the s \e -‘-’Pr""ﬁ
2
oS -,‘—:.5; o _%‘1 O\PF\:eol "anf"’\ne(
T

V Ene:k

Sealar N\M’“’ :?\‘u LA,T:O’\ S e F PESIS “(?l‘a

™}

£

c w?‘lﬂs )

How Yo rerresen-\- vedrors
e e
@ a/‘ Mmeans c\*wn\)r Vec)ror ik /‘al‘-r

A
r -— - AN A
@ add  other veddorss N EV € + N e, T Ng €3
A .
= v e (Binstein

A

A
L . e,
A e|

€ /’




Tensots = Linear Function
__.—-—-::__————._-

ed) \Vectoes —» Neclters
ocdel

2
ed) Neckess —> scolars

order

i

Whok 1o ‘e mosk 9-@\&(‘4—\ \
W = &C\D

[ L gedor inpw
\ivear (:umc\tbn (\’eﬂ50“)
¢ color ow\'?m

= 5\(%31\

A ]

inear  Lunchon  from vedrers Yo sealars?

wear QMc-‘r\oﬂ ‘Mf\:e»&
T ey 16 A P RAK
L(a'&t} =L L(:B
v 8 (8) =+ (8 v 308 » v 308

€

A .
L) =L, ... LE)= L

we Vil . . ) )
i - - L]
- 3oL whwere L= Le? Le, »Lyeq = Lie

\ 3. -LN




l
&
-
?—(7
P
®>
N

‘DQF«‘\& L oS %
= vl
i .-
= Liw NoTE V=€, *N
- T Iy * e
= LL ) N
[N . A
l—» L"": ije\\
A A Sy A % = 8\&
= Lye s SO S
~ VAR
L (Ds\a Eil S?ék
e A .3 /
W 7 L“ e;(eo N Ae,"g':)’élb
\ _j L—» Q "Vkek L .
L e
= %Q O L¢'A

| O



—

i ‘ensofs o erox\n on W
Nowious reffesen\v&\ons o(— orAec 2 ? 6

= Lc% N @
N A '-.S

£ L;,:)e—ce:) N @

®

= - -

NOTE L ;
FACT CSe.& Ruwad ‘Pru\-\—n\‘o>
= s J’E;(\\ls o Yensot (orher 9—3
How Yo Q‘\V\A -IE‘-,E
FIND CL" E’é\“ét
(L] *es L)
Lt,_—k"[&‘ “ai—X’ L ]
[E.]-[2*&]-L ]
A + 0O *O)

P
>
o

t
>
>



%__(5375%\&: AOIT Y '“’\o&r \y \"\QQ 31- '(:D“ cCo%S ‘)roa\wc'\‘g

axN =& (DT

2y - 3@ )

—

‘%G‘C/\Q o 'P\o\'vét‘\ons
Rex. ok N = G?\-"\? ¥6059(§—’AA)'¢ »ginl & 8T

Lineasr fonc. ol T

P

P\o\:(ﬁ3= Rr’\\ ¥ cobé C‘—E “?\935 +4%n b é(ﬁ)} . T
: KXk

ﬁ\

[13;_} -TRatle) L RAED | ek (eg}

9



Recall
T :?\'2 0 r_o -\'COS(e) ('CD ‘ﬁ(:’\\ -Eeb) } S‘-'\(Q)a X [0

ﬂo‘t(c,a) =R e > E\_?— 8O+ cos (6)(..3-; ~AR) * 5in (’@E&(ﬁ)
b =R ‘N

—
—

4 Aot

A A A :l
c=ae, tbe, rce, (55[_!:

15



A

A’(At 3\\ /AL, 3\35
ﬁ "'(B, Gl/g‘z /93\

A
Defne 4 values: cis =] lad- 'gsd
% a) » T\
b a a b
\ A ' . 1 A ‘F )
C, ”PC A a, 1=-"C |
by L~ Aqy 3‘3 Ly |
( . J
leig]
3IR3
-1 A T
—— kst
L L To be proven
Lineac a\aekr‘a
At",‘;'-n:-‘rluv)



D [og), 2
[:D.I-:)\P 2 l:i 'Q_'EJ
(>}, -fC" 23, "

\
nd
SN

Al reintion axis, “only W -
//L} wr s&m%, “the Z\me,%g—
:l'at-=l¢\\'l-:é
b =§'a_\ For b = o before retattan
A
| b =R.X,

R-d\.2.« A n
(B8 & [(ad T 384 (meoslod) 13 KLY sn(0) « A7) -4,

L

pA)_A ‘ O L A LAA R Ao oA
(C ;-j o . a\J Co.s() A, ennN O\J (l Cos<6))+n Xo\i ’01557-4 (’9)

E xample
[¢os(0) m, (1- ms(@) mny ( I-cos(6)) #ny5im(8)

-V155""(é)"’ nlnz(l-as(@) cbds (9 4 n2.1( 1= “‘5(6))

éL« sRew
cos(OD+ ngt ( \ -M@ 5<ammg¥r.c

mov\'r R

—~—

15



Rotokion Mok Cix i %oep:}\?, 5\mP\=C2eal

A \ [0 O
A O N im(8
O -5m(®) cos ()

C.e = Cob(e)

\6



-h}
a)

q-_)
PRIPSESTEN. -
1
“
S )
» A
N £
7Y B
DS O
W o~
{ —~
)
S

-

p-
~
YW

v o0 0O e O -5 e %6 ©O
6 ¢ Se O \ O -5 Co O
O -5 Cp fa © g o o
NOTE: Cp= cos(8) 54 Esin(6)

| 7



o>
w

a
3

Ro\-o\*e. o\‘oow\- H”\e— some
Q‘w\ea\ OKIS 'i'wic,e

o NOTE ! soume '\’L\"?
oG roh‘\-?wg, onee
by ongle ©=616

h-di

6 0O
© ‘o, 3o,
0 ‘Sez Co,
(@)

591

Cé’t

\%



A 0\3
33,-’—5 A ) *DCC:* [“‘3 S, ©

d?. '593 Ce3 O
o o) l
A
A,
A DA D¢ B.A
0\?- C C Cﬁ C =

ﬂ\l L—y '
Full makeix , therefore
con represent on
"O*v\-\-ibn ?

Conclusions °

'3/00‘- nQ.Eo\ 2 2 non—repeﬁ'\"\-’\.ﬁ- oxes ¢ B ro\-\-\-‘\ons +o Pe.ac,‘n
M% a\rl)i{-ra\r? ro’t:a\Jclov'\ Coﬂen’w\hon) in 5{;.0\(_9_

A
AN A .
0\_S ¢ q
€
Q5p , "
S5

0,
N
A
X A
\ (,,‘ .
A

A Cr R o> Net os simple must a0 back
PC 'S S;Mr\g Focm, whak a\ﬂaow(- C ¢ By Kivek ‘,:‘:[.,\:_’.P(es 0

CL'B’cS--Ce v €Ny Se rnen (- ¢o)

wWen ‘Jk figh

an even pemalion , = |

an  odd permutation, s ) 19
1oy by ; -



( I, SN
>
)
il
>
™
>
|

R} = -‘sb\
p CA 2

:

a2 2
59) C-Q +C‘9 -$6|CQ‘ ("Cé?) 5ezsej
.
“Ll- C
(1 ce1) 56,8, S, * ce.z Ce, %6, Co,
1__— 591_59‘ = Se!. Cej Cez J

cCB PCA S 56,L6, Se, 56,_1

Compon nomeﬂdee for VO\'UL'\"\DV\S.
5\”‘“‘/""‘}6’ = Yy NOTE: 2H  Aiffecent

b, . b & Po%‘-‘o\& conventions
LA S 4

eq) Rody~L 3V
Boc)\a—'s B R

—

5M\\ M\a\es
whot £ ©F ¢

sia(6) =2 ©
cos(®) % |

Re.cos\\.: B

2.0



#c!

~~

[ +40)

71



Rotations Conlinued

N A
Paris —omca\.e' w,é
A
cosg} 51,\(‘%)\,\
wi R 2R LE;
Tensor MakeiX’ Iy = "SE’L i

To rguiew/ 5Ma\\\ rolrm*-ton,j
b ey st ]
o

sind 6'.'. k ﬂk

el o

NN
K—J = o\\-\-e,rﬂo\%-‘\ng e,FS'-\a/\ S«am l‘)o‘
> = kron icker delta & (4D W i-’\S or 1=k ot fl?
| for ik = 123 or 23lerdl2 (ew)

= 1 '.'”:)
[O L?éJ - Eov QQ\Q = 72173 or VB2 of o2 (OA@

U ie?



R o'\'O\‘C‘\Oﬂ :

— A
R =e;

I

I,
It
1

\//
17
=5

b



&-“z‘gg
/\_A—_———ﬁ
i & A iven ‘
v Puzzle: se cae,ome}fr?, Yo find  net & " 7 successive
rokekionsg B, /A‘ then 9, ,n,
S ———
%‘ L
=oAL N Y ocosD S.‘_' - n\'} + E.., n 5-'4.9
?\ej SN ) 3 ta‘}_%k e

teoce [&__]E & RLL B f\;’f\l- t cog® (?;L 'nii,) * 6“' HKS:V\Q'
l, 4 5’5,|4,§zz+§33=\+l+|

Given _F

5
S

|

ok
e
W

7
Rl

|
O'q "
L—4
tﬁ
™
0'-\ L
[
»®

ete.

24



<@
e

\

<

2.5



\7—/1’5/101°| ]

TobAY

N Spal coknRons
) P\f\aav\\ﬂu veloci

————

"5 P\naau\a.r MbMeuf\!(lAM ok pt(a{J\ ol;jeck

qeaall  rotations

T
ly a@
L

"

CosdD &=
5"\6 x 6
- [_]__: % eé‘q(aﬂ ,?.:

c=r YORKE
C.om‘:oﬁe hwo smm\\

R-R, R,

1'&1?‘3

——

o=

IR (|70

2 n
o By 0] “n
MNa N, o

f‘ohjﬁoy\s

26



- Y A -
r= rc emlmo Yo,n, x

# small (‘0\'0\\"0"15 add g




);sé;x\ '-e;mi K Rk

P\“\%U\\ow N Q\OC:‘)“&

\Jedror

@ =63 ()
= ama, \Je\. "'&ﬂ&or

The Transport T\r\m/ The Qdsl  Lormula

Conside r a(’ﬁ) A
t sove \Iec\'or "3; €2
— = -
&-Q S |

A =
L Q

Q: el
al 7l al -=[&
(A, (] #fa]




T{ me Aer"va\\"lue WA (8 c“o\W\e "

F = 4
Q= Owe‘l 2 Z

P'."‘__ " rA t Al el oA
QA = (Q,‘e,\ + , 8, +&5€3

= d},’ é\iu )
¥§=@6\+axa The "mnsforx Mam
| Q Aot Cormula

cmr&inm\-e 555\-—efm \«\}epenolﬂrrl

NOTE: D s

/‘i\ AW\ E xowm p\ les

&=F
&-v
q=w
- —
Q=H,

———

/\I\e,c\r\omic,s
Ma‘}-\i\i Momav\‘cmm Bl snce ({_M. onyy s.oslff_m)

F’c. -C:xeo\ W space L

Z ﬁ\/(, = aolé H/«:

u’r- ('Ol‘r.es el - -
L,— H/‘-:: 2_‘ ryc K (Ml\’i)
- - == s o
N = T * Maaa Z LA
e P k_\(,_____)
H/Gt

2 Gfe

"



s T
— [

le.

4
Fes
H.

Yime Aer\vm\i\le "

Liged Grame anless
ol(\l\erwit;e s\o\\ru\

A SfEC.ia\\ F‘\’ is C""C{

* (MMRG{) .\—Z 'r‘;'/& A W\;:a\Jl

B i "5
. x \, ]
Y r"/c &le
2. nd -
Jo© Y =0

———————

OBL\Q‘A— w‘r.'t. & ?

[

30



Ax(Ex) 3 b(X-2) +4,2@-5) #

cCross
ptoduct is  \inear

5"7«(1\ *E)
g al +g =k
k demand ed by \-‘v\eau"-"?

ex)

A

A (A A -
(gl A-;(IM%Z

Simtloxr\ta AL:" -\
End  ASI\DE
LA ICEA T

-.:—S Y] ?/G- ‘-f_}/é) - '\;;&(f?é .E;‘) Glm

o R P

'DeCw\e '—'J_\ r/ O\Wl l j '_/G
y RS oLa{

Mgw\.enjr ok \ner¥\a\ '\'E,Yl,f,or

0, T g T 3 2.

| N

2], Akk

&) _ | (o2 -x¢ -xz - Gc‘_;
[.]'-'-;- ] J[-*% wigt --ar?.] O\M xk H/G.—]-;: —

-KZ -22 &Zg.??.




‘ L/25/2.014 \

ToDAYX
> Recap
D Mokon  of one r\a‘\at 5543

ﬂ? g
‘ 2 & L
i ./ "

o>

\ —]
Al A
eai:'-g\__-'ei
O >
T -§-ro
B
5L e
f{.?o - ooxT
= - )
4 @)-7

5 — —_ . Ay A, .
QA =Qee +Q e + Qe
The  Q-dot focmula = The Aransport thm,

¢ — p‘ -_—
%.—h = % +_..=-. xo
= ) o v N ector
QQ % Qr Q < ang A
U‘B¥3 =ﬁc73
W é\ +0.Oé =c,:)-é'+f:«)f‘é' +W,2'
O.)&ex Wa 2 ? Rt X X 3 g e 2

52



?:JMK Yo Mechanics

Pecall

for o p‘.a:o\ ok\‘lea\-,

p— = —
= jr/& x \J/GS\M

¥
) &1+31+21 D O K’. Y\‘a K2
I & _j o )(‘l_‘_a?-q-a,z (0] Am "j '&19, ‘91. 32 AIM
O O KI+?2-+-32' A 3% Zz

Abont L

EXO\W\P es

2
Anmbel| § 2
- Oﬁg—\o*"a )
73 . T- me

s §e



g\_y_za_ P\O\Y\Ar
(on Xy f’lome)

: FI - O O
(@)
O Iw ©
O T Ly I%

The Perpe.nAic,o\\M- RIS

Thm. (-Cor P\a\ﬂa\r olojec:l's)

r-arv\r"’/,_l o o "\
O Ml’7(_( O
| © O mry

St

% I,\X :Jg (IxxPIg‘g +I22

= TSJCX"*@?'-FE‘)AM
5 o
) Lx,_*?q,_‘z?-

Ixx -

e

dm :/(L\“' "H>o‘rl

m
A="!7\-‘li.mr3 Zq



L™ "?5= JD (“'1){,9 Hap ) o\r;

Scamme\’r'\c, = dingonalizable

T, (X O (&)
=T ls £ o
o O ‘IS
5 mmp/srr ot oB‘Sec}fb hows _I.;
0 ¢
A
princ. din a\\ian
W/ Sﬁmme’l'r.a PN XS
Ay
N\ e,

N\w\‘l Ma\\ (‘P_F(‘es en-\—p\\_‘\ons %

z(ml’rw\?)

Z.(m‘i-mg
?‘\L\Q WMy, Mg, m, o Qe,-\- c[es\"_e() T T ZL,



(}o«-hs 2: J
1 PR 4,4, dy Yo give
i I M g5 C)Les‘:recl I\ ; IL, I‘S
& 45 Uwy LW____J
"/ ) -
M/‘ 1 -ﬁ e—\.'a\\u.e:' o'(‘ Momwv\'l'
. ot merfo Mﬂ\'\‘r‘\x
Ma

B A la A oA Alai
L=1¢"%" +1,¢'¢e, rI1.8 &

Ay Al A
)‘%' e ;8,8 are e-vedors  of é X

?\eskkuhons on I./I?_/ 15

—

I,20, 1,20, T, 20

Ve Y

Lok, o T, *T, =J(g1+z") (4 2D iy

'—)‘7 :[\4—12_2:[5

I‘L
Triangle inequality 1 ]7 LA I
5 I, +T,2 1,
I, + 1. 21,

A4



A 2/27(2014 \

Dynomics _ofRigid Olbiecks
éz‘ A
e
4 Gg oxes ore
peinc. e o
A
x “x
L1-=%L
A LA, 2 8 ! A
Iijé'téj =1,e¢& + Ize?-\ € * Le
I, 0 O
Ll_-l i (,cmS\‘ = ‘
= 5 g I, ©
0 £ T—y_-.
. —
-1
e
_P_\_@/a
¥l
R
N\/&" \—\/Cx
Fa W
=R N
¥ A .o
= 5% @
_p 4 o5 W
SR AGARCEUA
— e B ol s w X .I'-. '53)
M/@ at (I';'w),r ” R
:Lc’fo kL § a x(}:'w)
BRI
=% 2 oo

m&‘\anea W"k’\"
L

—



- " R B * ODEs we can solve for
N = ; [N\/G‘ — B x; ?3] motion of o rigid
obond given tnitial
R: 4@ R condikions {Brsy | apd
| &= = - My
¢ 12, ooks  (1*F ocder)

The Euler E%er‘\ons
é i\'\A.. ODE.s

¢ f:S*\“’*\ Soludion s

\Nr,‘\_& _*. L& boo\qa Cporéu‘ma}ce,s

(5], = -\]ﬁ» ' [LN\[AE:- (=, XLLLF]&]

\

\ Lr‘li O O L Wy
O \/I_.,_ O w?'
w,'
\ L o o 1/13
L w7’~ o 0O o
)
‘103, ° I, O
, . N\ ! '
oy | Mtsx/I\ [r, © O || wn 1,
- - I i ] x ]
“y | 7| PeylTs o Vr, O ||*a\™ |"2T
L | ) . ,
®g | LMez/IS 6 O “/I5 W we I,
) Me/n) v, 0 07| |G T)eywe
&oa\ = N\cag/h "l o Y1, o (\;\—1&) g Wy
. ) )
~e Moe/T, 0 0 Vg | |@. T Oxy
- 11— ‘
('ES\:Q “y w!\ Ethe Euler Erbv\achons
L.‘:E.;_}l Wy wa Asde: Recoll in 2P
&=
L-I-\—IL\ \ 1 e

33



. % o
= T s o o -vector

\

\
3l

A
-:we‘ oe

L

PR A
- w
uJe.?_ o 23

Moo

Aot odoork o Pr“w\(_. KIS

Oc From * K
T 'I U 1
- : "’ Wy Wy
O |- . | ‘
O '511\ wxwz:
1,~1 ' !
L \T_.;- wx w?

Tor%me—gre_e_ MO\:'\OF’\ O\’)EA@«S

[ s ) = ‘1 . i —}
Sy T gy
T,
w

Qs -
1

L
-1 '
: Ty7h wy e
wz - |
- -
L-1, wﬁw'a

e 0, omers=O

= Al Aok, about
wﬁ‘ +0, oters = O [N Pr"ur\r_-
~pt ™~ OKRLS
w, O, ptners™ O

" ni
A solntion 15° Lﬁlp— g = c,M\S'\‘--

], [ﬂ ) [‘;;
ﬁ O u‘\“)ll

r R geaad  pecturbodion
b“a'bue‘ F Yine

cown

Eneg o



4_’—’-‘

Iz'1$ & |£)' )
o ( wb 2

S
;\ ! o _.‘L\ A A 4 A
%0 |7 (& voxds
""‘:‘: 1 "1 A A o ]
. k.. ww 3 - 0\);\ w?)
P (0%
‘DCOPP:V\Q &'
A
— X -O
lb’ % 1y~1, A
9 '@ 1% (D
gt =[I"It 2
> 1-_5 b J
:) , = P (Tz, It)(ll'l‘i) (3
2 T, T4
‘A _ A
O\)e' - D wa
L DL = swble
DSO = wnstable
T L
\ 2 ___e?D{‘o
L>1, skable
Pty = BHALD
1,4 T‘S srolde
2T, = DrO
oDt b ™ ol
P\o)ro\\‘e G\\ODUA’
e i«\’rermeii&e
peIne, AN US

-~

ORI P, ("smo\\\ % sw\r-\\\‘}

\\A Po‘\r o_(: \tnear '_\_5"- order O'DE_';

% = 7

z'9=c,_x

YU



—_—

@ Fixed  owxis cotekion , con st @
| = > L=\ (& oo = c.oﬂs'\f
\ N\/Gg = D XK (I;_: w}} —_—

T¢ rb’\'a\)('\na ~boud x-mgis/
Moments ore due o o‘(l-c-»c\to\%u\o\\ Yerms ™ L

T od  books

17“3’; 1‘&%/ I‘!az onr e colled Me Ce"‘*‘"‘f‘hﬁdx\ ‘erms N0 [

1



Todaw .




..................... PO 3 3 0 i 5 4 - 5 i v 5 : i § § : i i 5 . 5 i i PR

....... f)'.\'a.r*k'_bb .(‘f.p\o»ung.‘?\\.w;ﬁh. = O R R




....................................... Mocen W™, 2oy
C 0 6) Eelac Qecomposition - . . .
o R=UsVY ¥ ek Qo o\ mekewes
,,,,,,,,, "*\1‘5
............... s o
............ d‘ag‘ono\\
U R=UVIVAYT T s 'ea.on;g' mpoSitiDA . i5 ungUe
s G o ow W W W %‘ e Ve Vav T s posithe. detimite . .
‘‘‘‘‘‘‘‘‘‘ p«-.-\rhpé. ,6,gnmefoe.c/_ B OB OB B R 3 B % B % 5 om o o omoamm b e s m m o m o s w m o w

e
o {uys Y E svARYy
L Ranewo s UV
R e D aRrc(Ronew -R)

o .Piaggﬁxf éms witn. emal\ vales



..... . ’\o.‘_h_ese— . . . . . . . . § # é & 5 B B . . . ' . . - * . . * > » . pe . . B ‘ %

- o ¢ . I
=D . bewnuse  P= Wep =g =0 .
C=mY enly evangl: A% retatiery

. -

S a5



)
e &
Lecrue

. \46 J

V’



......................................... Le.c,-!r._:pa_ v

..... @ \& e B o AoCge, are neve.. Gny RoTeieAONS . o o
................................... 6‘1,‘_{:‘),‘13} W, orm@"z




 Buesnion:

. r\/ ;O .0.(\\4.5 \(—
. ThereCore. . Ave..

H‘/[n “ A

A5 s o —t—orq‘_g, Qree mokion?
&nbw Foo 4+ . o be "ror-que,'?n-e. ”71{,,

Ib‘fﬁfi
[

=0

iy
i WG
o s ey

S recall . Shar o :od--; w'b'é:; Hip A

omo\ Fuf“sm;».\\e
S R Wy i,

agg
a*""P

.f""-f

A {(ws ‘*"f’e> o

ﬁl '\"ﬂfe_. Qbr‘ N\uﬁ Q\O\mr

o LE:;\U«@_, \\ . o
: Map;.,\q \’b 7\0\'-{ :

B 96 . Ane. Compor\or\*rﬁ ) H/U, Faat are
perpend.w\w- o, A mosy . 5w



[5/18/201‘1_}

M"_\\‘a*_ﬁ_a\ D_a N i c§

N Derwe  Prine. of least acllon  for Fama
?—}D(’J"\\ae L_Na. Eabn. Lrom Prine, of least a\c!"‘m/)

-—

3B'De,r\\:& Lo~9. E%n. from F =m&X,

L Stad W/ FemB D Peine of  lead acton
Greneral scaslre,m ie sas-ke,w\ of parkidles

For each, ,\.no SO
—

Ea\n.fa \Je_c;\-of' CV\ :'c hme_
AAo\ U\F oveér exu Fo\rhc,\es in sas-]-em-'

Z. (?i"”"iag)'é\"l\i )

— e C,Dﬂ-S‘l’rﬂc\i\“l‘ iy ﬂbn-cmjh“
Tl ¥, % ot

constrmant = Rinemadic constraint

e.a. o *‘f\‘naes
kXdistances belween r:)Jr_s ofe const
-\U“a‘\o\ OB\'\CC:\'



pf)f)‘\'!)\\o\}t'e, A Prsva  Nowialipaal Prinet P\es of Me.olﬂosnios B% Lomz.zo.s (sd

Z‘F-:‘coﬂs{ "é\-}:‘ -
for ol 6?!1 Pod re,e.q:e::\’ Ye constraink

é Tlﬂ& wor\o\ O-C Coﬂ&'\'rﬁ\'m‘} ‘COPCQS s ZESO for a\n
rec\\ or 'vvw\a‘.v\eo\ a\tsf\oxcamen'ks that 50\\-\5'% Hf\e

cons tnte

ex) bead on r'\%‘\cl wie
A

? é e E—@- é constraint
T___)i \ ENe, in £ Focces

Ve, !
S

©
~bead
l'w‘a%

Poshalate A
2 EunS‘\" é;; =0
(F ép + F*8,)- 53¢, = 0

| e

Postulate A = constrount has no  Feickion

ex)y Rigd object
For 1this obju)& (eollection of

-‘—""'coﬂs\ ® d"} & cof\s"r
cong /\’? F; 7\ 3‘ Pa“'\‘ic\e_fbj
:;:35 R o ,Z\AS‘? e Postulate A ZEC""‘} . é"{}; s 7
5\f10\f7€, J w\
ok Jf:" ext that rasfec:l-
A '3 constraints

9



&
"'h’r_on_f,%
oL F -0 |
Nside
- A o = == . .
rgANn, 6\‘(,’3-1, , S8 =0 "The Callure of Force
'-\:J:\c_'ze,b\
Z F const i é\ _ O
r 7 Mentions sum of
A L s ‘
o\@m\"\j 63&"’ e% , é W "O \f\’re,(-r\a\ (“OFCQS

\?05'\1’\\0&& b}_—:z) '\r‘\\'e.ﬂ'\o\\ forces in “{%IA —;L_SZJ;-

howe ne netr forces

Now Se‘l: é\lc.,'_'o o

s Remst , (887 ) =0
S>Ten- T xEo Lo

N > = T, )
oW -[ZFL/GXE ]-o

A
59;\' =€ "
Bk ét ____> z -‘:?“,. XF‘co»\j"' :8

‘iP_t = a-»-.



Postlale A s ntermal  const forces  have no net mowent

- T ——

\
‘%M\Q to 0\6(‘-\!0&:01\/ :for v‘xr\-v\a\_\ mo*long, Hﬂa\* 50\\-\5-(:8 ¢ans’rrmin{’5

= nm-cons{' — Y
Z(Fg - ) -9V =0

no const  forces in eqn

‘F" non-censt

Notatlon: F: 16 list  of 3n (:0(19_5

L

Add  as S“Mfﬁff_l.

AN N e

a; oce 3In

F 7 acce\era\*{on

” 4
3 Fé\ @ co Po-'\en 5

&
Conservo\'\-‘\\;e ‘/<_—'> k&Z-Fh C"QL =0 @ 5 2 Fi dxt is ‘m.:l. of fa\{’\/]
X
0 ¢

-8E .
B &8 05 3%
‘ RS d %




3
L“/w/zol 4

Aecall (l.ms* Le.dut‘e)‘;

Z (FL S m'&fs -5V, =0
where | 3¢ FM’ﬁc.\e number

( Po\*e.n’r‘\ax\ e,ne.(‘fala

.tz
Fz[ ) jz('g'm“iﬁﬁé’ﬁo A
: ,t-sa‘\‘is‘a cpns\'\'“ox'u/\'{'ﬁ

[ = force  number

=5 =
SV % = -
2‘ AR, & év
r-' ===
o\léx ) X;_ é?& AS\DE

M-"Xi’ski \t?:o
"ot b

Poinc, of
Stoonary Action



(siven o collection ok Fmr‘rtc\es/
% eadn mov\ma with 12:""\-5\-\
% conskraint  ferces Yok do o worlh  for  real of
\malneA morions Paad 50\\"“\.‘;% comstraints
¥ o\l otver ferces ase conservarive

T he ni\\-v\re o & stion 15 siadhy IL.L\o\‘L

2
5 S (T - \’) M =0 ;-of a\\ voriakions i motion '(:\'\acl
t, 50\\:‘5&3 con s\‘m‘m{-s o | have

éXL""'O 0\.{: '1:‘ A'\A {'7—

| t

X . kN

1 / nek  yasiakion n A= S(T'\’B‘Hz is zero
t,

PN ’
/\i mobion  sahisfies Newhons
lows oo constraints

SXL
: ; > ¢
¢ te
\
Shact  w/ Prin ciple of “Least Ackion I
% T~ 5*0\\-‘mnou‘8
SS (-4t =0

t,
howe %e/nero\\\zecl (mintmal) coordinates,

Nesomne we

abi’ (pesee_o{ Coﬂs-\rra\\m-\;s & g'l\le_ all Posle\e motions that

do  respeck  Yhe consko\i,ﬂ'l:s.)



AsIDE
Con ca\\(_.u\l.o\ e

V &) ' ﬁ T(a3)

T &%) §=x

L

for  hnown  system

t,
>3
0 bj‘zs 5
As\pe %(—z%ré, \

o3 :
R % ! (°%t> 54

> 254 H () sx + & G on)

=0 - jz(a%t H(%}) Sqi At + jﬁ 1%2%% $4: )t
L ; )

j’\ 2

ZoRH L

% Cons‘\&er \xo\{*Ix\.‘\ol\ ok {.*sz S50

Oq; 2. %—%‘ Sqi 4t

Assuame  all SCB-L(JL) O Hfor all £ except 8§ 7

2
O:Sk. é%ici- 3%733%;:‘“:
9@:) £(O




r-15\3\1:)& h

2
g O jL Hdg(t) =0 for all )
. =5 -F(-t) =0 for all __J

£, Z by
=5 ( )’O o Bk adecval

9 (&)
Trwe ok all Hmes &e g, bs s 35, ete

._-__:-_> For ol L % 0

4 3% g
At g_qbt_ ‘S}b_‘t— ﬂ L"\g“"mge eqns.

e O\SSU\W\ani (,onserva\’c:\ie

-@occ_e_s/

holonomic
constreain ts




’_3/25/9.011—\ ]

l_—__ o _E_ "5
Na_- - ‘b_;__‘ Mok constrain  end  conditions
® % far: E = ma [
g =‘> 6(1\0\-\0{\3 =0 " Nami\on s Pr“nc—iple“
[-’05{“)\"‘\\‘& A /[_ {L
j T-V 4t
L
t, i
@ $ Ackion =0 Ve £ =T-N
+ = 4 32 3¢ o )
Cons. Forcee It azl)i a"bi_ B
@Tookma,-' Bemz = |4 3T 5T Q.
A 3, 2. ‘
Lauj E%n- w/ nov\vc.o;lséf‘\’aj"\“’@w forces

Detve Logrange Egne

—E: (’N\H"te's (\; N)
T g of porhcles

L)

N generalized coordinates B (1,
1 i |

’" — ~
N ‘Ma\

¢ ony sheadned s%sirﬁm with all rwS'-Jf“D'\S of all |Do\rl--‘c,\e5

delermined by 4, Ga,
PRI R (VR PR A



-
T{\ :?}l\ (ﬁ;,t)
Z ] B-‘e -
T_.h' = J i A 3T
; K=\ o9 b ot

3T 3T &
3 9K, 39k
3T
Lok, of 9%
LA S ()
_ - r
&%l\ = A%KB%L %L a% 3t 3

NOoTES @ ;®
M) e

®+@ w'.\\ be u\se,A \a dhe Qb\\bw\ng a\er‘\\)‘x\—{bn



'Dev‘\\)o&‘\on -‘:t‘om Feank ‘D;Ma\ggio
FD(‘ 60\6\’\ PO\T\“QC\E . of C'D\U\Ml:){o\,/ ~ \qéo

o *covxs\-m\‘x 1+ forces )
{. "\“\ . Fundamental eqn ot "\M\gjf‘“\\

L ¢ ?
% ZCF-*—MJ 3) ér —O} medhanics

¥ % % ( v actakkon s consistent with constraints

[(NOTE - Lks‘uma Postnlate A from \ast class or define
con sxtnint  forces Yo be the forces w ity
N

Z, '\;Lmﬁ S =20
L 3.; ‘ L‘t-‘g,a\-\-‘\s% Cown 5{-{‘0\‘..1;-\'5

?7_; éx\fea\A\ﬁ yncor po Po\xres con 5'\-r‘a\in¥'5

LOO\Q ok ¥ X WA iFW\A eq)ng
N N n -
— # A - v
* ér = X ” ard é .
% / J OFZln é\ \3 a%,_ b SW = victunol WO(‘\Q

’ﬁ*%fa_ o9 2@5%

¢
A
\
GINE
sz
als
(AW,
<>
i)

e T aene ru\\'tz€0\

Looié®



Now 5 v
L_Z‘m-aﬁ =
YV b i
Twe  jel X
L 3y o & (2%
@ >a\t(a%,,)

Now o
4 /a7 a(Z-L £ *)
A& (”S"q;,;\ = % il 5
bq)K
_ 4 N e
= o ML = T
At T ¥k

LOOK 0\3( kc)\"-C'cQ(‘-ekr\Ce be)\'w een

aE o &
A 2T _ 3T i ¥ 4
32 &, Wt oW

V-7 =
T a%‘{ L= AK i

N i~ =

= 2t T 0 O

=1 99K

The \\o\c_ob\'o\l’]

fwo Prevtoms e,XPresﬂo/\s (7“



=\ NoTE: :’owlx‘c\'\EA ‘o lQ_‘ k 5w2¥c\«ed to ¢
N N o N
o4 3T 3T ¢ :22 - br“_ 6 %
2. (ﬂ?—l ) 0 TS 3%
i % % lk | \
K
= 2, &; 04




) Lm%ra\n ae

Eqns. Ccon{-’ol)

7) A xioms of Mechanics (5*2(‘01—\00\\'»1)

N
AL
4% :

et

ot

X
1

L

>

Fro‘de cton  of
force in qi drection

3

S

Jl-o’m\ VO — c‘ons'\'ro\‘-vr‘ force
o por \-?c_,\e_ \’)

P n@\& Parkc_\c

B =
.7 Y

P77

g1}



L= e \&naﬂq

F
2 Fa—
7 Vs T ARGt 4t
9 @
K

=
g
-
3
(5,3

A s\ 4
JX = AKR ¥ okvaa tdz k

ds = {dx tdy? +d g?

L'-‘\-Ero\\lna g._cbmvad.e/cl' Yo
i’ff 2 M;—:E, é,

\1\”/\0\)( A L -F\ x 1% c,of\SeFVO\:L‘\\le, ?

Sumplily  notudion: ¢ =\, ... 3N
SEST _ |

Fﬁ = %_X_L Y _\T(xa)

=V (4




ot ¥ (g 0
Y ois M‘“’g‘ o Bunelie ok gi. e | %L

A A(T-\J‘) B_(_l

forces afe  <ons ervodive

" 6* conseryv E.A

FURE-E SR Y S
'—“_-“[0 TN
~

Q; £ Lecces
W\/\e,fe, ‘L': T"‘ = EK.. E\;
4 3%
b Y
€ 34y 3q0 QA \ % X K




Q I n \‘ei‘ l’\a.\ -(:oi‘ce!p CoNC e\

=ial =
N ZF =0 Tntemal focces have no
5 ZJI/\‘/:AL 2 netr  force o momendt
D LMR: ZLFeE -3 MR
exterval
Forces

AMR: 2 B RF T S, T X MR
extema|

wmowments

.33 Ever\ Fbr ﬂo‘n-h:fa:A 5‘65*3“"5 Work oc ‘.A)r-el“M\ f-or*c_es
Zzero Q"D\' ‘\.Nw\a‘m,ea e "3;6‘ Mo-\.‘\‘ons‘

SR Show @ ’-—‘3?@

LS

_5\—laro | —

LbT\r\\n\Q ot ma\ltjce.r as made of MASS\ESS
'\'\/\a\‘\f calries ol loads ¢ '\n‘\'erm'\*ions,

~ Foom o\aeta-s stadics
b) Ts e,mbeAa\eJ with lead Po\fjrta\es/ each of

—
F =vw oA coamses (&8 o\c—\-{on

which  obeys

B on leom.

B - : ai;' =_5
eﬂa . L—M% 9%-‘ FL ML
forces :‘b’ A\c\mker‘{‘.

r&a\f)ﬁon Corces

nE-T
ed *
b'A\a\Mbeff



N O0TE : N\ome,n\: l’)o\\o\v\c& — (:or‘c.e LJO\\a\nce.

Asosume - ﬂ/A ‘R =0 & Zﬂ/b k=0
8‘ F‘. = ? -\-okf
e o
A
A
LR @ -©
A B

N R like wise for other
> ) Z F9 0 / c_oM()er,V\,“f'.’:

iy eever Totter




l H/z/zo[qj

Lograrpe  Ee
) Tnformal
2 ngmn@e Mw\-l-‘-l)hers

_@ Chmf\gg.\q S\e,ua\« Csf ?)
Rla '\A

o) E\\&a—!r on p lane

PR
OL‘::X:- }ké‘
‘L’Lt %:?6‘
93" ¢

2 ¢ 2
EK-.-..T= -}_—mx ;_-?l:w\,a
EPf—O:V
Lo Egqns .
& 3 _ 3L
at 3% d R Q*
d 38 _ 2 _ g
03y T oy 7
4 3% 34 .
At 30 20 Qg




ZN

. X[ = F
Mmx = d X% F{, 2 X
a\l
aome

2 F,

M"a' 2
I‘Q' = .M
Consider \'\r\e coase w\r\ere focces cCome
constraint
AAO\ S 5‘&0»'\_6
T’"‘ \ane_w\a\-\—:c_ con straind
J -n =0
F®D
Shole. |F "
Of\lta_ %(‘c_e_

Need Yo

® Weke conshmint egns ia terms ol g, 90, g,

@ Find Ay, Q‘ﬁ" Qg

Coné'kt'vx\ﬂ# E%nb (—5‘.-/\61 +C°56§>
N AL
N, ‘N 20
A A %
XA ¥ yy v (BR) e
I

£rom

o



“S'\ne's(-\- coselé "éo\:—O)@

3
>

!
o
1]

% - Fsinb @
m;a': Q%"* Fcos@@
16=m="Fd @

instrant

s %M&.

o ) o
L #2340 we Hegs b5 G5 R every

o

e

MM Metnod  of La\gro\m@e M\A\Jﬁ‘)\{ers
\hawe 5(65'\’8M, Rnow Lwa Eabns

Add o constraint

21;‘1:; g (=0 O
LCL;=C()£(1)I/ %z)

eX) (fsmé‘)i t 605199 % —glé +Lg w
o\x ﬁ?_ a\é d\b

ae\_g@ = @ e_cbn W -l—ﬂpms o‘c 96)’\- O\CCElQ_fd\'\‘\‘on 2

NEQA o Cunsx' '(:Dl*c.e_ Yo M“\Qf‘— CO"S'L Sm'\'?s‘p?eA

W
Assume ”wov\‘\\ess Cbns-&ra\‘m-ks
W"‘M

motions consistemt with consteaints



Cov\s‘(ro\‘\q\' E%U\G\‘lr\on

L oq. = O
i

t&\\ Mo\-lons consis\-en-\- w'-’{\q con s*ra\'\n"-s

A —-o\\me,v\ siova 5?‘”‘3 with, B.OE of  the Ov‘\a‘ma\ Pfob\e,m

o, A

P, "W K

some Vee™r

ol

X,
\ b5 | o
a\.\\owe,c\ N ONC ?oxlr‘\bﬂ, g W Mo’\'sof\ ._L [ : }

mo\'ions

Conskeamd forces 1 aMowed

consy dorce (|
= Fi. = AN o o vecyor

L aglang & mal ¥l‘>\le r

@ Kinewmakric E%n.
@ s = N[Eal)
® M}é z (tosb)

oy
@ T6 = n(-4)
Y

@ e L efbﬂ s Yo solve for

. Ex?er\men\-al fonck ¢
%{, 9’ / '9-/ P )] Lm%rom%p, Mw\\-:fl:ﬁrs A\wwas
tF have ?\maatc.a\\ meaning
A= F



LW\O/LOH_J

—

?\ouina D;SC,

7

Fa\’c\m on %4 lee

i 0'(: DoFs

6 (3 Fonslabion + 3 ro\'ﬂ\lrior\v
J

H(___’——————

5 - oonsicmm*-_s
L CcONS x'M‘\V\‘\’S . L\o\o neniyg = WNO t‘a.i‘ouw‘lal P.en e—!-ro\.l,-w

[Z& - ccos® = cons l

-

"—é 5 C.ont Cx‘g U\r‘ﬂkioq A 'VO\F;O\.‘O\&S
5[90\(:—6

: + %
Coﬂpiau\rd\*iov\ 5|00\C€,' X,?—

5 Almens:oml, A (R 551 Ue cetolion o\na\v_s

3 ve\oa‘\\'\a Ae%rces o(: Qf‘eaJ-om

uler  angles

9.?~ E



FB5D

5. o\\m@ \‘“\e,
¢ & (dlomeker of O\‘Sg
L S &
“4':’ L Pa&\’\ OJ; %.DOD\V\A
\ “}g s contack , XY plane

A A A A
X, R, N & e, oare coplanar

7(, Y,?_ local coordinates 'Ms\w«‘\"?\neouslg co'\qcidenL wi

W C



Gool I Evaluake 1efh & et sides oF K in Yeoms of

[

e/d)"kp/ é/c.b/li), e,dp,ip

U reference Fromes

A
(F= f‘?xe_o\=i/“/k

A
53 = Pf‘ccess.‘na = ro‘{‘. Q,é\f k N;\(a\e, Cb A‘ouwl.
5\1&:‘149 Frome K aaxls X Qén B} ,;\\
A A \
a\"‘) ey = 5
k = Q = ﬁ '

A
A A A .
eﬂ 76"; 5 k PO‘L'O\JCQ U\BO‘A:L e‘b‘ AXYS o\nﬁle‘é
A \
&, > A=
A A AW
ey 7 €79
A A _\pn
kR > >k

ﬁ ':'LGA.? FW\ME;
A 6 R ond rebae abeut A by Y

kE/
A
"
?} not needed becaunse ol axlis samv'\d'rg

1

_%
ﬁ
LY
| Ewler 0\"\6\5 <

p
l_ b ppnaed % axig

new h XS




N ice &:fa\m e (:or

C.DL\C.U\_\ o\_l(.\' oNns

A A
WAL R

w‘.;fPeA [ —

=4>1°:\ + eé &-'\]rf\
wF/fy 4

1 w
ﬁ 2 XN cosd - sind A

AMD,

TRy = ﬁ/ci
:F K(-W\até\) 2 e

6/

A

-

Me’r\'\ocl LAU\r\e Andecson

”"L E

=

e
XMA
\

, * . . A
CWP» G4 r b8, x PAAD

) A - —C’PCCC'&a""\\ 4—6?4'9)-)
= - e =
3 ':‘Cpk xCy cb n

2 A
€p=cosOn ¥ 5O

* —-h + 2\? ¥ (2 @ "_:S
C e 4 4 A A
T,e. e, vIne.8, +1,8,¢
s
NEED TO FmD whete T, = 3
Ty "Ly ®



P\o\\'\v\? w'\\'\«og'l: :gl‘_?

N, =V,
0 = Vg ¥ \J(_/G
N 3
Vo 7 Ve,
=N
e,
AN =
= w KR rG‘/C
ey

L

A%

-

or (00,08, &, 8,6 e vecer)
a‘;f;(vﬁ):x(l 6,8, 0, j?)

AMB,, = vector eqn with &l teems ex\of‘esseal i erms

nd .
a(’ Eux\e,r aﬂa\&sj M“C&S omo\ 2. Aﬂﬂ\w&-vcs

5 x [ : o 3)'l'»’\J\'e.
é C o\ So\\J& -\:bt‘ -6, CP) \P N lerm g € s

By = So\ve.@



(/15720 |

E_&E:___A_Na\gg ( with maktices)

Consider B i l Enler o\r\%\&s
L> Pren  newest X-axis, é“'
6 then new p-axis, é\z'
> D rebake about z-axis, ég

g:'s . E:.z, %___
f r ' -
A= R(E v) R (5 ) ﬁ_( )
— ——, —‘ 5 i
LI f‘bL’ﬂ‘&\oV\ l“) \"o'LzO\.*.\bf\
@4 "R ga obouk newest about new
v TR =) XA S La—o\xts . § P
e"z, > K: \e?-

}

Il7°

> R =R (¢,0¥)

R

AS\DE
M,,s\— ¢ omrm oY)

Tualer mf\@\e’_‘)
1 =1"35

l)) o‘l:w‘o ‘eny abeuk Z-oanig

ecall
3\ ‘: c_o':ﬁ'l.. “'(1 cosﬁ)nﬁ\ + 5\/\}3 _&(n)‘}



Alternabive  Agpreach

\se g‘wnbmls to see

E___-_: B.. (e‘Asz ¢)'B__<.éq./63 ’ ﬁ-(é,,q))

3
i>r3mes, j

en sefr Yo A_é_‘.—'i

m\c U\.\O\’\CC A
[& (4, cbﬂ? -

—

cos© -sind e

5:46‘ Cc‘)Se o

e & 1
\./*\I-_\f\_a\’c o_:‘?_owl‘: _C}‘lanO\W\EDS?,
AMS/
M Ry,
= ]—':t{ * ax(%aﬁB
L
&*¢1"[-Z‘IA/_*UTKI_._U3 * K
- re'c T
Kn,ow‘wxa &:-‘5 }: =:P:\-.—-'-Y5 5—'
- -—
]
A A A N
w—.dpes*eez*fkp, \ )
L é‘l =§<é5,4’)‘R(eu‘9)e,

[5) v [[éz‘,])i \ Le.]) y_\ Lé."];J F] *
W/ w

Ad, 6, W)



How % get ODEs For $,8, ¢

ASI\DE E] adicake s E——,\c,g

\ Metred (O I

D Herentiote ¥
> [@)] -Ad +rE
L%K(M@ Lé ;F]
Y

S 5-A[F-A8]

AMEE I «buma\r‘a‘l‘.ﬁc A

Anglac cobes
Logrange Egns
%S> w L7
%5 =g, (¢, 60, $, 8, ¥)
> 3 -Ey  (free mehon)
S Lagrange e 7 $.8,9




R\, o

e

@ Do free metion a\aa‘-n e
-\—og\a\;a,"g, (H/uslzotu> \lectuce. Check  that all
(l\v\‘\mm\-ton / Plo¥5 P el-(,,)

2 wog & from

e give some molion.

Me(} worR %-\4 lhrs

Final Pro‘!ec:l'-
® ?\o\\xma disk by e,\e,mensmrg

(c,‘mc\e,s on df‘G\P—s/ 5-.M‘o\e. rre,cession>

2 Po\m\me\'er -Ca\mi\? - A
ob solukions

(R, )

method

@ §ome for -@ric:\'ior\\ess c}kisk

72 Fa\\‘t&me;\"er QAM‘.\ta OC— so\w\-tov\s

(-\-%p “’“"‘3\‘-’7 spin rote, Vrecesston ralre> & f:u‘c-h 2, selve
Lor Yhird

@ Find M conmon 5&556": ot ® <+ @

@ F‘\v\a\ %ef\er‘o\\ mohion of  the ro“in? gltsc,

Ao monyy ‘el cases o Poss:l)|e.

e.ca. C-\’\&Ob\ m@m‘ms‘l @ above
check.  con serw&-ton ok energy

N‘\\ [ 5*7'«?9—\'\4 \tne w'\\\ swml\ ‘per'\-v\rbmjr}om
Cc.("')rtr_,:\\ sfeed\ o wet tall  dewn

e
® b wtea Csedt Decive @ o  diflocent woy

e_%. Ro'\' my\\-r\x &'cons‘\‘fb\\n-\-s/ La% e,ﬁns &csﬂs‘\'r\q:yl'l—s/

Ealer o\n?\as it Mmateices



6'\f\%e P&W\KM__: 2.'D Review
0 Ti?ﬁ P‘M%/G
G< Zﬂ/ﬂ - H/o 5o 2
—_ wan = '?- % MT’J‘:& * I,.@ le.
c@'{b?( B 39 Clo 'L i
1951 xi&%‘ P S '2-/0
- A ~
” Lg i Lk
2k )
T (’ y a\r\)‘\lrra\ra fix e
ol - o t axis Airedkion
@ X
3D o‘o;\ect
»
i : By
FR'D —Fbs Censivn \«‘w‘ﬁe &1 OB:)ecL
i;‘ M = W\omeni o& L\‘.nae s obieek
A ""’:"u" M i =0
7 A
A Tk

AMR & LMB > 6 scalar egns For 5 componew{:_s L F s M2



E_ZMA,* "o F N K

g
/ ref

Given - T mo ref
—— 7 / G'/D

pre3«er\A b knsw (8 é)

v v v J

.

5

® g /0 x (mp R = Ty, ¥R

Evaluate Al of  abeve in

F‘\gu_ge e.w\)r 1»e,cm5__:

— R — PQ'L
= ’ r
&/o — 7
L R (A96)=
A s 2
N = 6 7\ 5 L\) = e X
oo
43
= =TT, + W x (o
G 6
ceb T
T1=-RLI &
@ s eNne Sca\\o\r eebn foe
Short cot
A
A - Cos X m Ag Ad
N\/o AT 4]

:l:\/ = (_LL 1-\— c\lm)G

kS

=

v R Vs .\/ /\’/
I3 +I-@wé-x
& P o, b o > Eaps ol
Mo“"\bﬂ
CDSQ:— 5:.4'9 - O




Dovble Pendulom wm 3D

h‘\ e \
s

P

Minimal c.ooook‘mo\lres e, p 92

re ot

G’i\le.n : 1 : A re-c
e / ;‘L y} p(v s 7 PAG ity "P = Fa\pame,"'ers
r.:; I"E‘c SR r@-'L A A re.p

"'/o / r(i/c 7 ?\D/ }'

ﬁ;ven-‘ T, 6,6 6 6,,6 want: &, 6,

FRBRDs

_F- = ,Ctrce of \/\_‘w\a.e, oN °Lje°)‘— 2

‘L

bedy R (i /ﬁ;if"")



Syystem EZ.KR,;-R/O?'&,) ®

phjecd 20§ R, R R ® O

@ & @ are 2 ecbns for ’9', p é?.

For Boclla 1 -
gl (e v
Z-M/c - rcn,/c_ x ('"“"3 k)
1 j ref
'P;" t\6""/.-:
T i
R, :B—O“; /‘9?_>
!l et
A re
R, ™
i 2. &
R~ 5 (7\"’ 6‘>
Foo Suystem’ v v
g o _ \2\ + ?“ ® T WMy
By = Ry * T Ty ¥ T
5
—‘IE‘,_(D = l'“.Cm_/C
T_ v iref
E\-_l‘ o
Bodwy L s
. 5 cp, R, B2
n = K, ® M, Rga =% *
/¢ % VY ¥ X
" ﬁ 25 -—.'LF ‘\_—.s _}6‘&0'\'6}_%\
N Pa'/'? /'3". }32/‘3' )
# i
s, = 4 3_ 5 e
= 2 =
2 & FVQ’— 9’. 7\0 + at <a)p"/!5.) * wp 5 & P'/Flj
L S 9




R
\“\dla.s

m\w\b

Now have 2 egns
) A have wmp\-‘u&P—A

EN i"’l : [\:]  [er ]
6.

2 AL 2 %\ 2%\ 2%\
\’\OW -"O 'P‘-’\A M ?

@ \se -Smcalotaxy\ c,omwvzmA

@ ’Be, SMM{'er‘ : Boaks lola Cra{a < Fe,o\\-\qe.-"S'LM@_ O\\OW\\' o\rromﬁing
terwas ‘o selve Lor N\ o\‘\f‘&c\’\

ed(7) Do all 'm_\‘cu.\a\.\-'\ons willy numbers, not symbels,

o
0@ >B 0 1% ol £ M

once’ 6,76, "¢

Z mes

L) B é’ =l e
voXhed once’ T 0T f-'z\—'—’-)@)'(b = lnA el oF M



Angulag  momentun

Stary  with ,\’Egm-‘)—:
> F -
ZE 7
= ext

?o‘r\w\a\\'es
4_5\_1_\6 Mom.
- % —~
— = r. X - A
Z\ ¥ ':/C— L F\. Z ‘/t_ v
L mk ext

J

CAM\{AQ\E_ ole,ﬁm‘.-\-‘.ons o@ H\/c:‘

— — =
p\' H/(, = 2 r‘:/c. x M‘:\i.\/c

B. H./(_ QZF‘/r— x"‘i\ly’)‘—



Exton  Resalks
1t &=C (com)

T =2 Ty ¥ MR
Lg& *0“3&/&
-
T"\/G
. T A
.-»2'{‘('/6“7( MLU\G— ¥ Z L/GY\M {_/6.
L il

L ”(Z Tifemi) W%
gl

O
C=¢
) J‘:‘Z‘ ?L/a A \M"'d\i/a-

C.OM ecbum‘rl o




— — .
o\eﬁ A H/r_ ¢2 3 Ty \Ii/c.
= Y
\lt/G ¥ \IG/C
(./G 3 !‘
= 2, By * A v % My % mi 4 x \l m;
Z tc* v Zl/ G‘o L 2 &
-t - *—
H/" Z / w (\ML M ot VG_‘ % \JG—/C
e AsIDE! for rigid ,gjecjr}
= H v — AN v je
/(X 4 HG—/¢ H/GQ s ;;G'w
o
For rna‘\o\ ogie,_bt_ _—
ol (T -—_— — e
A‘@.‘Q A ":% l’\/c = ; o) + [_G_/G X M‘[DT QG/C
== _ e . -
= J ~£EFC?=:"» w) y 0 Y %y % Mor NS¢,
-~ P . i
- y oo ¥ e 2
(/F‘;jé‘ It v AR i
F. N R N R
= _g_ F) Yy w R g. e .‘——‘.Cr/c__ ® m';‘\é- - Zrc/ o
- oR
- A:s V& ¢ is Fixed or
-E:'c.. =D of
C;G( T



!5/|5/zot'—lg

Vibes

EMP\«\M\S on Conbinmons S.a skems

Review ot oL'\screLe, Scﬁs\-ems

A, Ea()uxo\‘c‘\o-as of  motion & linearize, or

B. L“a“"mae— E%v\o\kons

P ¥ ‘
E(—' i 1Lk(.) 1 0% soder Yeim  Drrelenesd
5
tcﬁé_ x| order tecm = O becanse

acbm‘.\ibrluw\ at cb: [6)

(53 O\SSU\W\P'l‘bn) ‘g = 6:‘ 5°\m \ensg

IES Y '\'Ne sem - O\EC n.'l-e S?uﬂ\me}trc
g L

¥ small Molc\oﬂs so keep
L\i?l\ar ocder ‘eems

5
‘L_c_w\s'\'- = “l) /7)

Ev s 2 1 MaJ 1 M s poesitive defin:le
5:3.4;\.‘4.34‘('-'&

Look ok d <a__ab._ L l K
39 7 (40 K4 B3) 7 2 (g ~ 1’) 2 \‘%m

[E’L‘ﬂk‘s% - Kig o ]

b R w b e

= 3[R B r K %

1



Likewise wi i (;,')i ML‘) 12“

= Lc\;a. Eabns =% M‘*Jcl)) . KK;\OL'J:O

& onoNt r,a\.\ uv\o\c\mpegl ?ov ernl

M3+ (K17 - 5:} s, Given ¥ can ealada

n bf‘w\d\l Moakes &-\:L

C on¥in WOWS Sta_é_%ew\ 5

—

—

A. PDEe 2 Aheir soluRonsg
® D ’ P\\a\ml)e.rjc (onka Cor Mre pnn
@ Se‘:a\ro\\:‘iow\ ot eria\cleg (Mos‘\'\la-

e waN e ebﬂ)

nsed in v'-l;&s)

%_ ’D:bore'\r?‘ze
o Finke ex\eMef\l’S/F"\‘{fa diffecence

@ P\ssuume.o\ CMooLA.\) s\f\o\PeS

Coomn LMRB, AMB

?’DE by . 'Fb\\ow
e Sheing EEL

(soame  eql as @ oA, gas in tube ,
(B shear wave

© tocsional  waves (ronnd ba\rs)
‘ SM @ EgM waNes




MeXmod & AX

= const a\\ona \ena\‘\/l

s /
) du = A da |

T ' o \x-m.x ﬁ\x"‘%‘a—xx&‘&

SR
\,ﬁ\‘( DX 1 NOTE: w 1% o Profef‘{"g ot the whole
e 3\ 5eravwen-‘:

X ¥ &ox
S LB

- 744 dun = pIA A%
Té"\x N TW\)&&( —/OU\
al 92
—T dy\x i ﬁ"'—- Lax
‘L L
%‘f?. T 94. =/ 2
) w o W The, wave eabuakion
'-'—'—,'i - ———
% ’ Ix* The s‘\MP\e, wone  eqn.
(')L = C,Q'U\xx The non- o\n‘sloers‘lve wave eqn.
/Cc. ':—'-T// A5 \DE: o\ispus““e = wWoNe sreecl
e &&?wf, on Precguenca

), D "Nomdect  Solukio

—

Consio\er caV\Alo\m\'e so\ud-‘\on of  Loemn U\(K,l:> = f (K—-ct)

( REALLY FAMDU\5>

a\ L é'LUk_ W bb\ _ \ a_t_‘ﬁ. _ 'Lf-“
F /-g;;wc ; 35t = -ef, G T e



inks  wave ecbumL; i

?\wa

l l - 1 :
- e B .
¢ *¥ o U
» A \/ 'F’
WY \/ oFf 6N -Q
vV o=t ¢ -4 / )
“ & —

Likethe for 6 (X‘\‘ (:l:)
O-C- AN E ecbn e \‘V\/X,'EB = £ (x—c{) + 9(?( +cﬂ
O.C, \Q£ X- rao‘i V\@ O\V\d

(~eneca\ s olukion

SUMWA

f“\g\f\k -8&%9

o\rb‘-\-“a\ﬁa s\apes

c [

— <

s ﬂ’c”‘u@&mc
¥ J

waves W‘.\’Ll

@ Ser)g:(\a\.l:ion OL erim\-;\eé_
A sSUME A =X_Cx‘) T({)

‘;\ua A 9(.&&65 " —" Intniton® acceleration s
tt XX Propgr-{-\‘ono\_\ o cwr\lmhf‘&

¥ FMHEA = necelecates “up
¥ pu\\e) down, accelerates

down
* \f\?%\aer Yenston, \nigl«,ep
oche\era\thon
X \lower wwxss/‘f\?a\me,r
'S . _L_:
0 Z _2 TG T acceleration
e (2 T6) rX)




a\e‘C\ e

"

5 »
o=, 500
£y = @) e ol x4k

= ¢ =) = € = const =-2°

_> (X % > $al etk g\ve solakens,
[m we dodt like Yhem

X+ ATX =0 T +A%*T=0

X (0 = A &4 [lxﬁ + B cos (Ax) e wll %20
T = C gy (KC'&) 4+ D o5 ()_c.'l‘.) ‘Cb{‘ O\LL )—‘LO

Solnlen 6’c' U\-l'.-l: = C"LU\XX
/‘““-\__.:/KLM
= /\'&——————/‘\
AL%, ) = (Aca:,(kx) R (,\,\)) . (ccosO\cl—_) ¥ ])btq(m-t)> ‘%‘/T
&.9- 0“3 53mnaktn3 waNve 1 W = s:n()bo 5:‘4()\5_&)

b ey wWaNE iy e ppg CAx-ew) \

T

.B k _"0 — wialn soln
e OP‘@‘“"\\ PM\)\em nwsed na
b\h..\ Vibraklion
MH,>> i NOTE: T30
Ji__ & o
| L V4

?)ow/\c)«.oma Co-’\a\:'\’foné ; w(o) = O
w(L) =0

Pd ol solubtons Yo sediely  bouwndary _condidton
e e

% + R.c = A cos (KKB ¥ B gia (7\?*> =0

OandlL




rL=n v
L\,Z,B,
A W P

san D G = K sm(”f")[C ﬂ%)mﬂc"ﬂa&iﬂ

Greneral oo\ntion  Lrom e

Al = Z (Ceos(22EEY + Dgin( “*3)*"'("5 b

. n T™x
MOC\E, sho\ees n (e. ve«-_\-or5> S\ T = v,
nmrc

-

moce L 1w,

mode A Do,



'Disccejce, /F:-ﬁl\—e, E\emen{ (Necgion -H:\B

Aside ' RAssume V70, T const
—}\Acoma\n sut stein 8

AR




'Discre{:e Me/}(\'\oo\ (Version 2) Cé‘qvc.toxfs Pre-@erreo\ meth aoD

1?)_ G-U\,egs O mot‘le f:\'\O\Pe ‘?or C-DV\\"I-'\U\ong f»(\gb\em

X A

2 A

9&3551 w (x, £) = 9(10 V)

i 1T
C A\ C,a\\(_u\\.a\'\'e EK/ EP :j"l- T W ‘Ax
L

J

X T +2Zonrc \QI\?H/\

Ok
—> Freﬁ% = hepee




%Nﬁmﬂ Peele
MAE 6700
y/22/ 204

'?ve.casﬁvua Toﬂ 5 % Sy é‘s
' e
44 / N é
3 S 2 é:_.‘

We > We ’é‘
?, Lixed A
el
s 03, pn‘_c.esstna
‘ Lroumme
\
\ NoOTE, é. e S Yhe
_ e P\me. foemed 5‘3
TTPTT 7 A RS F Pr v Pl e b ¢ e,‘ A Ao 1
S ey ond ey
Povak ¢ 3o Lol
o ’f\'\e, arouw\d
(e R tp A
e
ok N \'bp !
O‘-U&S V\o-\'
'\"’MS\d&e.)
EE'_‘ W/g

C Ly 0%
where 2—:"— & 0\ I, C(>) when “E-vff‘tsen\—d
O o T | w W 5(,61,6_
o ?r&c.e,ssmy
Ceome.

wWoTE: X% Ly



CDV\A Jl'\bsf\ﬁ ";0? 6‘\\'@

plecession”

( k\ V'\Q,MO\_\'\ [ .o\ 5'\n"0u i "c'_-.)

6= cons“:
OJP = cor\s"-

Wy = const

NOW, -G‘.m:i & = _(:;

——

5&:‘5‘\', Ae‘;;ne, o~

\/Z
>
o

= 0=6=06 -

\

: ¢
new worr)dm\'e, 5:69\@4«\ a Yae ?recessag foum@

AN

A
50\0\/\ ‘ﬂ/wc‘c@ 6 = 8.5 . N
-H/\e_ P\O\y\e_ CN‘MEJ l)la, e-s & 63

® él“ s A
ue P\m\e formed lmv ’e\,‘ ¢é2_

® é‘" s i
A W A L)
@ Q«L c n
\ A A W
5‘.4‘6 €~ ¥ co5D &,
\
W€
j 3 6é ")
¥ co9o
x wscs\ﬂe 8 A
(w ws ‘V\'éj



—

Bok b Egn O
S, s 193 - B (378

—_— P A x P - 4|
w\r\e,re Z:‘Mfc. = PG/OX —M963 cx \f\e,s ® —'Mge.s = ma\ncos‘éez

[
SRSy x({_:c(;;}

m%\’\cabe éqj = 1_—

60&?3\"\}‘&:“\!@ -\V\@ CNV\A @
\ —_ \ : A
m%\'\cosé 3,‘ =1, uw, OUPCo_sé é\,_ ¥ w K [" Ly Wp cosb é\‘ ¥ I.s(us*wps "‘e>63]
—— J
K
wrcoseé" + (w$-¥w‘,s‘u4-9'> ési] K LK]

\ AN
Ma\,\cosaé\z = Izwswf;cose e?. *—[.

! 2 : - 2] bl pss Z)lé'
g“‘?\'\cosgéz =T-1,°°5°°?(056e1 *5_13“9“56(“5"“?5“‘6) T, wpcos® lw tupsable,

AN
T
B2

c,ose

L P
(2 wp + Is(wPWS g ‘“’pis-..‘{_)) o 1| (wfws -\-wf 5:-4‘6)
2

= "“9\’ =J

where Ly ° 19,

- [ * CI"S-T'D w?‘l S‘M-e
m‘éy\" = 1,0:% ¥ (13’ 1‘3 =8

R

\M W= Lo WeWp '\'(15“15 Lop" 5D \

L —




