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1.5 Solving vector equations

Often you know less than you like. So you try to figure out more. One
way to do this is with reasoning. In mechanics you reason with the laws
of mechanics (including geometry and kinematics). You find some things
you want to know from other things that you already do know. Because
many of the laws of mechanics (and geometry) are vector equations,

Engineering analysis often involves solving vector equations.

How you calculate with vectors is the same whether the problems are
in geometry, kinematics, statics, dynamics or a combination of these. In
this section we will show a few methods for solving some of the more
common vector equations. In a sense there are no new concepts here; it’s
just a matter of guiding the rules of vector algebra that you already know.

Vector algebra

We want to manipulate equations that involve vectors (like 71, E, C ,and 6)
and scalars (like a, b, ¢, and 0). Without knowing anything about mechan-
ics, or even geometry, you can learn to do correct vector algebra by just
following the manipulation rules in box 1.8. These are elaborations of el-
ementary scalar algebra to accommodate vectors and the three new kinds
of multiplication: scalar times vector, dot product (or scalar product), and
cross product (or vector product).  Just looking out for the rules and ex-
ceptions is enough to make your manipulations correct. That’s enough to
keep the car on the road. And if you just follow the traffic rules you might
by chance get to your goal. But to get to your goal efficiently you need
to steer correctly. For vector algebra this means using the simplification
rules to your advantage.

Example. Say you know A, B, C and D and you know that
aA+bB+cC=D

but you don’t know a, b, and c. How could you find a? First dot both sides with
B x C and then blindly follow the rules:

{a§+b§+cé = f)}-(éx(j')
aﬁ-(ﬁxé)+b§-(§xé)+cé-(§xé) = f)-(ﬁxé)
0 0
> a=m. (1.30)
Z-(Exc)

The two zeros followed from the general rules that D-(VxW)=(DxV)W)
andDxD =0.\~.
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©) The linear-algebra savvy reader
may recognize the manipulation lead-
ing to eqn. (1.30) as a derivation of
Cramer’s rule for a 3 X 3 matrix whose
columns are the components of the
vectors A, B and C, respectively.

Note, if the vectors A, B, and C are co-
planar then the last line of the calcu-

lation would have A- (B X C‘) = 0in

the denominator. Bad. If A, B, and C
are coplanar the original problem is ei-
ther nonsense (if D is off that plane)
or has non-unique solutions (if D is
on that plane). So the failure of the
derivation in that case is sensible. See
box 1.10 on page 17 for more discus-
sion of when equations do and do not
have solutions.)
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The point of the example above was to show the vector algebra rules at
work. However, to get to the end took the first ‘move’ of dotting the equa-
tion with the appropriate vector. That move could be motivated this way.
We are trying to find a and not b or c. We can get rid of the terms in the
equation that contain b and ¢ if we can dot B and C with a vector perpen-
dicular to both of them. Bx C is perpendicular to both B and C so can be
used to kill them off with a dot product. The 0s (the terms that dropped

1.8 The rules of vector algebra.

You can do good vector calculations by just following the rules in A (B+C)=A-B+A.-C
this box. On the other hand, even if you know vector geometry S L
and mechanics you are stuck with these rules. AX(B+C)=AxXB+AXC

Vector algebra

In the expressions below a, b and ¢ are any scalars. And A,Band Extra Slmphﬁcatlon rules

C are any vectors. As you proceed with using the rules above you can simplify using
You can add vectors R the following extra vector simplification rules.
A+B
And you can multiply them three ways

« aAis avector,

b

1. Scalar multiplication: aA. LA,
R

is
B is avector,

b

2. Dot product, inner product or scalar product: A-B.
3. Cross product or vector product: A x B. + AXB=-BxA(s0AXA=0),
. (]E’ X é) = (Z X E’)? ; inAparticular, setting A=B gives
- (BxC) =0 (since Bx B = 0),
« AX(BXxC)=(A-C)B—-(A-B)C, ‘BAC-CAB’

(see box 17.4 on page 865),

And you can combine expressions using usual rules you are used .
to in scalar arithmetic (with some exceptions) and the extra vector
simplification rules.

= 1N

The usual rules.

Vector addition and all three kinds of multiplication (scalar multi- Exceptions
plication, dot product, cross product) all follow many of the usual
commutative, associative, and distributive laws (usual, meaning
that which you know from regular scalar algebra).

In the list of usual rules, above, we did not include all of the rules
from scalar algebra, they don’t all work. So look out for these ex-
ceptions.
Associative rules. These have to do with how you group ° @ £l RGNS,
terms. « a/Aisnonsense,
(A+B)+C=A+(B+C) . A/Bisnonsense (a common beginner’s error),
a(bC) = (ab)C
(aB)xC = a(BxC)

« a-Aisnonsense (unless you mean by it aA),
« a X Aisnonsense,

Commutative rules. These have to do with the order of terms S AR Al

in a calculation. « AX(BXC)#(AXxB)xC.
A+B=B+A
abe = ba€ =Cab = Cba Substitutions
A-B=B-A

In all of the expressions in this box, the scalars and vectors can
be the result of other calculations. For example, all of the expres-
sions above would be equally valid if every place you see a you
substituted A - B and everyplace you see A you substituted B + C
a(§+6)=a§+a6 orBxC.

Distributiverules. These have to do with multiplying individ-
ual terms that are added, rather than their sum.
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out) in the example calculation were thus expected for geometric reasons.
A simpler two-dimensional example using a judiciously chosen dot
product, in the same spirit as the example above, is on page 8.

Count equations and unknowns.

One cannot (usually) find more unknowns than one has scalar equations
There are famous counter-examples where you can solve for more
variables than you have equations.
Example: Finding more unknowns than you have equations

The simplest example is
x2+y?2=0.

This is one equation which can be solved for both x and ytogetx = 0andy = 0.

Although such examples seem to be mathematical trickery, they do show
up sometimes, but they are always nonlinear. The simultaneous equa-
tions in mechanics are most often linear equations. In short, the previous
example is not generic. That is, the previous exceptional example with-
standing, before you do lots of algebra, you should check that you have
as many equations as unknowns. If not, you probably can’t find all the
unknowns.

How do you count vector equations and vector unknowns? A two-
dimensional vector is fully described by two numbers. For example, a 2D
vector is described by its x and y components or its magnitude and the
angle it makes with the positive x axis. A three-dimensional vector is de-
scribed by three numbers. So a vector equation counts as 2 or 3 equations
in 2 or 3 dimensional problems, respectively. And an unknown vector
counts as 2 or 3 unknowns in 2 or 3 dimensions, respectively. If the direc-
tion of a vector is known but its magnitude is not, then the magnitude is
the only unknown. Magnitude is a scalar, so it counts as one unknown.

Example: Counting equations
Say you are doing a 2-D problem where you already know the vector 4 = \/Ei +
\/Ej and you are given the vector equation

Ci=a.

You then have two equations (a vector equation in 2-D ) and three un-
knowns (the scalar C and the vector a). There are more unknowns than equa-
tions so this vector equation is not sufficient for finding C and a.

Most often:

« When you have as many equations as unknowns the equations
have a unique solution;

« When you have more equations than unknowns there is no so-
lution to the equations; and
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« When you have more unknowns than equations, you have a
whole family of solutions.

However, these are only guidelines, although they usually work. In prac-
tice, no matter how many equations and unknowns you have, you could
have no solutions, many solutions or a unique solution. The geometric
significance of some cases that satisfy and that don’t satisfy these guide-
lines is given in box 1.10 on page 17.

1.9 Vector triangles and the laws of sines and cosines

The tip to tail rule of vector addition defines a triangle. Know- ‘We can do likewise with all three altitudes thus proving the triple
ing something about the vectors in this triangle how can we find equality.

more? One approach is to use the laws of sines and cosines. Proof of the law of cosines. Look at altitude / of the triangle.

Consider the vector sum A+ B = C represented by the trian- \h\
gle shown with traditionally labeled sides A, B, and C and internal

angles a, b, and c. The sides and angles are related by This is the base of two different right triangles. So by the

pythagorean theorem we have on the one hand that

sina _ sinb _ sinc N h*> = A% — d*> and on the other that h? = C> — (B + d).
A B ’
(1.31) Equating these expressions and expanding the square we get
q g p p g q g
C? = A2 + B> —2ABcosc the law of cosines. A2—d® = (C?—(B®+d®—2dB)
1.32
(052 = A’+B’+2dB = C(? (1.33)

Butd = —Acoscso
Proof of the law of sines  The first equality in the law of sines ) ) 5
can be proved by calculating the altitude from ¢ two ways. C° =A% +B°—2ABcosc.

Sometimes the angle we call ¢ is called 6.

C/a Applications. These laws are useful when you want to figure
P2 B out the shape and size of a triangle and when, of the six triangle
k&c‘ quantities (three sides and three angles), only 3 are given. At least

P one of these three has to be a length.

1 As noted, it is possible to give problems of this type that have
b~A no solutions. And it is possible to give problems that have either
1 or 2 solutions.

In this era where vector algebra is popular, as is the represen-
tation of vectors in terms of their components, the laws of sines
and cosines are used little. But sometimes they are the easiest ap-
proach.

On the one hand length P, P, is given by P, P, = Bsina
and on the other hand by PP, = Asinb

. . sina _ sinb
soBsina = Asinb = 2 =5
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Vector triangles

In 2D one often wants to know all three vectors in a triangle where the
triangle comes from the diagram for expressions like
A+B=C or A—C=B or A+B+C=0 et

Usually at least one vector is given and some information is given about
the others. The situation is much like the geometry problem of drawing a
triangle given various bits of information about the lengths of its sides and
its interior angles. If enough information is given to prove triangle con-
gruence, then enough information is given to determine all angles and
sides. A difference between vector triangles and proofs of triangle con-
gruence is that triangle congruence does not depend on the overall ori-
entation, whereas vector triangles need to have the correct orientation.

Nonetheless, the tools used to solve triangles are useful for solving vector
equations.

Vector addition

We start with a problem that is in some sense solved at the start. Say A
and B are known and you want to find C given that

C=A+B.
The obvious and correct answer is that you find c by vector addition. You
could do this addition graphically by drawing a scale plcture or by adding
corresponding vector components. Suppose now that A and B are given
to you in terms of magnitude and direction and that you are interested in
the direction of C.

Example: adding vectors defined by magnitude and direction
Say direction is indicated by angle measured counterclockwise form the positive

x axis and that A = S\/E, 8,=mn/4,B=4,and6; =27 /3. So

A = A(cosB,i+sin6,j)
= 5V2(cos(rr/4)i + sin(rr/4)j) = 51 + 5]

B = B(cos8,i+sinb,)j)
= 4(cos(2m/3)i +sin(27/3)j) = —2i + 2\/§j

c = 71+B=(5i+5j)+(—2i+2\/§j)
= 3i+(5+2V3)j

= 6 = tan(C,/C,)=tan” ((5+2V3)/3)~ 123~ 705"
and C = \V3+(G+2V3)2~898

To find 6, we used the arctan (or tan™') function which can be off by
7® To find the angle of C we had to convert A and B to coordinate form,
add components, and then convert back to find the angle of C. That is,
even though the desired answer is given by a sum, carrying out the sum
takes a bit of effort. An alternative approach avoids some work.
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@The problem is that, measuring an-
gles between 0 and 27 (or equiva-
lently between —7z and x) there are
always two different angles that have
the same tangent. The inverse tangent
function picks one. Some computers
or calculators always pick an angle be-
tween 0 and 7, and some always pick
a value between —7 /2 and 7 /2. Both
of these could be the wrong answer.
So you need to check and possibly add
7 to your answer. Alternatively, we
recommend that you use one of these
two commands: 1) the two-argument
inverse tangent (arctan(y,x)) or 2)
rectangular-to-polar coordinate con-
version, using the angle as the desired
arctangent.

y

B
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9,
A

0
/4 €

Figure 1.66: Using trig to solve vector
triangles
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Example: Same as above, different method
Start with picture of the situation, fig. 1.66. By adding angles,

6,=n/4+n/3="Tr/12.
From the law of cosines (see box 1.9 on page 4),

C? = A’+B?—2ABcos6,

\/ (5V2)2 + 42 — 2(5V2) - 4 - cos(77/12)
~ 8.98 (as before)

> C

And from the law of sines (see box 1.9),

sin 6, sin 6,
B  C
_1 [ Bsinf _1 [ 4sin(77/12)
_ - 1 —2 ~ si 1 e S S
=> 6, = sin ( C ) sin ( 398
X 445
=> 6, = 6,+6,~7m/4+.445~1.23 (asbefore).

This second approach is somewhat more direct in some situations.
The determination of a third vector by vector addition is analogous to
the determination of a triangle in geometry by “side-angle-side”.

Vector subtraction
Say you want to find c given A and B and that A, B and C add to zero. So,
subtracting C from both sides and multiplying through by -1 we get

-

=0
- _Ai-B

A+B+

aQ Q

=

The problem has now been reduced to one of addition which can be done
by drawing, components, or trig as shown above.

Find the magnitude of two vectors given their
directions and their sum (2D)

Often one knows that 2 vectors A and B add toa given third vector C. The
directions of A and B are known but not their magnitudes. That is, given
A4, Ag and C and that

A + B =0C
(1.34)

—

Ai, + Bi; = C

you would like to find A and B (which you will know if you find A and
B).
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Example: A walk on a flat earth
You walked SE (half way between South and East) for a while and NNW (half
way between North and NorthWest, 22.5° West of North) for a while and ended
up going a net distance of 200 m East. A and B are your displacements on the
first and second parts of your walk.

So, taking xy axes aligned with East and North, the directions are

LT, T .
=— sm(g)l + COS(g)J
and the given sum is C = 200 mi. Still unknown are the distances A and B.

Statics problems of this type have A and B representing the unknown
magnitudes of forces A and B and A 4 and BiB their known directions.
Here are four ways to solve eqn. (1.34) which will be illustrated with “a
walk”.

Method I: Use dot products with i and j

If we take the dot product of both sides of eqn. (1.34) with i and then again
with j we get:

i-{eqn.(1.34)} =
j-{eqn.(1.34)} =

Al,, + By, =C, and
Ady, +Bly, = (1.35)
where the components of the vectors y A> iB, and C are known, or eas-
ily determined, because the vectors are known (however they are repre-
sented). Egns. 1.35 are two scalar equations in the unknowns A and B.
You can solve these any way that pleases you. One method would be to
write the equations in matrix form

AAx ABx

A

o (1.36)

Cx
C)’

Example: Solving “A walk”: method I, simultaneous equations
For the walk example above we would have

V2/2
-V2/2

which solves (on a computer or calculator) to A ~ 483 m and B ~ 370 (with the
total walked distance being about 852 m).

- sin(g) A
cos(%) B 0

Taking dot products of a vector equation with i and j is equivalent to
extracting the x and y components of the equation. But we use the dot
product notation to highlight that you could dot both sides of the vector
equation with any vector that pleases you and you would get a legitimate
scalar equation. Use any other vector that pleases you (not parallel with
the first) and you will get a second independent equation. And the two
resulting equations will have the same solution for A and B as the x and
y (or “i” and “ j”) equations above.
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Figure 1.67: An indirect walk from O
to C via D.



®The vector k (the unit vector out of
the page) is perpendicular to le but is
unfortunately not suitable because it is
also perpendicular to 4 4 and Cso only
yields the equation 0 + 0 = 0 or the
nonsense that A = 0/0.

@This solution is identical to the
Cramer’s rule solution of eqn. (1.42)
on page 12. That is, we have used dot
products to derive Cramer’s rule for
2 X 2 matrices.

®Judicious choice of vectors for
dot products. The basic idea is this:
Get rid of things you don’t know and
don’t care about.

Say a and b are unknown and appear
in your equations in terms like aA and
bB. First take an interest in a. You
don’t know anything about b, and for
a moment you don’t care about it. So
getrid of it. The two ways to get rid of a
vector term you don’t know and don’t
care about are 1) dotting the force-
balance equation with a vector orthog-
onal to the vector of disinterest, and 2)
using moment balance about a point
or axis about which the force of disin-
terest has no moment. So, for exam-
ple, dotting an equation containing aA
and bB with a vector orthogonal to B
eliminates the unknown b from your
equation.
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Method II: pick a vector for a dot product that gets rid of
terms you don’t know.

Pretend for a paragraph that you only want to find A in eqn. (1.34), for
example that you only wanted to know the distance walked on the first
leg of the indirect walk in the example above. It would be nice to reduce
eqn. (1.34) to a single scalar equation in the single unknown A. We'd like
to get rid of the term with B, a quantity that we do not know. Suppose we
knew a vector i1, that was perpendicular to iB. If we dotted both sides of
eqn. (1.34) we'd get:

n-{eqn. (1.34)} = ng-(Adl, +Bi;) = ny-C
=  fy-(Al,) +n,-(Biy) = ny-C

fg-Ag=0 = (g -4,) A = n,-C
> A = ﬂB'?

g,

To make use of this method we have to cook up a vector fi; that is per-
pendicular to /‘LB®.Crossing A with k serves the purpose:

iy = ke x Ay = fox (Ag,d+ A, J) = =Ag, 0 + A, J.
Without doing the cross product explicitly you can remember that a vector
orthogonal to a 2D vector A has the x and y components switched and
the sign of first component then changed. So we get

_ (’Ac X iB) : é _ lBny ABny
(i( X iB) . iA ABy/le - ABx/lAy

which is a direct formula for the desired answer @. You could use this
formula by substituting in numbers, but that requires memorization or
look up. Rather, if you like this short cut, you should remember the idea
and reproduce the steps with the symbols or numbers in your problem.
Summarizing,

To reduce eqgn. (1.34) to one scalar equation in the one unknown A,
use a judiciously chosen dot product. For example get rid of the A,
or B term by dotting both sides of with k x }L (or to save the trouble
of finding the unit vector A5 just dot with k x B). ®,

Altogether you can think of this method as something like the “com-
ponent” method. But we are taking components of the vectors in the di-
rection perpendicular to B. Alternatively you can think of this method as
taking the projection of the vector equation onto a line perpendicular to
B.

Similarly dotting both sides of eqn. (1.34) with k x 4 4 gives

_(kx1y)-C
(kxi) -4,
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Example: Solving “A walk”: method II, judicious dot products
You should be able to derive the formulas above as needed. Dotting, for exam-
ple, both sides of eqn. (1.34) with kx4, and plugging in the known components
yields
(ic X iB) . a _ lBny - ABny
(i( X iB) Ay /1By/‘{’Ax - Z’Bx/lAy
cos(r/8) - 200m — (—sin(x/8)) - 0
cos(z/8) - (\/2/2) — (= sin(z/8)) - (—V/2/2)

483 m (as before)

Q

Method II1, graphical solution

On the vector triangle defined by A + B = C we call O the tail end of A.
The location of the tip of C at G can be drawn to scale. Then the point H
can be located as at the intersection of two lines: one emanating from O
and in the direction of 4, and one emanating from H and in the direction
of iB. Once the point H is located, the lengths A and B can be measured.

Example: Solving “A walk”: method III, graphing
Taking 100 m as drawn to scale as, say 1 cm, point G is drawn 2 cm to the right
of O. The location of the point H is found as the intersection of two lines: one
emanating from O and pointing 45" counterclockwise from the — j axis, and the
other emanating from G and pointing 22.5° counterclockwise from the — j axis.
The distance from O to H can be measured as about 4.8 cm yielding A =~ 480 m.
This construction can be done with pencil and paper or with a computer
drawing program.

Figure 1.68: Method III: Find point H
Method IV, trigonometry as the intersection of two known lines.

The final method, the classical method used predominantly before vector
notation was well accepted, is to treat the vector triangle as a triangle with
some known sides and some known angles, and to use the law of sines
(discussed in box 1.9 ).

Because C and the directions of A and B are assumed known, the an-
gles a (opposite side A) and b (opposite side B) are known. Because the
sum of interior angles in a triangle is 7 we know the anglec = 7 —a — b.
The law of sines tells us that

sina sinc sinb sinc
=—— and — = —
A C B C
which we can rewrite as
Csina Csinb
A= — and B = — . ! N .o
sinc sinc Figure 1.69: Solving “A walk” using

the law of sines.
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Figure 1.70: For use in using the law of
cosines to solve a vector triangle.

10
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Example: Solving “A walk”: method IV, the law of sines
Referring to fig. 1.69 we get

Csina _ 200m - sin(57/8)

A = = ~ 483 m
sinc sin(z/8)
i 200m - sin(z /4
and B = C§1nb = - ( /)z370m
sinc sin(7/8)

as we have found three times already.

The determination of two vectors by knowing their directions and
their sum is analogous to determination of a triangle by “angle-side-
angle”.

The magnitudes and sum of two vectors are known
(2D)
Two vectors A and B in the plane have known magnitudes A and B but

unknown directions 4, and A;. Their sum C is known. So, measuring
angles counterclockwise relative to the positive x axis, we have:

A+B = C
AA,+Bi, = C
A(cos6,i+sinB,j) +B(cospi+sinbzj) = C (1.37)

where eqn. (1.37) is one 2D vector equation in 2 unknowns: 8, and 6.

Method 1: using an appropriate dot product

This problem is really best solved with trig (see below) and getting it right
with component method is a matter of hindsight. Eqn. 1.37 can be rewrit-
ten as

C (cos6pi+sin6.j) — A(cos6,i+sinb, j) = B (cos64i + sin b6, j)
Taking the dot product of each side with itself gives

C% + A% —2AC (cos 6 cos 6, +sinf.sin6 ) = B?

cos(6-—6,)
SO

C?+A?-B
0, = 6, — arccos (+—>

2AC

Now A is fully determined and B can be found by vector subtraction.
Note that the arccos function is always double valued (the negative of any
arccos is also a legitimate arccos), so that the solution of this problem is
not unique. Also, if the argument of the arccos function is greater than 1
in magnitude, there is no solution; this happens if any two of A, B, and C
are greater than the third (that is, if the so-called “triangle inequality” is
violated) and there is no way of making a triangle with the given lengths.)
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Method II: The law of cosines
Referring to fig. 1.70, we can apply the law of cosines directly to get

B? = A2+ (C?-2ACcosfy (1.38)

2 2 _p2
arccos (M)(ng)

which we can solve to get 6, SAC

Thus the orientation of A is determined in relation to C. This method is a
bit quicker than the component method above because it skips the steps
where, in effect, the component method derives the law of cosines.

Method III: graphical construction

From the tail of C draw a circle with radius A (see fig. 1.71). From the tip
of C draw a circle with radius B. For each of the two points of intersection,
P, and P,, a solution has been found. Vector A goes from the tail of C to,
say, P,, and B goes from P, to the tip of C. An A and B based on P, isalso
a legitimate solution. Each pair is a legitimate solution to the problem.
To get a unique solution set other information would have to be provided.

Determining a vector triangle when one vector is known and only the
magnitudes of the other two are known is analogous to determining a
triangle from "side-side-side” in geometry. It is interesting that this, the
most elementary of all geometric constructions does not have an equally
simple analytic representation.

Find the magnitude of three vectors given their
directions and their sum (3D)

This problem is close in approach to its junior 2D cousin on page 6 and to
the example on page 1. It is the most common of the 3D vector equation
problems. Assume that you know the directions of three vectors A, B and
C (given, say, as the unit vectors A ,, 45, and 4.), as well as their sum D.
So we have

- —= —

A + B + C =D
(1.40)
Al, + Biz + Ci. = D
and we want to find A, B, and C from which we can find 71,3, and C
(e.g, A=A 4)- We can think of the last of eqn. (1.40) as one 3D vector
equation in three unknowns.

In three dimensions the graphical approach is essentially impossible.
And the trigonometric approach is awkward to say the least, and probably
only generally practical for people with British accents who are long dead.
The general ideas in the first two methods still stand, however. Thus the
use of vector concepts is basically unavoidable in 3D problems.

Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap 11
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Figure 1.71: Solving a vector triangle
where vectors A and B have known
magnitude but unknown direction.



@Note that the key to the method was
dotting with a vector in an appropriate
direction, the magnitude of the vec-
tor did not matter. So if, for exam-
ple, you knew any vector ¥, in the
direction of 4, and any vector B, in
the direction of 4, you could dot both
sides of eqn. (1.40) with U, X U to get
one scalar equation for A. This can
simplify calculations by avoiding the
square roots (which cancel in the end)
that you calculate to find unit vectors.
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Method I: dotting with i, j, and k.

We can dot the left and right sides of eqn. (1.40) with i or j or k. This is
equivalent to taking the x,y and z components of the equation. We get
then

i-{eqn.(1.40)} =
-{eqn. (1.40)} =
-{eqgn. (1.40)} =

A,y + By, +CAp =D,
A2,y + Bg, + CAcy =D, and
Aldy, + By, +CAc, =D,

&

(1.41)

which can be written in matrix form as

/1Ax ABx ACx A Dx
Ayy Ap, g, B [=]| D, (1.42)
/1Az ABZ /1Cz c Dz

Unless the matrix is sparse (has a lot of zeros as entries) it is probably best
to solve such a set of equations for A, B and C on a computer or calculator.

Method II: pick a vector for dot product that kills terms you
don’t know.

The philosophy here is the same as for method IT in 2D (page 8). Pretend
for a paragraph that you only want to find A in eqn. (1.40). We can kill
the terms involving the unknowns B and C by dotting both sides of the
equation with a vector perpendicular to iB and ic- Such a vector is iB X
Ac. Thus

(Ag x Ac) - {eqn. (1.34)} A A
=>  (Ayx4.)- (A4, +Big+Ci.)
(Agx4ic)- (A1) +0+0 =

(A, x4 D
(Ag X 4p) D
D- (A, X Ao)

=
=

b
I

If you use a matrix determinant to evaluate the mixed triple product you
can recognize this formula (like the formula solving the example on 1)
as Cramer’s rule. By a judicious dot product we have reduced the vector
equation to a scalar equation in one unknown. Similarly we could get one
equation in one unknown for B or for C by doting eqn. (1.40) with 4 A xic
and 4 4 X Az, respectively@.

Parametric equations for lines and planes

A line in 2D

In geometry a line on a plane is often described as the set of x and y points

that satisfy an equation like
Ax+By=D or y=mx+b

Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap
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for given A, B, and D or m and b. However a line is a “one dimensional”
object and it is nice to describe it that way. The parametric form that is
often useful is:

F =7, +s0 (1.43)
where ¥ are the position vectors of set of points on the line, one point for
each value of the scalar parameter s. ¥, is the position vector of one given
reference point on the line and ¥ is a vector parallel to the line. In the
special case that U is a unit vector, s is the distance from the point at 7,
to the point at 7. If the vector ¥ was the velocity of a point moving on the
line then s|v| would be the distance of the point from the point at 7.

Example: Parametric equation of a line

A parametric equation for the line going through the points with position vec-
tors 7, and 7y is

F=T,+s|ly—T, or better F=7,+s4,

N———

v

where 1, = (F; —7,) / [Py = 7|

A line in 3D

In three dimensions a line is often described geometrically as the intersec-
tion of two planes. Buta line in three dimensions is still a one dimensional
object so the parametric form eqn. (1.43), applicable in three dimensions
as well as two, is nice.

A plane

A plane in three dimensions can be described as the set of points x,y, and
z that satisfy an equation like:

Ax+By+Cz=D

for a given A,B,C, and D. The parametric description of a plane uses two
parameters s; and s, and is

r=T7,+50; +5,0, (1.44)

where ¥ is a typical point on the plane, v, and v, are any two non-parallel
vectors that lie in the plane and s, and s, are any two real numbers. Each
pair (s;,s,) corresponds to one point in the plane and vice versa. The
numbers s, and s, can be thought of as in-plane distance coordinates if
the vectors v, and ¥, are mutually orthogonal unit vectors.

Example: A plane

A parametric equation for the plane going through the three points with posi-
tion vectors ¥,, 7, and 7. is

F= F, +s (i'B - ?A) +5, (?c - ?A)

- (

Y Y
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You can check that when s; = s, = 0 the point on the plane 7, is given. And
when one of the s values is one and the other zero the points #, and 7. are given.

Vectors, matrices, and linear algebraic equations

Once one has drawn a free-body diagram and written the force and mo-
ment balance equations one is left with vector equations to solve for var-
ious unknowns. The vector equations of mechanics can be reduced to
scalar equations by using dot products. The simplest dot product to use is
with the unit vectors i, j, and k. This use of dot products is equivalent to
taking the x, y, and z components of the vector equation. The two vector
equations

ai+bj = (c=5i+d+7)]j
(a—0i+(@a+b)j = (c+b)i+QRa+c)j

with four scalar unknowns a, b, ¢, and d, can be rewritten as four scalar
equations, two from each two-dimensional vector equation. Taking the
dot product of the first equation with i gives a = ¢ — 5. Similarly dotting
with jgives b = d +7. Repeating the procedure with the second equation
gives 4 scalar equations:

a = c¢c—5
b = d+7
a—c = c+b
a+b = 2a+ec.

These equations can be re-arranged putting unknowns on the left side and
knowns on the right side:

la + O + —-1lc + 0d = -5
0a + 1b + Oc + -1d = 7
la + -1b + —-2¢c + 0d = 0
—la + 1b + —-1lc + od 0

These equations can in turn be written in standard matrix form. The stan-
dard matrix form is a short hand notation for writing (linear) equations,
such as the equations above:

1 0 -1 0 a -5
0 1 0 -1 b | _ 7
1 -1 =2 o0 || e ]| ~ 0
-1 1 -1 0 d 0
N~————

[A] [x] [¥]

The matrix equation [A] - [x] = [y] is in a form that is easy to input to
any of several programs that solve linear equations. The computer (or a
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do-able but probably untrustworthy hand calculation) should return the
following solution for [x] (a, b, ¢, and d).

Thatis,a = =5, b = =5, ¢ = 0, and d = —12. If you doubt the solution,
check it. To check the answer, plug it back into the original matrix equa-
tion and note the equality (or lack thereof!). In this case, we have done
our calculations correctly and

1 0 -1 0 -5 -5
0 1 0 -1 -5 | | 7

1 -1 -2 0o || o | | o
-1 1 -1 0 -12 0

Going back to the original vector equations we can also check that
—5i+—-5j = (0=5i+((-12+7)j
(=5-0i+(-5+-5j) = (O+-5i+2--5+0)].
Computer solution of simultaneous equations

Depending on your computer package you might solve the equations
above like this

eqgset = { a - c = -5
b -d =7

a-b-2c = 0

-a+b- ¢ = 0}

Solve eqgset for a,b,c,d.

Or, if your computer package is set up especially for linear algebra then
you could write something analogous to this:

M= [ 1 0-1 O

0 1 0-1
1-1-2 0
-1 1 -1 0]

w=[-5700]
Solve M*z = w for z
% the elements of z are a,b,c,d

‘Physical’ vectors and row or column vectors

The word ‘vector’ has two related but subtly different meanings. One is a
physical vector like F = F,i+F, j+F zfc, a quantity with magnitude and
direction. The other meaning is a list of numbers like the row vector

[x] = [xp X2 x3]

Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap 15
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or the column vector

Y1
yI=| »
Y3
Once you have picked a basis, like i, j, and k, you can represent a physical
Fx
vector F as a row vector [F o F I F Z] or a column vector | F v | But the
F

z
components of a given vector depend on the base coordinate system (or

base vectors) that are used. For clarity it is best to distinguish a physical
vector from a list of components using a notation like the following:

The square brackets around F indicate that we are looking at its com-
ponents. The subscript XY Z identifies what coordinate system or base
vectors are being used. The right side is a list of three numbers (in this
case arranged as a column, the default arrangement in linear algebra).

Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap
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1.10 Existence, uniqueness, and geometry

No homework problem solutions depend on your understanding
this theoretical aside.

Sometimes there is a unique solution set to a set of simulta-
neous solutions. Sometimes it’s impossible to solve a set of vector
equations; no solutions exist. And, sometimes there are lots of so-
lutions; solutions exist but are not unique. These cases sometimes
have simple geometric interpretations.

Example 1. Consider a very simple equation

av, =

where ¥, and @ are given and you are to find a. The left hand side
is a parametric expression for points on a line through the origin
in the direction .

« if  is parallel to D then the equation has exactly one so-
lution for a;

« if @ is not parallel to  then there is no possible a that
could make the equation true. The equation has no solu-
tions.

This vector equation is equivalent to 2 scalar equations (3 in 3D)
with one scalar unknown and we expect generally to find no so-
lution. That is, two random vectors D; and @ are unlikely to be
parallel either in 2D or 3D.

Example 2. Now consider this 2D vector equation in two un-
known scalars a and b:

av, + bv, = W.

- If v, and ¥, are not parallel av; + bv, could be, with ap-
propriate choice of a and b, any 2D vector. There would
be a unique solution for every possible .

+ Butif v, and D, are parallel then the expression a®, + b0,
describes a line.

- If w is on this line there are many solutions for a
and b because the two vectors a¥, and U, can be
added various ways that partially cancel.

- If @ is off the line then there are no combinations
of a and b that get vectors off the line, there are no
solutions.

In 2D a test to see if two vectors are parallel is to take their cross
product. So, if

. v v
= T3 o _ _ _ 1x 2x —
(D, X0,) - k= U1y Uy — Vg Uy = det[ o, 0, ] =0

then v, and ¥, are parallel and there are either many solutions or
no solutions depending on whether or not @ is also parallel to D,
and 0,.

Example 3.
3D.

Consider the same example as above but now in

av, + bv, = W.
Now the question is whether the vector w is in the plane described
parametrically by a®; + bb,. We have more equations than un-
knowns, 3 > 2 so solution should be unlikely. Given 3 random
vectors in 3D 0,, U, and ®, it is unlikely that @ would be in the
plane determined by D, and ©,. If @ is in that plane, we get again
the three possibilities from the previous example.

Example 4. Finally consider this common equation in 3D.

av, + bv, + cv; = w. (1.45)

where iil, i:‘z s ﬁ3, and @ are given vectors and a, b and ¢ are un-
knowns.

» If D, D,, and U, are not co-planar, then by imagining fly-
ing in through space in each of three directions, you can
see that you can get to any point in space @ by using one
and only one set of multiples a, b and c of the three vectors.

» On the other hand, if v, 0,, and D, are co-planar, they are
redundant, and

- there can only be a solution if @ is on the plane and,
assuming the three vectors are not also collinear,
there are many solutions. There are various ways
for combinations of D,, U,, and ¥, to cancel each
other out.

- if @ is off this plane there are no solutions.

If the vectors U,, U,, and U, are coplanar then there are ei-
ther no solutions for a,b and ¢ or many solutions. We can test for
coplanarity of ﬁl, D,, and ﬁ3 with geometric reasoning and cross
products. The vector ¥; X ¥, is orthogonal to the plane of ¥, and
U,. So, if D, is in the plane defined by ¥, and v, it will be orthog-
onal to O, X U,. Thus if

(0, X0,) -0, =0

the three vectors are co-planar. This test can also be written as

1x 2x 3x
det Uly UZy U3y =0
vlz sz USz

which is what we would expect from considering the matrix form
of eqn. (1.45)

le va U3x a wx
Uy y U, y Uy y b = w
18] [3) 8] c w

and checking to see if the 3x3 matrix is “singular” (a linear algebra
word meaning that the determinant is zero).

Relation to more general linear algebra. For systems of
equations in 4 or more dimensions we can’t use our geometric
intuition quite so directly. But the cases above are analogous to
what one always finds. The geometric interpretations are helpful
for gaining an intuition, even in higher than 3 dimensions when
they don’t strictly hold. Consider the matrix equation

M=xv=>
with the square matrix M and the column vector b given.

» If the columns of M are not redundant (e.g., they are lin-
early independent) then there exists a unique v for any b.
This is like having ¥, , U,, D, not coplanar in 3D.

» If the columns of M are redundant (e.g., they are linearly
dependent) this is like having coplanar v,, ,, v, and

- if b is in the span of the columns of M, like w being
in the plane, there are many solutions, and

- if b is not in the span of the columns of M, like 1174
being off the plane, there are no solutions.
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SAMPLE 1.28 Plain vanilla vector equation in 2-D: Three forces act
on a particle as shown in the figure. The equilibrium condition of the
particle requires that F + F +W =0.Itis given that W = —20Nj J- Find
the magnitudes of forces F andE.

Solution We are given a vector equation, F‘l + f"z +W = 6, in which one vector W is
completely known and the directions of the other two vectors are given. We need to find
their magnitudes. Let us write the vectors as

F1=Flil’ F2=F2;Lz> W=—Wj,

where ftl and flz are unit vectors along F‘l and f‘z, respectively (their directions are specified
by the given angles in the figure), and W = 20N as given. We can write the unit vectors
in component form as

Now we can write the given vector equation as
Fl(/llxi + /11y h+ F2(/12Xi + Azyj) =Wj. (1.46)
Dotting both sides of eqn. (1.46) with i and j respectively, we get
/11XF1 +/12xF2 = 0 (1.47)
/11yF1 + /12sz = W. (1.48)

Here, we have two equations in two unknowns (F, and F,). We can solve these equations
for the unknowns. Let us solve these two linear equations by first putting them into a
matrix form and then solving the matrix equation. The matrix equation is

ﬂ'lx Azx F,\ _[ 0
A A4 F, |\ w [
y y
Using Cramer’s rule for matrix inversion, we get
F, \ _ 1 /12y _/12X 0
F, |7 A4, -1, 4 —xlly A w |
X y X y X

Substituting the numerical values of /1 = —cos30 = —\/5/2,/11 =sin30" = 1/2and
y
similarly, 4, =1/v2 /1 = 1/\/_ and W = 20N, we get

F, \ _ [ 1464
(F2 )‘( 17.93 >N‘

F, = 14.64N, F,

17.93N

Check: We can easily check if the values we have got are correct. For example, substitut-
ing the numerical values in eqn. (1.47), we get

V3 J
14.64N - (==~ | +17.93N Lo

L
V2
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y
Fy F,
30° 45°
w
Figure 1.75

SAMPLE 1.29 Solving for a single unknown from a 2-D vector equa-
tion: Consider the same problem as in Sample 1.28. That is, you are given
that F, + F, + W = 0 where W = —20Nj and F, and E, act along the di-
rections shown in the figure. Find the magnitude of 17“2

Solution Once again, we write the given vector equation as

FiA, + F,A, =W},

where
W = 20N,
A = Li+A ]
x y
= —\3/2i+1/2j, and
A, = Lit+thj
x y
= 126G+ ).

We are interested in finding F, only. So, let us take a dot product of this equation with a
vector that gets rid of the F; term. Any such vector would have to be perpendicular to 4,.

One such vector is k x 4,. Let us call this vector i, that is,
Ay =kx (2, 1+ A D=4 =ML

Now, dotting the given vector equation with 71;, we get

0

— A
Fy (0, - A)+Fyh,-4,) = W@, )
> £ = w1
A -2

2
A Jj-4D-J
w = 2
(/11Xj - Alyi) ) (lzxi + /12y j)
A

x

v Ay — A2y,
N —\/3/2
—3/2-1/\2-1/2-1/\2
NG

V3+1

= 20

= 20N =1793N

which, of course, is the same value we got in Sample 1.28. Note that here we obtained one
scalar equation in one unknown by dotting the 2-D vector equation with an appropriate
vector to get rid of the other unknown F;.

F,=17.93N
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SAMPLE 1.30 Solving a 3-D vector equation on a computer: Four
forces, 13'1,13‘2,17“3 and N are in equilibrium, that is, 17“1 + 17“2 + +E +N =
0 where N = —100kNk is known and the directions of the other
three forces are known. 17’1 is directed from (0,0,0) to (1,-1,1), 1?'2 from
(0,0,0) to (-1,-1,1), and 1?'3 from (0,0,0) to (0,1,1). Find the magnitudes of
13‘1,17’, and 17’3

Solution LetF, = Fl/'ALl,IA{'2 =F,A,,and F, = F,4,, where 4,, 4, and 4, are unit vectors in
the directions of f‘l, E, and F}, respectively. Then the given vector equation can be written
as

F,A, + F,A,+ F;A, = —-N = -Nk

where N = —100kN. Dotting this equation with i, j and k respectively, and realizing that
i-4, =4, ,j-4, =4, ,etc., we get the following three scalar equations.
x y

MF+A4, F,+A4, F, = 0
MF+A, F,+A, F;, = 0

y y y
M Fi+4, F,+A; F, = -—N.

Thus we get a system of three linear equations in three unknowns. To solve for the un-
knowns, we set up these equations as a matrix equation and then use a computer to solve
it. In matrix form these equations are

/11,( /12X /13;( F, 0
by Ay A F, |=] 0
A Ay A Fy -N

To solve this equation on a computer, we need to input the matrix of unit vector com-
ponents and the known vector on the right hand side. From the given coordinates for
the directions of forces, we have il =@{@-j+ IA()/\/E, 12 =(-i—j+ I})/\/g, and
A= (G+io/N2 ® We are also given that N = —100kN. Now, we use the following
pseudo-code to find the solution on a computer.

Let s2 = sqrt(2), s3 = sqrt(3)
A=1[1/s3 -1/s3 0
-1/83 -1/83 1/s2
1/s3  1/s3 1/s2 ]
b=[0 0 100]°
solve A*F = b for F

Using this pseudo-code we find the solution to be

F = [ 43.3013
43.3013
70.7107 1

Thatis, F; = F, = 43.3kN and F, = 70.7kN.

F, = 43.3kN, F, = 43.3kN, F, = 70.7kN
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©) These unit vectors are computed by
taking a vector from one end point to
the other end point (as given) and then
dividing by its magnitude. For exam-
ple, we find 4, by first finding 7, =
(Di+(-1)j+(1)k, avector from (0,0,0)
to (1,-1,1), and then 4, = %
1
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SAMPLE 1.31 Vector operations on a computer: Consider the prob-
lem of Sample 1.30 again. That is, you are given the vector equation
F +F ++F +N = 0where N = —100 kNk and the directions of F1,F and

Fé are given by the unltvectorsiL1 = (l—]+k)/\/—,/12 = (—l—]+k)/\/_,
and 4, = (j+k)/ \/2, respectively. Find F,.

Solution We can, of course, solve the problem as we did in Sample 1.30 and we get the
answer as a part of the unknown forces we solved for. However, we would like to show
here that we can extract one scalar equation in just one unknown (F;) from the given
3-D vector equation and solve for the unknown without solving a matrix equation. Al-
though we can carry out all required calculations by hand, we will show how we can use
a computer to do these operations.

We can write the given vector equation as

F\A, + F,A, + F;A, = —N. (1.49)

We want to find F,. Therefore, we should dot this equation with a vector that gets rid of
both F, and F3, i.e., with a vector which is perpendicular to both F and F One such
vector is F X F or /l X /1 Leta = A X /l Now, dotting both sides of eqn. (1 49) with i,
we get

F\(A, -+ F,(4,-A)+ Fy(A,-A) = -N -h

Since flz -n=0and A, - 2 = 0 (f2is normal to both }:2 and 13), we get

F/(A,-h) = -N-h
> F, = _AN'".
A-n

=
Thus we have found the solution. To compute the expression on the right hand side of the
above equation we use the following pseudo-code which assumes that you have written

(or have access to) two functions, dot and cross, that compute the dot and cross product
of two given vectors.

lambda_1 = 1/sqrt(3)*[1 -1 1]’;
lambda_2 = 1/sqrt(3)*[-1 -1 1]°;
lambda_3 = 1/sqrt(2)*x[0 1 1]7;
N=1[0 0 -100]’;
n = cross(lambda_2, lambda_3);
F1 - dot(N, n)/dot(lambda_1, n)

By following these steps on a computer, we get the output F1 = 43.3013, thatis, F;, =
43.3kN, which, of course, is the same answer we obtained in Sample 1.30.

F, = 43.3kN
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1.5 Solving vector

equations

1.5.1 Consider the vector equation
aA+bB=C

with 4, B, and C given. For the cases be-
low find a and b if possible. If there are
multiple solutions give at least 2. If there
are no solutions explain why.

a) A=i, B=j,
C=3i+4j

b) A=1i, B=2i
C=31

c) A=j, B=2j,
C=3i

d)A=i+j B=—i+}j,
C=2j

e) A=1i+2j, B=2i+3},
C=3i+4j

f) A=nxi+ej, B=+2i+3j,
C=1i

1.5.2 Consider the vector equation
aA+bB+cC=D

with A, B, Cand D given. For the cases
below find a if possible, there is no need
to find b and c.

a) A=i,C=k
B=jD=3i+4j+19%

b) A =2i,C =15j + 360k
B=3i+4jD=21+17J+37k

) A=k C=i+j+k
B=j+k,D=3j

d) A=i+j+k, C=3i+4j+5k
B=2i+3j+4k,D=4i+5j+7k

e)§=ﬁ1+\/§j+\/§k,
C =/7i +/8j + ok,
B =4i++/5j + ok,
f):—i+7rj+eic

1.5.3 In the problems below use matrix
algebra on a computer to find a, b and ¢
uniquely if possible. If not possible ex-
plain why not. You are given that

aA+bB+cC=D

and that

Introduction to Mechanics for Engineers «

a) K:i,fi:j
C=k D=-2145j+10k

b) A=i+ jB=—i+],
C=kD=2i

) A=i+j+k B=2i+j+k,
C=i+2j+k,D=2i+j+k

d) A=1i+2j+3k, B =4i+5j+6k,
C=7i+8j+9k D =10k

e) A=+1i+V2j+3k B=1/4i+

55+ 6k,
C = \71+/8j+,/9k, D =10k

1.5.4 The three forces shown in the fig-
ure are in equilibrium, i.e., T1 + Tz +F =
0. If |F| = 10N, find tensions T, and T,
(magnitudes of T, and T,).
y
T

300 T,

o x

Problem 1.5.4

1.5.5 Points A, B, and C are located in
the xy plane as shown in the figure. For
position vectors, we can write, ¥y +7 /=
7c. Find || and |7 5| if . = 10m i.

y B

N\60° 45°/ N
L

Problem 1.5.5

1.5.6 Three vectors, A, B, and C, (shown

in the figure) are such that A + B+ C =

0. You are given that A = |A| = 5 and
= |C| = 8. Find 6.

Problem 1.5.6
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1.5.7 LetF, + F, + F, = 0, where F, =
10N(i—j),and F,/|F,| = 0.250i40.968 j
andE,/|E | = —0.4251—0.905j. Find |F, |
from a single scalar equation.

1.5.8 To evaluate the equation 3 F =
ma for some problem, a student writes
YF = Fi—(F, - 30N)j + 50Nk
in the xyz coordinate system, but @ =
2.5m/s?’ + 1.8m/s>j — a k' in a ro-
tated x'y’'z’ coordinate system. If i’ =
cos60'1 + sin60"j, j = —sin60'1 +
cos60° jand k' = k, find the scalar equa-
tions for the x’, y’, and z’ directions.

1.5.9 A car travels straight north-east for
a while on a dirt road that leads to a
north-south highway. The car travels on
the highway due north for a while. When
the driver stops, the GPS system indi-
cates that the car is 60 miles north and 30
miles east from the starting point. Find
the distance travelled on the dirt road.

1.5.10 A particle is held at point P with
the help of three rods PA, PB, and PC.
Let the tensions in the three strings be
T4, Ty, and T, respectively (so that T,
acts along line PA and so on). The equi-
librium of the particle requlres that T A+
T,+T.+W =0whereW = -10N k
is the welght of the particle. Find the
magnitudes of tensions in the three rods
(note, tension can be negative).
z B(0,2,4)

€(0,4,2)
(3,03 i

) P(2.2.1)

——y
/ 4
X

Problem 1.5.10

1.5.11 You are given that F, + F, + F, =
5kN jwhere F, = (2i—3j+4k)kN,F, =
(i + 5k)kN. Find the direction of E (An
angle measured CCW from the +x axis
to the direction of positive F,).

1.5.12 A plane intersects the x, y, and z
axis at 3,4, and 5 respectively. What point
on the plane is in the direction i+2j+ 3k
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from the point (10,10,10)? (Find the x, y
and z components of the point.).

These problems concern the solution
of simultaneous equations. These could
come from various vector equations.
1.5.13 Write the following equations in
matrix form to solve for x, y, and z:

2x =3y +5=0,
y+2rz =21,

1
gx—2y+7rz—11=0.

1.5.14 Are the following equations lin-
early independent?

a) x, +2x, +x; =30

b) 3x; +6x, +9x; =4.5

c) 2x; +4x, +15x, = 7.5.

1.5.15 Write computer commands (or a
program) to solve for x, y and z from
the following equations with r as an in-
put variable. Your program should dis-
play an error message if, for a particular
r, the equations are not linearly indepen-
dent.

a) 5x+2ry+z=2

b) 3x+6y+(Q2r—1)z=3

c) 2x+(r—1)y+3rz=>5.
Find the solutions for r = 3, 4.99, and 5.

1.5.16 An exam problem in statics has
three unknown forces. A student writes
the following three equations (he knows
that he needs three equations for three
unknowns!) — one for the force balance
in the x-direction and the other two for
the moment balance about two different
points.

1 1
a) F1—5F2+EF3=0

b) 2F, +2F, =0
¢) 2F, +\2F, = 0.

Can the student solve for F;, F,, and F,
uniquely from these equations? *

1.5.17 What is the solution to the set of
equations:
x+y+z+w = 0
x—y+z-w = 0
xX+y—-z—-w =
x+y+z—w = 2?
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