Chapter 1.

SAMPLE 1.17 Cross product in 2-D: Two vectors @ and b of length 10
ftand 6 ft, respectively, are shown in the figure. The angle between the
two vectors is 6 = 60°. Find the cross product @ X b.

Solution Both vectors @ and b are in the xy plane. Therefore, their cross product will
point in either +k or —k direction (normal to the plane formed by @ and b). To determine
the direction of the normal, we use the right hand rule and curl our fingers from @ towards
b, tracing angle 6 counterclockwise. The thumb then points in the positive k direction,
indicating i = k. Thus,

|a||b|sin 6n

= (10ft)- (6ft) - sin60°k

V3.

= 2._
= 60ft 2k
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X
S
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= 30\/3ftk.

=30\/3ftk
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SAMPLE 1.18 Computing 2-D cross product in different ways: The
two vectors shown in the figure are @ = 2i — jand b = 4i +2j. The angle
between the two vectors turns out to be 6 = sin_1(4/ 5). Find the cross
product @ X b

1. using the angle 8, and
2. using the components of the vectors.

Solution
1. Cross product using the angle 6:
ixb = |a||b|sin6a
= |20 — j||4i + 2j| - sin(sin”" g)ic
= (V22 +1)(V42 +22). gic
4, 44
= 5. 20- ck=10-ck
= 8k.

2. Cross product using components:

ixb (21 — ) X (4i +2))
20X (414 2)) — X (41 +2]))

SIXTI+H4IX j—4jXiI-2jX]J
H_t—’ —— —— ——

0 k -k 0
4k + 4k
8k.

The answers obtained from the two methods are, of course, the same as they must be.

ixb=8k
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SAMPLE 1.19 Find the shortest distance from a point to a line: A
straight line passes through two points, A (-1,1) and B (2,2), in the xy
plane. Find the shortest distance from the origin to the line.

B(2,2) Solution There are various ways we can find the required distance. In 2-D, the following
A(-1,1) two methods can be used for quick calculations.

Method-1: The shortest distance d between a point P and a given line AB is obtained
by taking the dot product of a vector from P to any point on the line with a unit
normal to the given line. Thus, d = i1 - ¥, = i1 - ¥;; where 7 is a unit vector normal

(0] X to 7 /5. Why?

From geometry we know that the shortest distance from a given point to a given
line is the perpendicular distance from the line to the given point. Thus to find
this distance, we need to draw a perpendicular from the given point to the line of
interest. In fig. 1.48, this distance d is shown as line OC. From the figure, we also
see thatd = OC = OB cos «, that s, d is the projection of vector 7 along OC. But OC
is normal to AB, hence, we can find a unit vector it along OC by finding a normal
to vector ¥y, - Thus,

B(22)

d=ry-n, where ALlF,.

We can use cross product to find . Since 7, is in the xy plane, kx7, /4 gives us
a vector perpendicular to AB and in the xy plane. Thus,

kx#
B/A , andhence, d="r;-

Figure 1.48 n= . _
|k X755l L2

. kx@i+ ) 3j—1i 1, 3,
n = — == =1+ —]
lkx@i+pl Bi-i 10 10
1 3 4
d = 7 -na=Qi+2)) ——i+—j>=—
’ V1o /10 V10

Vio
You can easily verify that we get the same result even if we use 7, in place of
(or for that matter, any vector from O to a point on line AB). For example, 7, - i =
(—ui+ j)- (-1 +3j)/V10 = 4/4/10, the same value as obtained above.
Method-2: The shortest distance between a point P and a given line AB can also be found
by taking a cross product of a unit vector 4, along the line with any vector from
P to a point on the line, e.g., 7} /p- For the given case, where P is the origin, we get,
d=A,, XF;. Why?
From fig. 1.49, we see that d = OC = OB sin 6 where 0 is the angle between 7, and
Fy/a- Let 4, be a unit vector along line AB. Then,
Ay X Py = |4, [ sin Oa = |Fy| sin Ok.

N——
1

Figure 1.49

Thus, d = OBsin® = |f|sinf = |iAB X ¥y|. We can, therefore, compute d easily
by computing the cross product as follows.

N R 3i+j
d = A XF|=|(—=—)xQi+2j
|App X T3] (m) ( 3))
4 . 4

=

which is the same answer as obtained by Method-1. Once again, you can verify
that 4, , X 7, also gives the same answer.
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Figure 1.50: The cross product of any
two basis vectors is positive in the di-
rection of the arrow and negative if
carried out backwards, e.g. i X j = k
but jxi=—k.

SAMPLE 1.20 Computing cross product in 3-D: Compute ax b, where
a=i+j—2kandb=3i+—-4j+k.

Solution The calculation of a cross product between two 3-D vectors can be carried out
by either using a determinant or the distributive rule. Usually, if the vectors involved have
just one or two components, it is easier to use the distributive rule. We show you both
methods here and encourage you to learn both. We are given two vectors:

Ql
|

aqi+a,jtak=1i+j-2k,
bi+b,j+bk=31+—-4j+k.

(S0
I

« Calculation using the determinant formula: In this method, we first write a
3 X 3 matrix whose first row has the basis vectors as its elements, the second row
has the components of the first vector as its elements, and the third row has the
components of the second vector as its elements. Thus,

- i j k
axb = a, a, a,
bl bZ b3

= i(a,b, — a;b,) + j(a;b, — a,b,) + k(a,b, — b,a,)
= i(1-8)+j(-6—-1)+k(-4-3)
= -7+ j+k).

« Calculation using the distributive rule: In this method, we carry out the cross
product by distributing the cross product properly over the three basis vectors. The
steps involved are shown below.

ixb = (aqi+a,j+a,k)x(bi+b,j+bk)
= aix(bi+b,j+bsk)+
a,jx (b,i+b,j+bk)+

ak x (b,i + b, j + b,k)
0 3 =-Jj
—~ —~ ’_'T
= a,b(ixi)+ab,(ixj)+ab(ixk)+
_k ° i
—~ —~ N
a,b,(jx 1)+ a,b,(jXx j)+ ab,(jx k) +
j —i 0
/—{\ /_'; —

a;b, (k x i) + a;b,(k x j) + a;b,(k x k)
= i(a,b; — a;b,) + j(a;b, — a,b;) + k(a,b, — b,a,)
i(1-8)+ j(—6— 1) + k(-4 - 3)
= —7(i+j+k)
which, of course, is the same result as obtained above using the determinant. Mak-
ing a sketch such as Fig. 1.50 is helpful while calculating cross products this way.

The product of any two basis vectors is positive in the direction of the arrow and
negative if carried out backwards, e.g, i X j= kbut jxi=—k.

ixb=-71+j+k)
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SAMPLE 1.21 Finding a vector normal to two given vectors: Find a
unit vector perpendicular to the vectors7, =i—2j+ k and r,=3j+ 2k.

Solution The cross product between two vectors gives a vector perpendicular to the plane
formed by the two vectors. The sense of direction is determined by the right hand rule.
Let N = NA be the perpendicular vector.

N = 7,x7g
= ({i-2j+k)x@j+2k)
= —7i-2j+3k
This calculation can be done
in either of the two ways
shown in the previous sample.
Therefore,
; N
A= X
_ —7i-2j+3k
V72422 432
= —0.89i—0.25j + 0.38k
A=-0.89—0.25j + 0.38k
Check:

« JA| = (0.89)2 + (0.25)% + (0.38)? i 1. (itis a unit vector)
« -7, =1(-0.89) — 2(—0.25) + 1(0.38) Lo, ALF)).
o A-F, = 3(=0.25) + 2(0.38) Y 0. (ALl¥y.

Comments: If 4 is perpendicular to ¥, and 1y, then so is —A. The perpendicularity does
not change by changing the sense of direction (from positive to negative) of the vector.
In fact, if 4 is perpendicular to a vector ¥ then any scalar multiple of A, ie, al, is also
perpendicular to ¥. This follows because

al-F=a(d-7)=a(0) =0.

The case of —A is just a particular instance of this rule with a = —1.

Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap



6 Chapter 1.

C(0,1,0) ¥

B (1,0,0)

Figure 1.51

SAMPLE 1.22 Finding a vector normal to a plane: Find a unit vector
normal to the plane ABC shown in the figure.

Solution A vector normal to the plane ABC would be normal to any vector in that plane.
In particular, if we take any two vectors, say 7,5 and 7, ., the normal to the plane would
be perpendicular to both ¥, ; and ¥, .. Since the cross product of two vectors gives a vector
perpendicular to both vectors, we can find the desired normal vector by taking the cross
product of 7, and 7. Thus,

N = FypXFse
= (i-k)x(-k
= ixj-ixk-kxj+kxk
—_—— M s ——
i -Jj - 0

j+k

>
I
_|2L + =

Sl-=

PO DO
n—ﬁ(l+_]+k)

Check: Now let us check if 72 is normal to any vector in the plane ABC. It is fairly easy to
show that i - ¥,; = i - ¥, = 0. This is not a surprise because we found 7 from the cross

product of 7,; and 7, .. Let us check if 72 is normal to 7y

Ty = %(i+j+fc)-(—i+j)

- %(—i-iﬂ'ﬁ
1 v

= —(-1+1=0.
V3

Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap



Chapter 1.

SAMPLE 1.23 The shortest distance between two lines: Two
lines, AB and CD, in 3-D space are defined by four specified points,
A(0,2m,1 m), B(2m,1 m,3m), C(-1m,0,0), and D(2m,2 m,2 m) as shown
in the figure. Find the shortest distance between the two lines (which are
the infinite extensions of the segments shown).

Solution The shortest distance between any pair of lines is the length of the line that is
perpendicular to both the lines. We can find the shortest distance in three steps:

1. First find a vector that is perpendicular to both the lines. This is easy. Take two
vectors 7, and 7,, one along each of the two given lines. Take the cross
product of the two vectors and normalize the result to get unit vector 7.

2. Find a vector parallel to 72 that connects the two lines. This is a little tricky. We
don’t know where to start on any of the two lines. However, we can take any vector
from one line to the other and then, take its component along 7.

3. Find the length (magnitude) of the vector just found (in the direction of 7). This is
simply the component we find in step (b) devoid of its sign.

Now let us carry out these steps on the given problem.

1. Step-1: Find a unit vector 7 that is perpendicular to both the lines.

Fy = 2mi—1mj+2mk
Fop = 3mi+2mj+2mk
> g XPy = |1 § k|m?
2 -1 2
3 2 2

= i(-2-4)m?+ j(6 —4)m? + k(4 + 3)m?
= (=614 2j+ 7k)m?

Therefore,
. Ty XTgp
n = ————
a5 X Tep
1 N
= ——(—6i+2j+ 7k).
V89
2. Step-2: Find any vector from one line to the other line and find its component along
n.
F,e = —1mi—2mj-1mk
L. e as i 1 s sy A
Foe - = —(A+2j+k)m- —(-6i+2j+7k)
V89
1 5
= —(6-4-7)m=-———m.

V89 V89

3. Step-3: Find the required distance d by taking the magnitude of the component
along ni.

= —im =0.53m
V89

d =0.53m
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SAMPLE 1.24 The mixed triple product: Calculate the mixed triple
product A - (@ x b) for 4 = %(i+ j), a=3i,andb =1+ j+ 3k.

Solution We compute the given mixed triple product in two ways here:

Let c

« Method-1: Straight calculation using cross product and dot product.

1 R
— @+ ) (=9 +3k)
\/El J J

1 A N
T(—9l-]+3l-k—9]-]+3j-k)

« Method-2: Using the determinant formula for mixed product.
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0 1 0
9
V2
2 — = 9
A (axb)——\/—E
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1 1
v °
3 0 0
1 1 3
Lo-0+Lo-9+0
V2 V2
_9
V2
~ = = 9
1-@xb)=-=



