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1 Other phrases used to describe the

equivalent force sets include:

* statically equivalent,

*mechanically equivalent, and

* equipollent.

2 Aspecial pointC?No, any pointwill

do. As we will show, equivalent for C

implies equivalent for D, E and G etc..

(see box 2.2 on page 5

2.1 Equivalent force sets

The de�nition of the word equivalent 1 , when applied to force sets in me-

chanics, is:

Two force systems are said to be equivalent if they have the same

sum (the same resultant, the same net force) and the same resultant

moment (net moment) about any one point C.

So that we don't get confused about the system of interest (a collection of

material), and the force system (a collection of forces), we will sometimes

call the force system a force set.

Why use equivalent force sets?

First, the replacement of one set with an equivalent set is often used to

help simplify or solve mechanics problems.

Second, the concept of equivalent force sets allows us to de�ne a cou-

ple, a concept we will use throughout the book.

And �nally, most often one does not want to know the complete de-

tails of all the forces acting on a system. When you think of the force of

the ground on your bare foot you do not think of the thousands of little

forces at each micro-asperity or the billions and billions of molecular in-

teractions between the wood (say) and your skin. Instead you think of

some kind of equivalent force.

In what way are two `equivalent' force systems (or sets) actually

equivalent? Well, because all that the equations of mechanics know

about forces is their net force and net moment, you have a criterion. You

replace the actual force set with a simpler force set, possibly just a single

well-placed force, that has the same total force and same total moment

with respect to a reference point C 2

We have already discussed two important cases of equivalent force

sets.

1. On page 50 we stated the mechanics assumption that a set of forces

applied at one point is equivalent to a single resultant force, their

sum, applied at that point. Thus when doing a mechanics analysis

you can replace a collection of forces at a pointwith their sum. If you

think of your whole foot as a `point', this justi�es the replacement of

the billions of little atomic ground contact forces with a single force.

2. On page 97 we discovered that a force applied at a di�erent point

is equivalent to the same force applied at a point displaced in the

direction of the force. You can thus harmlessly slide the point of

force application along the line of the force and have its mechani-

cally equivalent e�ect: One force applied at a point is equivalent to
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Figure 2.1: The force set
Ç

FA;
Ç

FC is

equivalent to the force set
Ç

F0;
Ç

FB.

the same force at a di�erent point that is displaced in the direction

of the force.

More generally, we can compare two sets of forces. The �rst set con-

sists of
Ç

F
.1/

1
;
Ç

F
.1/

2
;
Ç

F
.1/

3
; etc.

applied at positions
Ç

r
.1/

1_C
;
Ç

r
.1/

2_C
;
Ç

r
.1/

3_C
; etc.

In short hand, these forces are

Ç

F
.1/

i
applied at positions

Ç

r
.1/

i_C
,

where each value of i describes a di�erent force (i = 7 refers to the seventh

force in the set). The second set of forces consists of

Ç

F
.2/

j
applied at positions

Ç

r
.2/

j_C
,

where each value of j describes a di�erent force in the second set.

Now, we compare the net (resultant) force and net moment of the two

sets.

If,
Ç

F
.1/
tot =

Ç

F
.2/
tot and

Ç

M
.1/

C
=

Ç

M
.2/

C
; (2.1)

then the two sets are equivalent.

Here we have de�ned the net forces and net moments by

Ç

F
.1/

tot
=

É

all forces i

Ç

F
.1/

i
;

Ç

M
.1/

C
=

É

all forces i

Ç

r
.1/

i_C
�
Ç

F
.1/

i
; (2.2)

Ç

F
.2/
tot =

É

all forces j

Ç

F
.2/

j
; and

Ç

M
.2/

C
=

É

all forces j

Ç

r
.2/

j_C
�
Ç

F
.2/

j
: (2.3)

If you �nd the
³

(sum) symbol intimidating see box 2.1 on page 4.

Example:

Consider force set (1) with forces
Ç

FA and
Ç

FC and force set (2) with forces
Ç

F0 and
Ç

FB as shown in �g. 2.1. Are the sets equivalent? First check the sum of forces.

Ç

F
.1/

tot

?
=

Ç

F
.2/

tot

É
Ç

F
.1/

i

?
=
É

Ç

F
.2/

j

Ç

FA +
Ç

FC
?
=

Ç

F0 +
Ç

FB

1N�{ + 2N �|

ù

= .1N�{ + 1N �|/ + 1N �|
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Figure 2.2: Frictionless wheel bearing.
All the bearing forces are equivalent to

a single force acting at the center of the

wheel.

⇀
F

⇀
-F

Figure 2.3: One couple. The forces add
to zero. The net moment they cause

does not.

3 People who have been in di�cult

long-term relationships don't need a

mechanics textbook to learn that a

couple is a pair of equal and opposite

forces that push each other around.

Then check the sum of moments about C.

Ç

M
.1/

C

?
=

Ç

M
.2/

C

É
Çr
.1/

i_C
�
Ç

F
.1/

i

?
=
É

Çr
.2/

j_C
�
Ç

F
.2/

j

ÇrA_C �
Ç

FA +
ÇrC_C �

Ç

FC
?
=

Çr0_C �
Ç

F0 +
ÇrB_C �

Ç

FB

.*1m�{ + 1m �|/ � 1N�{ +
Ç

0 � 2N �|
?
= .*1m�{/ � .1N�{ + 1N �|/ + 1m �| � 1N �|

*1mN �k

ù

= *1mN �k

So, the two force sets are equivalent.

What is so special about the point C in the example above? Nothing.

If two force sets are equivalent with respect to some point C, they are

equivalent with respect to any point, as justi�ed in box 2.2 on page

5.

For example, both of the force sets in the example above have the same

moment of 2Nm �k about the point A. See box 2.2 for the proof of the gen-

eral case.

Example: Frictionless wheel bearing

If the contact of an axle with a bearing housing is perfectly frictionless then

each of the contact forces has nomoment about the center of thewheel (�g. 2.2).

Thus the whole force set is equivalent to a single force at the center of the wheel.

Couples

Consider a pair of equal and opposite forces that are not collinear. Such

a pair is called a couple.The net moment caused by a couple is the size of

the force times the perpendicular distance between the two lines of action

and doesn't depend on the reference point. In fact, any force system that

has
Ç

Ftot =
Ç

0 causes the same moment about all di�erent reference points

(as shown at the end of box 2.2). So, in modern usage, any force system

with any number of forces and with
Ç

Ftot =
Ç

0 is called a couple. A couple

is described by its net moment. 3

A couple is any force system that has a total force of
Ç

0. It is described

by the net moment
Ç

M that it causes.

We then think of the couple
Ç

M as representing an equivalent force system

that contributes
Ç

0 to the net force and
Ç

M to the net moment with respect

to every reference point.

The concept of a couple (also called an applied moment or an applied

torque) is especially useful for representing the net e�ect of a complicated
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collection of forces that causes some turning. The complicated set of elec-

tromagnetic forces turning a motor shaft can be replaced by a single cou-

ple.

Every set of forces is equivalent to a force and a
couple

Given any point C, we can calculate the net moment of a system of forces

relative to C. We then can replace the sum of forces with a single force at

C and the net moment with a couple at C and we have an equivalent force

system.

A force system is equivalent to a force
Ç

F =
Ç

Ftot acting at C and a

couple M equal to the net moment of the forces about C, i.e.,
Ç

M =
Ç

M
C
.

If instead we want a force system at D, we could recalculate the net mo-

ment about D, or just use the translation formula (see box 2.2 on page 5).

Ç

Ftot =
Ç

Ftot; and
Ç

MD =
Ç

MC +
Ç

rC_D �
Ç

Ftot:

2.1
É

means add

Inmechanics, we often need to add up lots of things: all the forces
on a body, all the moments they cause, all the mass of a system,
etc. One notation for adding up all 14 forces on some body is

Ç

Fnet =
Ç

F1 +
Ç

F2 +
Ç

F3 +
Ç

F4 +
Ç

F5 +
Ç

F6 +
Ç

F7

+
Ç

F8 +
Ç

F9 +
Ç

F10 +
Ç

F11 +
Ç

F12 +
Ç

F13 +
Ç

F14:

which is a bit long, so we might abbreviate it as

Ç

Fnet =
Ç

F1 +
Ç

F2 +5 +
Ç

F14:

But this is de�nition by pattern recognition. Amore explicit state-
ment would be

Ç

Fnet = The sum of all 14 forces
Ç

Fi where i = 1§14

which is too space consuming. This kind of summing is so im-
portant that mathematicians use up a whole letter of the greek
alphabet as a short hand for `the sum of all'. They use the capital
greek 'S' (for Sum) called sigma which looks like this:

É
:

When you read
³

aloud you don't say `S' or`sigma' but rather `the
sum of.' The

³
(sum) notation may remind you of in�nite series,

and convergence thereof. We will rarely be concerned with in-
�nite sums in this book, and never with convergence issues. So,

panic on those grounds is unjusti�ed. We just want to write easily
about adding things. For example, we use the

³
(sum) to write

the sum of 14 forces
Ç

Fi explicitly and concisely as

14É
i=1

Ç

Fi;

and say `the sum of F sub i where i goes from one to fourteen'.
Sometimes we don't know, say, howmany forces are being added.
We just want to add all of them so we write (a little informally)

É
Ç

Fi meaning
Ç

F1 +
Ç

F2 + etc.;

where the subscript i lets us know that the forces are numbered.
Rather than panic when you see something mathy looking

like

14É
i=1

, just relax and think: oh, we want to add up a bunch of

things all of which look like the next thing written. In general,
É

(thing)
i

translates to (thing)
1
+ (thing)

2
+ (thing)

3
+ etc.

no matter how intimidating the `thing' is. In time, you can skip
the translation into English and will enjoy the concise notation.
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The total force
Ç

Fnet stays the same and the moment at D is the moment at

C plus the moment caused by
Ç

Fnet acting at position C relative to D. The

net e�ect of the forces of the ground on a tree, for example, is of a force

and a couple acting on the base of the tree.

Equivalent does not mean equivalent for all
purposes

We have perhaps oversimpli�ed.

Imagine you stayed up late studying and overslept. Your roommate

was not so diligent; woke up on time and went to wake you by gently

shaking you. Having read this chapter so far and no further, and being

rather literal, your roommate gets down on the �oor and presses on the

linoleum underneath your bed applying a force that is equivalent to press-

ing on you. Obviously this is not equivalent in the ordinary sense of the

word. It isn't even equivalent in all of its mechanics e�ects. One force

moves you even if you don't wake up, and the other doesn't.

2.2 Two force sets that are equivalent for one reference
point are equivalent for all reference points.

Consider two sets of forces
Ç

F
.1/

i
and

Ç

F
.2/

j
with corresponding

points of application P
.1/

i
and P

.2/

j
at positions relative to the ori-

gin of Çr
.1/

i
and Çr

.2/

j
. To simplify the discussion let's de�ne the net

forces of the two systems as

Ç

F
.1/
tot �

É
Ç

F
.1/

i
and

Ç

F
.2/
tot �

É
Ç

F
.2/

j
;

and the net moments about the origin as

Ç

M
.1/

0
�

É
Ç

r
.1/

i
�
Ç

F
.1/

i
and

Ç

M
.2/

0
�

É
Ç

r
.2/

j
�
Ç

F
.2/

j
:

Using point 0 as a reference, the statement that the two sets are

equivalent is then
Ç

F
.1/
tot =

Ç

F
.2/
tot and

Ç

M
.1/

0
=

Ç

M
.2/

0
. Now consider

point C with positionÇrC = Ç

rC_0 = *Çr0_C. What is the net moment

of force set (1) about point C?

Ç

M
.1/

C
�

É
Ç

r
.1/

i_C
�
Ç

F
.1/

i

=
É�

Ç

r
.1/

i
*ÇrC

�
�
Ç

F
.1/

i

=
É�

Ç

r
.1/

i
�
Ç

F
.1/

i
*ÇrC �

Ç

F
.1/

i

�

=
É
Ç

r
.1/

i
�
Ç

F
.1/

i
*
É
Ç

rC �
Ç

F
.1/

i

=
É
Ç

r
.1/

i
�
Ç

F
.1/

i
*ÇrC �

�É
Ç

F
.1/

i

�

=
Ç

M
.1/

0
*ÇrC �

Ç

F
.1/
tot :

=
Ç

M
.1/

0
+Çr0_C �

Ç

F
.1/
tot :

[Note. The calculation above uses the `move' (A math operation
is kind of analogous to a chessmove) of factoring a constant vector
out of a sum. This move, of using the distributive rule backwards
(undistributing), is used often in mechanics theory. ]

Similarly, for force set (2):

Ç

M
.2/

C
=

Ç

M
.2/

0
+Çr0_C �

Ç

F
.2/
tot :

If the two force sets are equivalent for reference point 0 then
Ç

F
.1/
tot =

Ç

F
.2/
tot and

Ç

M
.1/

0
=

Ç

M
.2/

0
and the expressions above imply

that
Ç

M
.1/

C
=
Ç

M
.2/

C
. Because we speci�ed nothing special about the

point C, the systems are equivalent for any reference point. Thus,
to demonstrate equivalence we need to use a reference point, but
once equivalence is demonstrated we need not name the point
since the equivalence holds for all points.

By the same reasoning we �nd that once we know the net
force and net moment of a force system (

Ç

Ftot) relative to some

point C (call it
Ç

M
C
), we know the net moment relative to point

D as
Ç

MD =
Ç

MC +
Ç

rC_D �
Ç

Ftot:

Note that if the net force is
Ç

0 (and the force set is then called a
couple) that

Ç

MD =
Ç

MC so the net moment is the same for all
reference points.
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Figure 2.4: It feels di�erent if some-

one presses on you or presses on the

�oor underneath you with an `equiva-

lent' force. The equivalence of `equiv-

alent' force systems depends on them

both being applied to the same system.

4 Or, at least you know that both sets

act, or not, on all subsystems you will

study

Some force systems that are `equivalent' but di�erent do have di�erent

mechanical e�ects. In what sense are two force systems that have the

same net force and the same net moment really equivalent?

`Equivalent' force systems are equivalent in their contributions to

the equations of mechanics (equations 0-II on the inside cover) for

any system to which they are both applied.

But fullmechanical analysis of a situation requires looking at themechan-

ics equations of many subsystems. In the mechanics equations for each

subsystem, two `equivalent' force systems are equivalent if they are both

applied to that subsystem.

For the analysis of the subsystem that is you sleeping, the force of your

roommate's hand on the �oor isn't applied to you, so it doesn't show up

in the mechanics equations for you, and doesn't have the same e�ect as a

force on you.

In summary, repeating:

Two force systems are called mechanically `equivalent', with regard

to a particular system on which they both act, if they have the same

net force and also, the same netmoment about some common point.

Two force sets can be equivalent, but not have all of the same mechanical

e�ects, if they are not equivalent for all of the relevant subsystems. That

is, you can only replace a force set with an equivalent force set after you

have chosen the system of study 4 .

2.3 The tidiest representation of a force system: A
�wrench�

This is an advanced aside.
Any force system can be represented by an equivalent force

and a couple at any point. But force systems can be reduced to
simpler forms. That this is so is of more theoretical than practical
import. We state the results here without proof.

In 2D one of these two things is always true:

� The system is equivalent to a couple, or most often

� There is a line parallel to the force along which the system
can be described by an equivalent force with no couple.

In 3D one of these three things is true:

� The system is equivalent to a couple (applied anywhere),
or

� The system is equivalent to a force (applied on a given line
parallel to the force), or most often

� There is a line for which the system can be reduced to a
force and a couple where the force, couple, and line are
all parallel. The representation of the system of forces as
a force and a parallel moment is called a wrench.
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ı̂

ĵ

⇀
F1

⇀
F 2

⇀
F 3

⇀
F4

Figure 2.5

A

1 m

B

D

F3 = 30 N

F1 = 50 N
F2 = 10 N

θ θ

Figure 2.6

SAMPLE 2.1 Equivalent force on a particle: Four forces
Ç

F
1
= 2N�{ *

1N �|;
Ç

F
2
= *5N �|;

Ç

F
3
= 3N�{+12N �|, and

Ç

F
4
= 1N�{ act on a particle. Find

the equivalent force on the particle.

Solution The equivalent force on the particle is the net force, i.e., the vector sum of all

forces acting on the particle. Thus,

Ç

Fnet =
Ç

F1 +
Ç

F2 +
Ç

F3 +
Ç

F4

= .2N�{ * 1N �|/ + .*5N �|/ + .3N�{ + 12N �|/ + .1N�{/

= 6N�{ + 6N �|:

Ç

Fnet = 6N.�{ + �|/

Note that there is no net couple since all the four forces act at the same point. This is

always true for particles. Thus, the equivalent force-couple system for particles consists

of only the net force.

SAMPLE 2.2 Equivalent force with no net moment: In the �gure

shown, F
1
= 50N; F

2
= 10N; F

3
= 30N, and � = 60

ý. Find the equiva-

lent force-couple system about point D of the structure.

Solution From the given geometry, we see that the three forces
Ç

F1;
Ç

F2; and
Ç

F3
pass through point D. Thus they are concurrent forces. Since point D is on the line of

action of these forces, we can simply slide the three forces to point Dwithout altering their

mechanical e�ect on the structure. Then the equivalent force-couple system at point D

consists of only the net force,
Ç

Fnet, with no couple (the three forces passing through point

D produce no moment about D). This is true for all concurrent forces. Thus,

Ç

Fnet =
Ç

F1 +
Ç

F2 +
Ç

F3

= F1.cos ��{ * sin � �|/ * F2 �| + F3 �{

= .F1 cos � + F3/�{ * .F1 sin � + F2/ �|

= .50N �
1

2
+ 30N/�{ * .50N �

ù
3

2
+ 10N/ �|

= 55N�{ * 53:3N �|;

and
Ç

MD =
Ç

0:

Ç

Fnet = 55N�{ * 53:3N �|;
Ç

MD =
Ç

0

Graphically, the solution is shown in Fig. 2.7

D
D

F3 = 30 N

F1 = 50 N

F1

F3

F2

F2 = 10 N

D

net
⇀
F

≡ ≡

Figure 2.7:
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Figure 2.8
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Fnet

Figure 2.9
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G
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Figure 2.11

SAMPLE 2.3 An equivalent force-couple system: Three forces F
1
=

100N; F
2
= 50N, and F

3
= 30N act on a structure as shown in the �gure

where � = 30
ý; � = 60

ý;l = 1m and h = 0:5m. Find the equivalent

force-couple system about point D.

Solution The net force is the sum of all applied forces, i.e.,

Ç

Fnet =
Ç

F1 +
Ç

F2 +
Ç

F3

= F1.* sin��{ * cos� �|/ + F2.cos ��{ * sin � �|/ + F3 �|

= .*F1 sin� + F2 cos �/�{ + .*F1 cos� * F2 sin � + F3/ �|

= .*100N �
1

2
+ 50N �

1

2
/�{ + .*100N �

ù
3

2
* 50N �

ù
3

2
+ 30N/ �|

= *25N�{ * 99:9N �|:

Forces
Ç

F1 and
Ç

F3 pass through point D. Therefore, they do not produce any mo-

ment about D. So, the net moment about D is the moment caused by force
Ç

F2:

Ç

MD = ÇrC_D �
Ç

F2

= h �| � F2.cos ��{ * sin � �|/

= *F2h cos �
�k

= *50N � 0:5m
1

2
�k = *12:5N�m �k:

The equivalent force-couple system is shown in Fig. 2.9

Ç

Fnet = *25N�{ * 99:9N �| and
Ç

MD = *12:5N�m �k

SAMPLE 2.4 Translating a force-couple system: The net force and

couple acting about point O on the 'L' shaped bar shown in the �gure

are 100N and 20N�m, respectively. Find the net force andmoment about

point G.

Solution The net force on a structure is the same about any point since it is just the

vector sum of all the forces acting on the structure and is independent of their point of

application. Therefore,
Ç

Fnet =
Ç

F = *100N �|:

The net moment about a point, however, depends on the location of points of application

of the forces with respect to that point. Thus,

Ç

MG =
Ç

MO + ÇrO_G �
Ç

F

= M�k + .*l�{ + h �|/ � .*F �|/

= .M + Fl/ �k

= .20N�m+ 100N � 1m/ �k = 120N�m �k:

Ç

Fnet = *100N �|; and
Ç

MG = 120N�m �k
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A B C

1 m
F1 F2

Figure 2.13

SAMPLE 2.5 Checking equivalence of force-couple systems: In the

�gure shown below, which of the force-couple systems shown in (b), (c),

and (d) are equivalent to the force system shown in (a)?

A B C

1 m
10 N

A B C

20 N

10 N˙m
10 N

1 m

A B D C

.5 m .5 m

20 N

A B C

20 N

10 N˙m
(c) (d)(a) (b)

Figure 2.12:

Solution The equivalence of force-couple systems require that (i) the net force be the

same, and (ii) the net moment about any reference point be the same. For the given

systems, let us choose point B as our reference point for comparing their equivalence.

For the force system shown in Fig. 2.12(a), we have,

Ç

Fnet =
Ç

F1 +
Ç

F2 = *10N �| * 10N �| = *20N �|
Ç

MB
net

= ÇrC_B �
Ç

F2 = 1m�{ � .*10N �|/ = *10N�m �k:

Now, we can compare the systems shown in (b), (c), and (d) against the computed equiv-

alent force-couple system,
Ç

Fnet and
Ç

MD.

� Figure (b) shows exactly the system we calculated. Therefore, it represents an

equivalent force-couple system.

� Figure (c): Let us calculate the net force andmoment about point B for this system.

Ç

Fnet =
Ç

FC

ù

= *20N �|
Ç

MB =
Ç

MC +
ÇrC_B �

Ç

FC

= *10N�m �k + 1m�{ � .*20N �|/ = *30N�m �k �
Ç

MB
net

:

Thus, the given force-couple system in this case is not equivalent to the force system

in (a).

� Figure (d): Again, we compute the net force and the net couple about point B:

Ç

Fnet =
Ç

FD

ù

= *20N �|
Ç

MB = ÇrD_B �
Ç

FD

= 0:5m�{ � .*20N �|/ = *10N�m �k

ù

=
Ç

MB
net

:

Thus, the given force-couple system (with zero couple) at D is equivalent to the

force system in (a).

(b) and (d) are equivalent to (a); (c) is not.
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⇀
F

A A
⇀
M

Figure 2.14

x

y

⇀
F

A

y = 0.75x − 0.5 m

B
A

⇀
M

Figure 2.15

y = 0.75 x - 0.5m
(or y = 3/4 x -1/2m)

Fx

Fx

Fy

Fy

A
E

y

x

C

D

.4m

(0, -.5m)

(.24m,.32m)
(.67m, 0)

F

Figure 2.16

SAMPLE 2.6 Equivalent force with no couple: For a body, an equiva-

lent force-couple system at point A consists of a force
Ç

F = 20N�{ + 15N �|

and a couple
Ç

M
A
= 10N�m �k. Find a point on the body such that the

equivalent force-couple system at that point consists of only a force (zero

couple).

Solution The net force in the two equivalent force-couple systems has to be the same.

Therefore, for the new system,
Ç

Fnet =
Ç

F = 20N�{ + 15N �|. Let B be the point at which the

equivalent force-couple system consists of only the net force, with zero couple. We need

to �nd the location of point B. Let A be the origin of a xy coordinate system in which the

coordinates of B are .x; y/. Then, the moment about point B is,

Ç

MB =
Ç

MA +
ÇrA_B �

Ç

F

= MA
�k + .*x�{ * y �|/ � .Fx �{ + Fy �|/

= MA
�k + .*Fyx + Fxy/

�k:

Since we require that
Ç

MB be zero, we must have

Fyx * Fxy = MA

Ù y =
Fy

Fx
x *

MA

Fx

=
15N

20N
x *

10N�m

20N
= 0:75x * 0:5m:

This is the equation of a line. Thus, we can select any point on this line and apply the

force
Ç

F = 20N�{ + 15N �| with zero couple as an equivalent force-couple system.

Any point on the line y = 0:75x * 0:5m:

So, how or why does it work? The line we obtained is shown in gray in Fig. 2.15. Note that

this line has the same slope as that of the given force vector (slope= 0:75 = Fy_Fx) and the

o�set is such that shifting the force
Ç

F to this line counter balances the given couple at A.

To see this clearly, let us select three points C, D, and E on the line as shown in Fig. 2.16.

From the equation of the line, we �nd the coordinates of C(0,-.5m), D(.24m,.32m) and

E(.67m,0). Now imagine moving the force
Ç

F to C, D, or E. In each case, it must produce

the same moment
Ç

MA about point A. Let us do a quick check.
Ç

F

� at point C: The moment about point A is due to the horizontal component Fx =

20N, since Fy passes through point A. The moment is Fx � AC = 20N � 0:5m =

10N�m, same asMA. The direction is counterclockwise as required.
Ç

F

� at point D: The moment about point A is ðÇFð � AD = 25N � 0:4m = 10N�m, same

asMA. The direction is counterclockwise as required.
Ç

F

� at point E: The moment about point A is due to the vertical component Fy , since

Fx passes through point A. The moment is Fy �AE = 15N �0:67m = 10N�m, same

asMA. The direction here too is counterclockwise as required.

Once we check the calculation for one point on the line, we should not have to do any

more checks since we know that sliding the force along its line of action (line CB) pro-

duces no couple and thus preserves the equivalence.

Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap
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2.1 Equivalent force
systems and couples

2.1.1 Find the net force on the particle
shown in the �gure.

ı̂

ĵ

4
3

6 N

P

8 N

10 N

Problem 2.1.1

2.1.2 Replace the forces acting on the
particle of massm shown in the �gure by
a single equivalent force.

ı̂

ĵ

30o45o

T

mg

m

2T

T

Problem 2.1.2

2.1.3 Find the net force on the pulley due
to the belt tensions shown in the �gure.

30o

50 N

50 N
ı̂

ĵ

Problem 2.1.3

2.1.4 The net force on A from the two
cables is a force that points down and has
magnitude of 125N. Find the tension in
cable AB. <

20 m

15 m20 m

15 m
B

C

A

Problem 2.1.4

2.1.5 Replace the forces shown on the
rectangular plate by a single equivalent
force. Where should this equivalent
force act on the plate and why?

300 mm

200 mm

4 N

6 N

5 N

A D

B C

Problem 2.1.5

2.1.6 Three forces act on a Z-section
ABCDE as shown in the �gure. Point C
lies in the middle of the vertical section
BD. Find any equivalent force-couple
system and describe where to apply it.

C

D E

BA

60 N 0.5 m

0.5 m

0.6 m
40 N

100 N

Problem 2.1.6

2.1.7 Find a force-couple system at D
that is equivalent to the single force at C
shown. <

30 N

30°

3 m

1 m 1 m

-1 m
x

y

C

D

Problem 2.1.7

2.1.8 The three forces acting on the cir-
cular plate are shown. They act at the
corners of a square which is concentric
with the plate. Find an equivalent force-
couple system acting at point C.

C

R
F

F

3
2 F

Problem 2.1.8

2.1.9 The forces and the moment acting
on point C of the frame ABC shown in
the �gure are Cx = 48N; Cy = 40N, and
Mc = 20N�m. Find an equivalent force
couple system at point B.

Cx

Cy

C
B

1.5 m

1.2 m

A

MC

Problem 2.1.9

2.1.10 The force system (
Ç

F
1
;
Ç

F
2
) is equiv-

alent to a force
Ç

F = 10�{N at the origin

and a coupleM�k. FindM. <

x

y

⇀
F

⇀
F

30°
2

1

Mk̂

2 m

4 mF= 10 N ı̂

1
1

⇀0

Problem 2.1.10

2.1.11 Find an equivalent force-couple
system for the forces acting on the beam
shown in the �gure, if the equivalent sys-
tem is to act at

a) point B,

b) point D.

C

A B D

2 m

1 kN 2 kN

2 kN

2 m

Problem 2.1.11

2.1.12
Ç

F
1
acts at A and

Ç

F
2
= 7N�{ acts

at an unknown location. Together they

are equivalent to a force
Ç

FB and moment
Ç

MB = 48N�m �k at B. Together they are

also equivalent to a force
Ç

FC andmoment
Ç

MC = 75N�m �k at C.

Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap 1



2 Chapter 2.

a) Find
Ç

FC .
<

b) Find the line of action of
Ç

F
2
. <

ı̂

ĵ

A 8 m
C

3 M

B

⇀
F

3
4

1

2
⇀
F

Problem 2.1.12

2.1.13 The �gure shows three di�erent
force-couple systems acting on a square
plate. Identify which force-couple sys-
tems are equivalent.

0.2 m
20 N

20 N

20 N

40 N

30 N

30 N

30 N

30 N

0.2 m

6 N·m
(a) (b)

(c)

Problem 2.1.13

2.1.14 The force and moment acting at
point C of a machine part are shown in
the �gure where Mc is not known. It
is found that if the given force-couple
system is replaced by a single horizontal
force of magnitude 10N acting at point A
then the net e�ect on themachine part is
the same. What is the magnitude of the
momentMc?

20 cm

30 cm
10 N

C

MC

A

B

Problem 2.1.14

2.1.15 2D. Assume a force system is

equivalent to a force
Ç

F
1
�

Ç

0 and couple
Ç

M
1
= M

1
�k acting at point Çr

1
.

a) Find some pointÇr
2
, and force

Ç

F
2
so

that
Ç

F
2
acting at Çr

2
is equivalent to

Ç

F
1
and

Ç

M
1
acting at Çr

1
. <

b) Find all possible wrenches (com-
binations of point location, force
and moment) equivalent to the

system with
Ç

F
1
and

Ç

M
1
acting at

the point with position vector Çr
1
.

<

c) Describe the situation in the spe-

cial case when
Ç

F
1
=
Ç

0. <

2.1.16 3D. Assume a force system is

equivalent to a force
Ç

F
1
and couple

Ç

M
1

acting at point with position vector Çr
1
.

a) Find a point Pwith position vector
Ç

r
2
, so that an equivalent force sys-

tem
Ç

F
2
and

Ç

M
2
acting at P has

Ç

F
2

is parallel to
Ç

M
2
. (Finding such a

point, force and moment is called
�reducing the force system to a
wrench�). <

b) Find all possible wrenches (com-
binations of point location, force
and moment) equivalent to the

systemwith
Ç

F
1
and

Ç

M
1
acting atÇr

1
.

<

Note, one special case with a slightly dif-

ferent result than the other cases is if
Ç

F
1
=

Ç

0, so it should be treated separately.
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2.1.4 The net force on A from the two
cables is a force that points down and has
magnitude of 125N. Find the tension in
cable AB.

20 m

15 m20 m

15 m
B

C

A

Problem 2.4

Answer:

TAB = 75N

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap
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2 Chapter 2. 1. Equivalent. . .Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap Problem 2.1.7

2.1.7 Find a force-couple system at D
that is equivalent to the single force at C
shown.

30 N

30°

3 m

1 m 1 m

-1 m
x

y

C

D

Problem 2.7

Answer:
Ç

F
D
= .15

ù
3�{ * 15 �|/N;

Ç

M
D
= 30.1 +ù

3/ �kN�m

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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2.1.10 The force system (
Ç

F
1
;
Ç

F
2
) is equiv-

alent to a force
Ç

F = 10�{N at the origin

and a coupleM�k. FindM. x

y

⇀
F

⇀
F

30°
2

1

Mk̂

2 m

4 mF= 10 N ı̂

1
1

⇀0

Problem 2.10

Answer:

M = 30
�ù

3 * 3
�
N�m �k

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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2.1.12
Ç

F
1
acts at A and

Ç

F
2
= 7N�{ acts

at an unknown location. Together they

are equivalent to a force
Ç

F
B
and moment

Ç

M
B
= 48N�m �k at B. Together they are

also equivalent to a force
Ç

F
C
andmoment

Ç

M
C
= 75N�m �k at C.

a) Find
Ç

F
C
.

b) Find the line of action of
Ç

F
2
.

ı̂

ĵ

A 8 m
C

3 M

B

⇀
F

3
4

1

2
⇀
F

Problem 2.12

Answer:
Ç

F
C
= .*9�{ * 12 �|/N

ThroughB and also through a point 3m

above A.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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2.1.15 2D. Assume a force system is

equivalent to a force
Ç

F
1
�

Ç

0 and couple
Ç

M
1
= M

1
�k acting at point Çr

1
.

a) Find some pointÇr
2
, and force

Ç

F
2
so

that
Ç

F
2
acting at Çr

2
is equivalent to

Ç

F
1
and

Ç

M
1
acting at Çr

1
.

b) Find all possible wrenches (com-
binations of point location, force
and moment) equivalent to the

system with
Ç

F
1
and

Ç

M
1
acting at

the point with position vector Çr
1
.

c) Describe the situation in the spe-

cial case when
Ç

F
1
=
Ç

0.

Answer:

(a) Çr
2
= Çr

1
+
Ç

F
1
� �kM

1
_ðÇF

1
ð2, ÇF

2
=
Ç

F
1
.

(b) Çr
2
= Çr

1
+
Ç

F
1
� �kM

1
_ðÇF

1
ð2+c

Ç

F
1
where

c is any real number,
Ç

F
2
=
Ç

F
1
.

(c)
Ç

F
2
=
Ç

0 and
Ç

M
2
=

Ç

M
1
applied at any

point in the plane.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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2.1.16 3D. Assume a force system is

equivalent to a force
Ç

F
1
and couple

Ç

M
1

acting at point with position vector Çr
1
.

a) Find a point Pwith position vector
Çr
2
, so that an equivalent force sys-

tem
Ç

F
2
and

Ç

M
2
acting at P has

Ç

F
2

is parallel to
Ç

M
2
. (Finding such a

point, force and moment is called
�reducing the force system to a
wrench�).

b) Find all possible wrenches (com-

binations of point location, force
and moment) equivalent to the

systemwith
Ç

F
1
and

Ç

M
1
acting atÇr

1
.

Note, one special case with a slightly dif-

ferent result than the other cases is if
Ç

F
1
=

Ç

0, so it should be treated separately.

Answer:

(a) Çr
2
= Çr

1
+

Ç

F
1
�

Ç

M
1
_ðÇF

1
ð2, ÇF

2
=

Ç

F
1
,

Ç

M
2
=

Ç

M
1

�

Ç

F
1

Ç

F
1
_ðÇF

1
ð2. If ÇF

1
=

Ç

0 then
Ç

F
2
=
Ç

0,
Ç

M
2
=

Ç

M
1
, and Çr

2
is any point at

all in space.

(b) Çr
2
= Çr

1
+
Ç

F
1
�

Ç

M
1
_ðÇF

1
ð2 + c

Ç

F
1
where

c is any real number,
Ç

F
2
=

Ç

F
1
,
Ç

M
2
=

Ç

M
1

�

Ç

F
1

Ç

F
1
_ðÇF

1
ð2. See above for the spe-

cial case of
Ç

F
1
=
Ç

0.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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