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8.1 Free body cuts at arbitrary
locations

Tension, shear force, and bending moment
diagrams

Engineers often want to know how the internal forces vary from point to
point in a structure. How do you find these internal forces? You could
draw a variety of free-body diagrams with cuts at the points of interest.
Another approach, which we present now, is to leave the position, say x,
of the free-body-diagram cut a variable, and then calculate the internal
forces in terms of x.

Example: Tension in a two-force body

Recall that in the first example of sec. 5.4 we found T without ever using infor-

mation about the location of the free-body diagram cut. So the location does

not affect the tension. For a two-force body the tension is a constant along the
length.

Example: Tension in a rod from its own weight.

The uniform 1 cm? steel square rod with density p = 7.7 gm/ cm?® and length
¢ = 100m has total weight W = mg = pf Ag (see fig. 8.1). What is the tension
a distance x, from the top? Using the free-body diagram with cut at x, we get:

ZAo]
> T = pAg(t—xp)
(7.7gm/ cm?)(1 cm?)(9.8 N/ kg)(100 m — xy,)

0 g MNm _x_D< 1kg )(100cm)
77-98 cmkg <100 m) 1000gm 1m

1 1

75 (100 - "—D) N.

m

So, at the bottom end at x, = 100m we get T = 0 and at the top end where
Xp, = 0mwe get T = 750N and in the middle at x, = 50m we get T = 375N.

Because the free-body diagram cut location is variable, we can plot the
internal forces as a function of position. This is most useful in civil en-
gineering where an engineer wants to know the internal forces in a hor-
izontal beam carrying vertical loads. Common examples include bridge
platforms and floor joists.

Example: Cantilever M and V diagram

A cantilever beam is mounted firmly at one end and has various loads orthog-

onal to its length, in this case a downwards load F at the end (fig. 8.2a). By

drawing a free-body diagram with a cut at the arbitrary point C (fig. 8.2b) we
can find the internal forces as functions of the position of C.

ZE=0-5 = v. = F
{XE=0}1 = T = 0
{>M.=0} k = M) = F(x-¢).

That the axial tension is zero in these problems is so well known that the tension
is often not drawn on the free-body diagram, and isn’t calculated. We can now
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Figure 8.1: a) Rod hanging with grav-
ity. b) free-body diagram with cut at
Xp.
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Figure 8.2: a) Cantilever beam, b) free-
body diagram, c) Shear force diagram,
& d) Bending moment diagram.
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Figure 8.3: a) Cantilever beam with
distributed load, b) free-body diagram,
c) Shear force diagram, & d) Bending
moment diagram.
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plot V(x) and M(x) as in figs. 8.2c and 8.2d. In this case the shear force is a
constant and the bending moment varies from its maximum magnitude at the
wall (M = —F¢) to 0 at the end. It is the big value of [M| at the fixed support,
the maximum over the length, that makes cantilever beams typically break at
the ends.

Often one is interested in distributed loads from gravity on the structure
itself or from a distribution (say of people on a floor). The method is the
same.

Example: Distributed load

A cantilever beam has a downwards uniformly distributed load of w per unit

length, e.g., the weight of the beam, (fig. 8.3a). Using the free-body diagram
shown (fig. 8.3b) we can find:

{XE=0}j = vx)j + [dF}-j=0
> V) = jf wdx’
= w-(f-x)
TM.=0}-k = ME)(-k)  + [FexdF]-k =0
> M(x) = ff(x’ — x)wdx'

2 ¢
= w-x"/2- x’x)‘
= (€*/2-¢x)—(x2/2—x?)
= —w-(€—x)/2
The integrals were used because of their general applicability for distributed
loads. For this problem we could have avoided the integrals by using an equiv-

alent downwards force w - (£ — x) applied a distance (¢ — x)/2 to the right of
the cut. Shear and bending moment diagrams are shown in figs. 8.3a and 8.3b.

As for all problems based on the equilibrium equations and a given ge-
ometry, the principle of superposition applies.

Example: Superposition
Consider a cantilever beam that simultaneously has both of the loads from the
previous two examples. By the principle of superposition:

14 = F + w(—-x)
M) = Fkx-¢) + —w(—x)*/2
The shear force at every point is the sum of the shear forces from the previous

examples. The bending moment at every point is the sum of the bending mo-
ments.

If there are concentrated loads in the middle of the region of interest the
calculation gets more elaborate; the concentrated force may or may not
show up on the free-body diagram of the cut bar, depending on the loca-
tion of the cut.

Example: Simply supported beam with point load in the middle
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Figure 8.4: a) Simply supported beam, b) free-body diagram of whole beam, c)
free-body diagram with cut to the left of the applied force, d) free-body diagram
with cut to the right of the applied force e) Shear force diagram, f) Bending
moment diagram

A simply supported beam is mounted with pivots at both ends (fig. 8.4a).
First we draw a free-body diagram of the whole beam (fig. 8.4a) and then two
more, one with a cut to the left of the applied force and one with a cut to the
right of the applied force (figs. 8.4c and 8.4d). With the free-body diagram 8.4c
we can find V(x) and M(x) for x < ¢ /2 and with the free-body diagram 8.4d we
can find V(x) and M(x) for x > ¢ /2.

{XE=0}j = vV = F)2 for x < £/2
—F/2 forx > ¢/2

>M.=0} k => M(x)

Fx/2 forx < ¢ /2
F(t —x)/2 forx>¢/2

These relations can be plotted as in figs. 8.4e and 8.4f. Some observations: For
this beam the biggest bending moment is in the middle, the place where simply
supported beams often break. Instead of the free-body diagrams shown in (c)
and (d) we could have drawn a free-body diagram of the bar to the right of the
cut and would have gotten the same V(x) and M(x). We avoided drawing a
free-body diagram cut at the applied load where V(x) has a discontinuity.

How to find T, V, and M
Here are some guidelines for finding internal forces and drawing shear
and bending moment diagrams.

» Draw a free-body diagram of the whole bar.

« Using the free-body diagram above, find the reaction forces.

» Draw a free-body diagram(s) of the cut bar.

- For each region between concentrated loads, draw one free-
body diagram.
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Figure 8.5: a) Tension on a free-body
diagram cut is equivalent to b) uni-
form tension stress.
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- Show the piece from the cut to one or the other end (So that all
but the internal forces are known).

- Don’t make cuts at intermediate points of connection or load
application.

+ Use the equilibrium equations to find T, V, or M (Moment balance
about a point at the cut is a good way to find M.)

» Use the results above to plot V(x) and M(x). T(x) is rarely plotted.

- Use the same x scale for this plot as for the free-body diagram
of the whole bar.

- Put the plots directly under the free-body diagram of the bar (so
you can most easily relate features of the loads to features of the
V and M diagrams).

Stress is force per unit area

For a given load, if you replace one bar in tension with two bars side-by-
side, you would imagine the tension in each bar would go down by a factor
of 2. Thus the pair of bars should be twice as strong as a single bar. If you
glued these side-by-side bars together you would again have one bar, but
it would be twice as strong as the original bar. Why? Because it has twice
the cross sectional area.

What makes a solid break is the force per unit area carried by the ma-
terial. For an applied tension load T, the force per unit area on an interior
free-body diagram cut is T /A. The force per unit area, that is normal to
an internal free-body diagram cut, is called tension stress and denoted o
(lower case ‘sigma’, the Greek letter s).

c=T/A

Example: Stress in a hanging bar
Look at the hanging bar in the example on page 1. We can find the tension stress
in this bar as a function of position along the bar as:

_T _ pgA¢ —x)

2 2 = pg(¢ — x).

Note that the stress for this bar doesn’t depend on the cross sectional area. The
bigger the area the bigger the volume and hence the load. But also, the bigger
the area on which to carry it.

For reasons that are beyond this book, the tension stress tends to be uni-
form in homogeneous (all one material) bars, no matter what their cross

. : T. .
sectional shape, so that the average tension stress s actually the tension
stress all across the cross section.
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We can similarly define the average shear stress 7,,, (‘tau’) on a free
body diagram cut as the average force per unit area tangent to the cut,

For reasons you may learn in a strength of materials class, shear stress
is not so uniformly distributed across the cross section. But the average
shear stress 7,,, does give an indication of the actual shear stress in the
bar (e.g., for a rectangular elastic bar, the peak shear stress is 50% larger
than 7).

The biggest stresses typically come from the bending moment. Mo-
tivating formulas for these stresses here is too big a digression. The for-
mulas for the stresses due to bending moment are a key part of elemen-
tary strength of materials. But just knowing that these stresses tend to be
larger, gives you the important notion that bending moment is a common
cause of structural failure.

Internal force summary

‘Internal forces’ are the scalars that describe the force and moment on
potential internal free-body diagram cuts. They are found by applying the
equilibrium equations to free-body diagrams that have cuts at the points
of interest. The internal forces are intimately associated with the internal
stresses (force per unit area) and thus are important for determining the
strength of structures.
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Chapter 8.

SAMPLE 8.1 Support reactions on a simply supported beam: A uni-
form beam of length 3 m is simply supported at A and B as shown in the
figure. A uniformly distributed vertical load g = 100 N/m acts over the
entire length of the beam. In addition, a concentrated load P = 150 N acts
at a distance d = 1 m from the left end. Find the support reactions.
Solution Because the beam is supported at A on a pin joint and at B on a roller, the
unknown reactions are R R
A=Ai+Aj, B=B,j

The uniformly distributed load g can be replaced by an equivalent concentrated load W =
q¢ acting at the center of the beam span. The free-body diagram of the beam, with the
concentrated load replaced by the equivalent concentrated load is shown in Fig. 8.7. The
moment equilibrium about point A, >, M, = 0, gives

4 o N
(-Pd =~ W3 +B,0)k =0

d 1
= B, = Po+sW

1
150N - =
3+

% -300N = 200N.

The force equilibrium, ), F=0, gives
A+B j—Pj-Wj=0
= A = (-B,+P+W)j
= (—200N + 150N + 300N)j = 250N j.

A=250Nj, B=200Nj

SAMPLE 8.2 Support reactions on a cantilever beam: A 2 kN hori-
zontal force acts at the tip of an ’L’-shaped cantilever beam as shown in
the figure. Find the support reactions at A.

Solution The free-body diagram of the beam is shown in Fig. 8.9. The reaction force at A
is A and the reaction moment is M = Mk. Writing the moment-balance equation about
point A, Y, M, = 0, we get

M+¥,xF = 0
M + (¢i+ hj) x (—Fi) 0
> M =

—Fhk

—2kN-0.5m k
= —-1kN-mk.

The force equilibrium, Z F= 6, gives

= 0

—F = —(—2kN i) = 2kNi.

A+
=

PN

A=2kNi, M=-1kN-mk
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SAMPLE 8.3 Net force of a uniformly distributed system: A uni-
formly distributed vertical load of intensity 100 N/macts on a cantilever
beam of length ¢ = 2 m as shown in the figure.

1. Find the net force acting on the beam.

2. Find an equivalent force-couple system at the mid-point of the
beam.

3. Find an equivalent force-couple system at the right end of the beam.

Solution

1. The net force: Because the load is uniformly distributed along the length, we can
find the total (or net) load by calculating the load on an infinitesimal segment of
length dx of the beam and then integrating over the entire length of the beam. Let
the load intensity (load per unit length) be g (¢ = 100 N/m, as given). Then the
vertical load on segment dx is (see Fig. 8.11),

dF = qdx(—J).
Therefore, the net force is,
¢
F, = f gqdx(—j)=q¢j=—100N/m - 2mj = —200N}j.
0

F_ = —200Nj

n

2. The equivalent system at the mid-point: We have already calculated the net
force that can replace the uniformly distributed load. Now we need to calculate
the couple at the mid-point of the beam to get the equivalent force-couple system.
Again, consider a small segment of the beam of length dx located at distance x
from the mid-point C (see Fig. 8.12). The moment about point C due to the load
on dx is (g dx)x(—k). But, we can find a similar segment on the other side of C
with exactly the same length dx, at exactly the same distance x, that produces a
moment of (qdx)x(+k). The two contributions cancel each other and we have
a net zero moment about C. Now, you can imagine the whole beam made up of
these pairs that contribute equal and opposite moment about C and thus the net
moment about the mid-point is zero. You can also find the same result by straight
integration:

+£/2 51 +E/2

M. = / gxdx(—k) = %

—¢/2

F,, = —200Nj,and M = 0

3. The equivalent system at the end: The net force remains the same as above. We
compute the net moment about the end point B, referring to Fig. 8.13, as follows.

4 €
MB = f (=xt) X (—qdx}j) = —q/ xdxk
0 0
2, 100N/m -4m? .
- 9 _ MON/m-4mT o oN-mk.
2 2
F_ = —200Njand My = —200N-mk
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Chapter 8. 3
SAMPLE 8.4 For the uniformly loaded, simply supported beam shown iC 250 N/m
in the figure, find the shear force and the bending moment at the mid- FrvV1TT17T7TT1T711
; A B
section c-c of the beam. AN C =
| 4m |
\ \
Solution To determine the shear force V and the bending moment M at the mid-section
c-c, we cut the beam at c-c and draw its free-body diagram as shown in fig. 8.15. For Figure 8.14
writing force- and moment-balance equations we use the second figure where we have
replaced the distributed load with an equivalent single load F = (g¢)/2 acting vertically | L2 |
downward at distance ¢ /4 from end A. ‘ M
The force balance, ), F = 0, implies that A 1 l 1
] cf
Ad+Aj-Vj—Fj=0. - v
A
Dotting with i and j, respectively, we get
= J
A, = 0 | .
Vv = A -F (8.1) ‘ £/4 F i
qt A  /
= Ay - 7 (82) 7| I}
From the moment equilibrium about point A, )} M N 0, we get Ayt v
AT s Figure 8.15
Mk ( > 4)k V2k—0
2 +4V¢
= = qT (8.3)

Thus, to find V and M we need to know the support reaction A. From the free-body
diagram of the beam in fig. 8.16 and the moment equilibrium equation about point B,
> M, =0, we get

FopXA+F,,XxQ = 0
€. _
(-A,¢ +qt Dk = D
qt
> A= 5 = 500 N.

Thus A = 500 Nj. Substituting Ain eqgns. (8.2) and (8.3), we get

V = 500N —500N =0
250N - 4m)?
M o~ (25ON-4m)+0
8
= 500N-m.
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SAMPLE 8.5 The cantilever beam AD is loaded as shown in the figure
where W = 200 1bf. Find the shear force and bending moment on a sec-
tion just left of point B and another section just right of point B.

Solution To find the desired internal forces, we need to make a cut at a section just to the
left of B and one just to the right of B. We first take the one that is to the right of point B.
The free-body diagram of the right part of the cut beam is shown in fig. 8.18. Note that
if we selected the left part of the beam, we would need to determine support reactions at
A. The uniformly distributed load 2W of the block sitting on the beam can be replaced by
an equivalent concentrated load 2W acting at point E, at distance a/2 from the end D of
the beam.

Let us denote the shear force by V* and the bending moment by M* at the section of
our interest. Now, from the force equilibrium of the part-beam BD we get

Vtj—2Wj = 0
> VvVt = 2w
= 4001bf.

The moment equilibrium about point B, , M, = 0, gives

—M+ic—2W-37aic
> Mt = -3Wa
—12001b-ft.

Now, we determine the internal forces at a section just to the left of point B. Let the shear
and bending moment at this section be V~ and M~, respectively, as shown in the free-
body diagram (fig. 8.19). Note that load W acting at B is now included in the free-body
diagram since the beam is now cut just a teeny bit left of this load.

From the force equilibrium of the part-beam, we have

V- j-Wj-2Wj = 0
> V- = 3W
= 6001bf
and, from moment equilibrium about point B, ), M = 0, we get
Mk —2w- %aic =0
> M- = -=-3Wa
= —12001b-ft.

Mt =M~ = -12001b-ft, V* =4001bf, V~ = 600Ibf

Note that the bending moment remains the same on either side of point B but the
shear force jumps by V* — V= = 200Ibf = W as we go from right to the left. This

jump is expected because a concentrated load W acts at B, in between the two sections we
consider. Concentrated external forces cause a jump in shear, and concentrated external
moments cause a jump in the bending moment.
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SAMPLE 8.6 Tension in a bar: A T-shaped bar is fixed in a wall at one
end and is acted on by three forces as shown in the figure. Find the tension
in the rod at

1. section a-a, and

2. section b-b. Figure 8.20
Solution .
1. Let us cut the bar at section a-a and consider the part of the bar to the right of the r 4 F
cut-section. The free-body diagram of this part of the bar is shown in fig. 8.21. The "a‘z-—Bt C
scalar force balance in the horizontal direction gives
— [7
“T-F+2F = 0 Figure 8.21
> T = F
= 2KkN.
At section a-a:T = 2kN
2. Now, we cut the bar at section b-b and again consider the section of the bar to the
right of the cut-section. The free-body diagram of this part of the bar is shown in
fig. 8.22. Again, the force balance in the horizontal direction gives
:’F
~T+2F = 0 b,
> T = 2F T c
= 4KkN. —
At section b-b:T = 4kN Figure 8.22
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Figure 8.23
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Figure 8.24

SAMPLE 8.7 Tension in a tapered bar due to self weight: A tapered
bar of height 1 m, top width 10 cm, bottom width 4 cm and uniform thick-
ness 4 cm hangs upside down from a ceiling. If the density of the mate-
rial is 7500 kg/ m3, find the tension in the rod halfway from the top. Use
g~ 10m/s>.

Solution Let us cut the bar at a section halfway from the top. The free-body diagram of
the bar below the cut is shown in fig. 8.24. From the scalar force balance in the vertical
direction, we have

T=W

where W is the weight of the lower part of bar below the cut section. Now, W = pAtg
where A is the frontal area, ¢ is the thickness, and p = 7500 kg/ m? is the density of the
rod material. We need to compute W'

The width of the bar at the cut sectionis ¢ = (a+b)/2 where a = 4cm and b = 10cm.
The frontal area of the bar-partis A = (a + ¢)/2 - (h/2) where h = 1 m. Thus,

w = p (aT+c . g) tg
= 7500kg/ m? (M . 17111 -(0.04m)) 10m/s?
= 82.5N.
Thus, T = 82.5N.
T =825N
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SAMPLE 8.8 A simple frame: A 2m high and 1.5m wide rectangular
frame ABCD is loaded with a 1.5 kN horizontal force at Band a 2 kN ver-
tical force at C. Find the internal forces and moments at the mid-section
e-e of the vertical leg AB.

Solution To find the internal forces and moments, we need to cut the frame at the spec-
ified section e-e and consider the free-body diagram of either AE or EBCD. No matter
which of the two we select, we will need the support reactions at A or D to determine the
internal forces. Therefore, let us first find the support reactions at A and D by considering
the free-body diagram of the whole frame (fig. 8.26). The moment balance about point A,
M, =0, gives

FyxF +7.xE+7,xD = 0
hjxFi+hj+ti)x(-F,j)+¢ixDj = 0
~F,hk —F,tk+Dtk = 0
h
= D = F;+F
= 1.5kN i+21<N
- 1.5
= 4kN.
From force equilibrium, ) F =0, we have
A = -F-E-D
= -Fi+F,j—Dj
= —1.5kNi-2kNj.

Now we draw the free-body diagram of AE to find the shear force V/, axial (tensile) force
T, and the bending moment M at section e-e.
From the force equilibrium of part AE, we get

A-Vi+Tj = 0
(A, —V)i+(A,+T)j = 0
=> V=Ax = —1.5kN
T=-A, = 2kN.

y

From the moment equilibrium about point A, ), M A= 0, we have

Mic+gj><(—Vi) = 0
Mic+Vgic = 0
h
> M = -V
= —(—l.SkN)-sz
= 1.5kN-m.

V =15kN, T =2kN, M =15kN-m
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SAMPLE 8.9 Shear force and bending moment diagrams: A simply
supported beam of length ¢ = 2m carries a concentrated vertical load
F = 100N at a distance a from its left end. Find and plot the shear force
and the bending moment along the length of the beam for a = ¢ /4.

Solution We first find the support reactions by considering the free-body diagram of the
whole beam shown in fig. 8.29. By now, we have developed enough intuition to know
that the reaction at A will have no horizontal component since there is no external force
in the horizontal direction. Therefore, we take the reactions at A and B to be only vertical.
Now, from the moment equilibrium about point B, ), M B = 0, we get

0
F(¢ —a)
t

(-2)

and from the force equilibrium in the vertical direction, (3, F = 0) - j, we get

F(t —a)k — Atk

=> A =

a

By=F—Ay=F€

Now we make a cut at an arbitrary (variable) distance x from A where x < a (see fig. 8.30).
Carrying out the force balance and the moment balance about point A, we get, for 0 <

x < a,
a
Ay=F(1_E)

Vx=F(1—%>x

|4

(8.4)

M (8.5)
Thus V is constant for all x < a but M varies linearly with x.

Now we make a cut at an arbitrary x to the right of load F, i.e., a < x < ¢. Again,
from the force balance in the vertical direction, we get

V=—F+F<1—%)=—F§ (8.6)
and from the moment balance about point A,
M = Fa+Vx
= Fa-— F%x
- Fa (1 - %) . (8.7)

Although eqn. (8.5) is strictly valid for x < a and eqn. (8.7) is strictly valid for x > a,
substituting x = a in these two equations gives the same value for M(= Fa(l — a/t))
as it must because there is no reason to have a jump in the bending moment at any point
along the length of the beam. The shear force V, however, does jump because of the
concentrated load F at x = a.

Now, we plugina = ¢ /4 = 0.5m, and F = 100N, in eqns. (8.4)—(8.7) and plot V and
M along the length of the beam by varying x. The plots of V(x) and M(x) are shown in
fig. 8.31.

© 2026 Andy Ruina & Rudra Pratap



Chapter 8. 9
SAMPLE 8.10 Shear force and bending moment diagrams by super- 50N/m 100N
position: For the cantilever beam and the loading shown in the figure, TTTTT VT U
draw the shear force and the bending moment diagrams by A 100N B Im

1. considering all the loads together, and | — |

3
2. considering each load (of one type) at a time and using superposi- ! " \
tion. Figure 8.32

Solution

1. V(x) and M(x) with all forces considered together: The horizontal forces acting at
the end of the cantilever are equal and opposite and, therefore, produce a couple.
So, we first replace these forces by an equivalent couple Map iea = 100N - 1m =
100 N-m. Since we have a cantilever beam, we can consider t}ile right hand side of
the beam after making a cut anywhere for finding V and M without first finding
the support reactions.

Let us cut the beam at an arbitrary distance x from the right hand side. The free-
body diagram of the right segment of the beam is shown in fig. 8.33. From the force
balance, Y F = 0, we find that

-Vj+qxj = 0
> V = gx (8.8)
= (50N/m)x.

Thus the shear force varies linearly along the length of the beam with

Vix=0) = 0,
and V(x=3m) = 150N.

The moment balance about point C, ), M c= 0, gives

N X - N
—Mk —qx - 5 k+M,, k=0
where the moment due to the distributed load is most easily computed by consid-

ering an equivalent concentrated load gx acting at x/2 from the end B. Thus,

x2
= M = Mapplied - q? (89)

x2
100N-m ~ SON/m - =-.

(8.10)

Thus, the bending moment varies quadratically with x along the length of the
beam. In particular, the values at the ends are

M(x = 0) 100N-m
and M(x =3m) = -—125N-m.

The shear force and the bending moment diagrams obtained from eqns. (8.8) and
(8.9) are shown in fig. 8.34. Note that M = 0 at x = 2m as given by eqn. (8.9).

Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap

Qaaszary
)

M, applied
l I

J
Figure 8.33
V
0 3m (t=x)
M !
(N-m) 1100
: l—x
AT (€-x)
v
=225 xi j
Figure 8.34
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2.

=
M vy /q
(5
‘ x

I

Figure 8.35
Vv
M 150
0 3 (£—x)
‘ (m)
M
(N-m) 3
0 3 (—x)
-225
Figure 8.36
M Mapplied
\%4
1\ .
\%
V=0
A S B
100N-m
A B
Figure 8.37

Introduction to Mechanics for Engineers «

V(x) and M(x) by superposition: Now we consider the cantilever beam with only
one type of load at a time. That is, we first consider the beam only with the uni-
formly distributed load and then only with the end couple. We draw the shear force
and the bending moment diagrams for each case separately and then just add them
up. That is superposition.

So, first let us consider the beam with the uniformly distributed load. The free-
body diagram of a segment CB, obtained by cutting the beam at a distance x from
the end B, is shown in fig. 8.35. Once again, from force balance, we get

V =qx foro<x<¢ (8.11)

and from the moment balance about point C, Y’ M. = 0, we get

x x?
M=—qx-§=—q7 foro<x<?. (8.12)

Figure 8.36 shows the plots of V and M obtained from eqns. (8.11) and (8.12), re-
spectively, with the values computed from x = 0 to x = 3m with ¢ = 50N/m as
given.

Now we take the beam with only the end couple and repeat our analysis. A cut
section of the beam is shown in fig. 8.37. In this case, it should be obvious that
from force balance and moment balance about any point, we get

vV =0

and M = M

Thus, both the shear force and the bending moment are constant along the length
of the beam as shown in fig. 8.37.

Now superimposing (adding) the shear force diagrams from Figs. 8.36 and 8.37,
and similarly, the bending moment diagrams from Figs. 8.36 and 8.37, we get the
same diagrams as in fig. 8.38.

v v
M) |150 v M) 150
B _
0 + A =
B _veo 0 B
M
M (N-m)
™o 100N-m 100
B = A
0 5 + A B
-125
225

Figure 8.38:

© 2026 Andy Ruina & Rudra Pratap
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Ch8 Section 8.1

8.1 Shear force,
bending moment and
tension diagrams

Preparatory Problems

8.1.1 A cantilever beam AB is loaded as
shown in the figure. Find the support re-
actions on the beam at the left end A.

1kN
500 N/m
RRRRRVARARRRENL,
A

| 2m |
Problem 8.1.1

8.1.2 A simply supported beam AB of
length ¢ = 6m is partly loaded with a
uniformly distributed load as shown in
the figure. In addition, there is a con-
centrated load acting at ¢ /6 from the left
end A. Find the support reactions on the
beam.

200N
20 N/m

s Y

—| /6 L -— /2 —]

Problem 8.1.2

8.1.3 An (inverted) L-shaped frame
is loaded with two equal concentrated
forces of magnitude 50N each as shown
in the figure. Find the support reactions
at A,

Problem 8.1.3

More-Involved
Problems

8.1.4 Find the shear force and the bend-
ing moment at the mid section of the sim-
ply supported beam shown in the figure.

50 N/m

A | B

F—e2 —— 02 —
Problem 8.1.4

Introduction to Mechanics for Engineers

8.1.5 A cantilever beam ABC is loaded
with a linearly variable distributed load
along two thirds of its span. The intensity
of the load at the right end is 600 N/m.
Find the shear force and the bending mo-
ment at section B of the beam.

600 N/m
I x221) 1 l|
A C
" 3m |
Problem 8.1.5

8.1.6 Analyze the frame shown in the
figure and find the shear force and the
bending moment at the end of the verti-
cal section of the frame.

ptm

Problem 8.1.6

8.1.7 Aforce F = 100 Ibf is applied to the
bent rod shown. Before doing any calcu-
lations, try to figure out the tension at D
in your head.

a) Find the reactions at A and C.

b) Find the tension, shear and bend-
ing moment at the section D.
Check your answer against what
you figured out in your head.

"
B . al

3

=g

A D}

ol

3 ft—f—3 ft—|

=
=g

Problem 8.1.7

8.1.8 Draw the shear force and the bend-
ing moment diagram for the cantilever
beam shown in the figure.

1 kN

|
IA B

1 Im 1
Problem 8.1.8

« © 2026 Andy Ruina & Rudra Pratap 1

8.1.9 A simply supported beam AB is
loaded along one thirds of its span from
both ends by a uniformly distributed load
of intensity 2kN/m. Draw the shear
force and the bending moment diagram
of the beam.

2 kN/m 2 kN/m
Aj | B
—e/3— —e/3—|

Problem 8.1.9

8.1.10 The cantilever beam shown in the
figure is loaded with a concentrated load
and a concentrated moment as shown in
the figure. Draw the shear force and the
bending moment diagram of the beam.

100 N
‘ 50 N-m
| )
A B
| Zm |

Problem 8.1.10

8.1.11 A cantilever beam AB is loaded
with a triangular shaped distributed load
as shown in the figure. Draw the shear
force and the bending moment diagrams

for the entire beam.
100 N/m

|
A B

| 2m |
Problem 8.1.11

8.1.12 A regulation 16 ft diving board is
supported as shown.

a) Where is the bending moment the
greatest and how big is it there?

b) Draw a bending moment diagram

for this board.
300 lbfl

10 ft }

AR s

F— 6 ft —

Problem 8.1.12

8.1.13 The cantilever steel beam is
loaded by its own weight.
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a) Find the bending moment and
shear force at the free and at the
clamped end.

b) Draw a shear force diagram
¢) Draw a bending moment diagram

d) The tension stress o in the beam at
the top edge where it is biggest is
given by o = 12M /h?® where h =
1 € for this beam. The strength
(the maximum tension stress the
material can bear) of soft steel is
about o, = 30,000Ibf/ &2
What is the longest a beam with
this cross section can be made and
still not fail?

{ 5t
[
|1 in—]
T Cross section:
1in 1 inch square steel,
1 p = 500 bm/f®

Problem 8.1.13

8.1.14 A snow loaded bus-stop awning
(shown partially cut away) on the side
of a building is supported by horizontal,
cantilevered, beams. The loading that is
carried by one beam is as shown below.

a) Find the reaction force and couple
at the wall at A (the force and mo-
ment acting on one beam from the
wall). *

b) Draw shear force and bending mo-
ment diagrams for the beam.

Snow~__—

< |
N | .
beam. . /—szmng
& %
1000N/m

gl

Problem 8.1.14

8.1.15 Draw shear and bending moment
diagrams of the beam shown. Clearly la-
bel the values of the heights of the curves
at jumps, kinks and local maxima (if and
where they exist). *

i

i 0 ]
=, b .
22 |
J4

IL

Problem 8.1.15

8.1.16 A frame ABC is much like a can-
tilever beam with a short bent section
of length 0.5m. The frame is loaded as
shown in the figure. Draw the shear
force and the bending moment diagrams
of the entire frame indicating how it dif-
fers from an ordinary cantilever beam.

2m

b1 m—|

B ¢
tttt
100 N/m

Problem 8.1.16

8.1.17 A 10 pound ball is suspended by
a long steel wire. The wire has a den-
sity of about 500 Ibm/ ft’. The strength
of the wire (the maximum force per
unit area it can carry) is about o, =
60, 000 1bf / €.

a) First, neglecting the weight of the
wire in the calculation of stress,
what is the weight of wire needed
to hold the weight?

b) Taking into account the weight of
the wire in the load calculation,
what is the weight of wire needed
to hold the weight? *

Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap

10 mi

Problem 8.1.17

10 1bm
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Ch8 Section 8.1

8.1.1 A cantilever beam AB is loaded as
shown in the figure. Find the support re-
actions on the beam at the left end A.

They are not official and have not been reviewed by the authors for correctness.
Introduction to Mechanics for Engineers «

© 2026 Andy Ruina & Rudra Pratap

1 kN
500 N/m
A
| Zm |
Problem 8.1
M 000N H000N 4 j
(A
AX T J1im 1m .
]
Ay
=0
A, — 1000 — 1000 = 0
A, = 2000
M —1-1000 — 21000 = 0
M = 3000
Fy =2000§ N, M, = 3000k N - m.
Disclaimer: We have lost track of the many people who wrote these solutions.
1
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Problem 8.1.2

8.1.2 A simply supported beam AB of
length ¢ = 6m is partly loaded with a
uniformly distributed load as shown in
the figure. In addition, there is a con-
centrated load acting at ¢ /6 from the left
end A. Find the support reactions on the
beam.

200 N
20 N/m

A | B

A ke

—| ¢/6 ‘H — 02 —]
Problem 8.2

Ay

izoo N J6ON i
AX ‘Tlm 35m 1.5mT

By !
A, =0
Ay —200—60+ B, =0
A, =260 - B,
—1-200—4.5-60 + 6B, =0
6B, = 470
B, =183

A, =260 —78.3 =182

Fy=182jN, Fz = 78.3jN

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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8.1.3 An (inverted) L-shaped frame
is loaded with two equal concentrated
forces of magnitude 50N each as shown
in the figure. Find the support reactions
at A.

Problem 8.3

‘50 N

2m

1m

> .
50 N i
1im
o i
AX 'T M
y

A; +50=0

A, —50=0
A, =50
M-1-50-2-50=0
M =150

Fy= (=508 +503) N, M, = 150k N - m

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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50 N/m
8.1.4 Find the shear force and the bend- Aj : | B
ing moment at the mid section of the sim- A '
ply supported beam shown in the figure. /2 ——— 12 —]
Problem 8.4
m ‘25 ¢N/m
AX 'T T
Ay By

First find reaction at B.

—4-250+(B, =0

_ 25t
B,ll74

Now find shear and bending moment from FBD of right half of beam.

M
2
MR
V+B,=0
V:_By*_%
¢
—M+§By:0

V=-2/N/m, M =27N/m

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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8.1.5 A cantilever beam ABC is loaded 600 N/m
with a linearly variable distributed load m
along two thirds of its span. The intensity V

of the load at the right end is 600 N/m. A é
Find the shear force and the bending mo- | B 3m |

ment at section B of the beam.
Problem 8.5

Equivalent force is (2 m) - (600 N/m) / 2 = 600 N at 2/3 m from C.

B)T;
Vv

V —600=0
V = 600
—M—%.600=0
M = —800

V =600N, M = —-800N -m

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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715
Ftnd the shear force and the

beﬂdmﬂ momenl ol ®.

|
NXv4
=0 >

Let The Sheay Lovee ond  the

beﬁd}f\ﬂ “'\OMQQ\_ be V and M

< .
E&PECLVe\\j as Arown N t‘f\e FRD.

— 4
sloac\ g} % :
AMown N e Fap ts eq‘u'\\la\e\"&

_n-'\e d:s{r:bu{ea

te o e
Point —?ovte .
o§ Magnitude %('z_;) acting at distaace

2.
(%) feom B

Fv
om _ﬁwe eﬁuf\ibvtum o(—\ ‘U‘\e becm’\
ZE:O

Aegme al T

>ivie s EXCICH Y

i}-j = wh
? V-lt,. = = =
3(,0_0 s V= 3
SM
~/a o
S P SN T
<t o x5 eed) -0
=2 -™M - iw,\’v 4
21 =5 M:—_wiv

Given Thal W =600 N, and § = 2m

 Sheox Qo\':e ot B 'S \ = w!

Ao th :
s e be"\ﬂ\“"cj momenl  gbtatned at B is neqolive,

e -
i 'S Sn “—\g o?‘zo/;"\\g_ dovectcon t t\f\e assumed d‘lvechoﬁ.

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 8.1.6

7

8.1.6 Analyze the frame shown in the
figure and find the shear force and the
bending moment at the end of the verti-

cal section of the frame.

Stme

Problem 8.6

M
I 1m
D N4
\Y 100 N

”Smile” sign convention for bending moment is ambiguous for vertical members—use positive di-

rection as shown.

~V +100% =0

V =50V2
~M 1004 =0

M =502

V =50v2N, M = —=50v/2N - m

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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7.1.6
F
tnd  the Sheav fovce and \Dgnd?r\;} momenal al The
end of Ythe vVvevxicol Aeckion. im
B
TN
Connider the FBD of the fLrame ! —
& »e - L QME\
* C 5 }
= v X2 ! y_ LA
Fyom The eqlu\\‘.bnum OQBC ‘1— ¥
NS A v
EF = 0
= §V<-{

> +T(-j\ + F B f v stne(_i\ :02

VA RGO o o vl fcad

g

>

S
—_~
o~
1 =0o>

=5 _.T—FSMB:O = T-= —FS‘.’nG

W
X
o

=> SM@_ ?bSmG@‘:o)(
(1l = ™M= FbSne

Gieven thal F-looN b im ond 9—.&5;’

Sheay g)ovte ol B, v- 100 (N Cas 4,5° ‘>@
. = SN

The benc\mﬁ Toment ¢ B W™

The

= Lo 1 () Sie ST

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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8.1.7 A force F = 100Ibf is applied to
the bent rod shown. Before doing any C
calculations, try to figure out the tension B

at D in your head. ﬂ

M

a) Find the reactions at A and C. D:+ 3ft
. . A 11t \

b) Find the tension, shear and bend- aZ) - =

ing moment at the section D.

Check your answer against what F—3ft—-—3 ft—]

fi d out i head.
you figured out in your hea Problem 8.7
100 Ibf
3ft
Cx
o
3t
. 31t

Find reaction at A by balancing moments at C.

—3-100+ 34, =0
A, =100

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Use FBD of lower section to find tension, shear and bending moment. ”Smile” sign convention for
bending moment is ambiguous for vertical members—use positive direction as shown.

Ta
C%M—>V
Ax
100+V =0
V =-100
T=0
1-100 - M =0
M =100

T =0,V =-1001bf, M = 100 ft - Ibf

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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3.7
a) Fird the reactions at A and C . @
b) Fnd dhe fosion, shear amd /MW l -
mewienk ot D, i .
—s ft—of— 3ft—

Mﬁ: Lot’s call Hhe Jovizowtad distomee k————————-l»l..f———:'——)l“

bhwere k amd ¢ o2 "W owd vekieal disbane ab Ao

Now, s wncide The FBD of the Bont ved ABC

Feloo 2f 7

C
e —Rewy
’/ TRCV
%
Ra - .

f"ﬂ mDo'b— ke bowt rod "ABC"
) d b peee b votels
Suplvvrtcd, b\j a roMer, omd M JO0 1 B

‘od ol /70!‘;/\! A

g;ﬂﬁl I‘)m‘m} A e
W oY, | mom ek reach

ok X/’/‘l.i Fl?"wr, ’jlu VCAHC&Q "LRM N »
ngfUllfj' ne rea chow b&v\d,n:.j momemt 1 Abbw‘d 6\7 \/mml A

rod ( boded om the FGD chowm above), wx’:g,(?f:

e Zevd.

83 5mrc« balance % I s
SFEz3 > i+ FJ“,QCHM Q“j:(i ()

{ 1’1)

A
{er“'(')jr'L > QA —‘RCH =0 % pA:QCH

= Rcv g e lf = U'IT}

F+ ch =0

\\\,

{qu.u‘)}._,“
Momund balance 02) the rod abouk Po'pv\)

- -~ -

G C(fivu 2

M, : 8 nonR F=0
SMy,:=0 = rA/CxRA tolg, xF =
) A -
A IN A _w 2 =
5 (-wi-kp) xRyt [ee)x By &0

UV}

> L[ Er)k -7
_ W

{ Jk > b= B Ry= E2

@57 m;h‘w»'ﬂ Hhe given valbues, [oloopbf wzift , bz 3fk; we 0‘6;

Qo zloo kb 5 Qo zlootbf ; omd Revz -loo thf |

<

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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“hA (b)) To detrmine Ak Aeckion farm ok point D, del ws consides
the FED oy the vod from  poit B v pors D

i
Mp

—V

: 5 D T
Ra . J=r4t
**F—-J Py
= wsfrr L'[
Bj farce b alanee o’b i sechon  we 3«&5

[Rl -yt +5] = z

i —

v

»//

LS

[ T1 s
[}

0

0
AL = Vb;RA

" - ol ord D we 3
B\L} momend  balance 0{1\ i s imiww- about P ;'U

-
=0
] M/D

Z r XUZAL) 'Mnizé—)

A/D

:>[.(%£+ﬂf)]x&? - 1 =

\

7 ( QAj' MD) !2

I'L}Q = MO"D\A?

Qubsfit“}fﬁ e @flm volues  we 3@

f T=0 - Y= losf [ M= leo ﬂbf-ft{

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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1 kN
8.1.8 Draw the shear force and the bend- l
ing moment diagram for the cantilever IB
beam shown in the figure. | A Im |

Problem 8.8

Cut left of force.

//% LlOOO N

V —1000 = 0
V = 1000
—M — (0.5 — 2)1000 = 0
—M — 500 + 1000z = 0
M = 1000z — 500

Cut right of force.

M
1-x
V
V=0
M=0
Draw shear and bending moment diagrams.
1000 N
Vv
0.5m
0.5m
M
-500 Nm
4

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 8.1.9

8.1.9 A simply supported beam AB is 2 kN/m 2 kN/m
loaded along one thirds of its span from J11T J1T111
both ends by a uniformly distributed load Al | B
of intensity 2kN/m. Draw the shear é
force and the bending moment diagram —e/3— /3|
of the beam. Problem 8.9
Get reaction at B.
lma KN/m J2u3 kNm
AYT 6 U6 TBy
- ¥¥ =0
(B, =%
B,=%

Cut in first third. Equivalent force is 2(§ —x) at é — 5 from cut.

/ém J2v3 knim
~ [
VT( 3-x TBY

Cut in middle third.

M
20/3 KN/m
ue
v tey

V-

|
e
N

+

= el

0
0
M- (%)Xt -)% =0
0
PP
9

Vi 2 2 2z _
ML e 2
M =7

Cut in last third. Equivalent force is 2(¢ — z) at [’T’ from cut.

V*%*Ql
M -5 2l -2)+ 2% -2)=
M= (2 =2z 427+ 22—
e g2y

Graph result.

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 8.1.9...

15

20/3 kKN/m
\

3 203
-2¢/3 kN/m

£2/9 KN/m /-_—\
M

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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100 N
8.1.10 The cantilever beam shown in the ‘ 50 N-m
figure is loaded with a concentrated load
and a concentrated moment as shown in I |
the figure. Draw the shear force and the | A om 1‘3

bending moment diagram of the beam.
Problem 8.10

Cut in first half.

50Nm
/J{ ¢100N
..... x, L) ')

V=100 =0
V =100

—M —(1-2)100+50 =0
—100 + 100z 4+ 50 = M
—50 4+ 100z = M

Cut in second half.

50NmM

V=0
-M+50=0
M =50

Graph the result.

100N

50Nm

-50Nm

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 8.1.11

17

100 N/m

8.1.11 A cantilever beam AB is loaded
with a triangular shaped distributed load

as shown in the figure. Draw the shear I
force and the bending moment diagrams A
\

for the entire beam. \ 2m
Problem 8.11

100N/m *

Equivalent load is

at %Tx right of the cut.

h 100
2—x 2
h =502 — z)

50(2 —z)(2 —x) _ 95(2— 2)?

Lzs(z-x)2

K
VT oxns

Graph the result.

V =25(2 —x)?
2 —
-M - = To5(2—2)2=0
—§(2 —z) =M

\%
1

2

-200/3 Nm

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 8.1.12

8.1.12 A regulation 16 ft diving board is
supported as shown.

a) Where is the bending moment the
greatest and how big is it there?

b) Draw a bending moment diagram
for this board.

Let A be at the left support and B be at the right support. Find load at B by balancing moments

at A.

300 lbfl

10 ft {

pAS s

f— 6ft —
Problem 8.12

300 Ibf ¢

6 ft

TBy 10 ft

6B, —16-300 =0
61, = 4800
B, =800

Cut to left of B.

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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AL 10 300 ‘

—M + (6 — )800 — (16 — 2)300 = 0
4800 — 800 — 4800 + 300z = M
—500z = M

Cut to right of B.

—M — (16 — 2)300 = 0
—4800 + 300z = M

b) Graph the bending moment.

M

-3000 ft Ibf

a) From the graph, the maximum magnitude bending moment is -3000 ft Ibf and it occurs at point

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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8.1.13 The cantilever steel beam is about o, = 30,0001bf/ €&
loaded by its own weight. What is the longest a beam with
a) Find the bending moment and this cross section can be made and
shear force at the free and at the still not fail?
clamped end. ‘ sh
b) Draw a shear force diagram “
c) Draw a bending moment diagram
d) The tension stress ¢ in the beam at 1 in—] .
the top edge where it is biggest is AR Cross section:
given by o = 12M /h® where h = l'in 1 inch square s3tee1,
1 € for this beam. The strength 4 p =500 lbm/ft

(the maximum tension stress the

material can bear) of soft steel is Problem 8.13

Let p = 500 Ibm/ft> be the mass density of the bar. [Note: Not 500 lbm/in®.] Let A = 1in® be
the cross-sectional area, and £ = 5 ft be the length. Then the mass per unit length is pA and the
weight per unit length is pAg, where g is the gravitational acceleration.

a)

Free end. Cut infinitesimally right of end.

=

Clamped end. Cut infinitesimally left of clamp. Find equivalent force.

pAg D‘E?

V=0
M=0

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.



Chapter 8. 1. Shear...

Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap

Problem...

21

Total force is pAgl equivalent at £/2.

M
pAgt | e /,)
19
—pAgl —V =0
—pAgl =V

pAg[é +M=0

M = —%pAg[Z

Plugging in the numbers, and using conversion factors 1 Ibf = g - 1 Ibm and 1 ft = 12 in.
. b
V=-1lin? 500T‘§1 ¢60in
lbm ., Ibf < ft )3

= —30000 g

5 " glbm \12in
_ _3?220 Ibf = —17.41bf
M= 7% 500 1;1311 Lin®g (60 in)°
P
= —900000 g in* 1::? (12&1,1) ,,ﬂin
_ ,901020400 fi - 1bf = —43.4 £t - Ibf
b)
M
PAQX l xi2 q
¢
—pAgr —V =0
CpAgr =V
v
17.41bf
<)

;pAgw +M=0

1 -
M = —if)Agﬁc2

M \
-43.4 ft-Ibf

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem...

d) The maximum (absolute value) of the moment is when z = ¢, so it is %pAgZZ from above. Thus

the maximum tension stress is 12/h® times that value, and we want

12%@4952
h3

6(1in)? Ib:
( ms) 500 b

<o

. =gl <
1in’ 2 7 7
1 Ibm ft \® Ibf
3000 g—— 2 —

9in 13 (12in> glbm

3000 Ibf 1bf
— (% < 30000—
123 in? <300 in?

2 <12°.10in?
¢ <13lin

Disclaimer: We have lost track of the many people who wrote these solutions.

They are not official and have not been reviewed by the authors for correctness.
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8.1.14 A snow loaded bus-stop awning

(shown partially cut away) on the side

of a building is supported by horizontal,

cantilevered, beams. The loading that is Snov W
carried by one beam is as shown below.

N e Awning
b
cam . __——¢ = /l//, N f
a) Find the reaction force and couple /

at the wall at A (the force and mo-
ment acting on one beam from the
wall).

1000N/m

b) Draw shear force and bending mo- P e
ment diagrams for the beam. . 1 l
=¥ | l
| Im

Problem 8.14

Answer:
FAy = —500N,M, = —500/3N-m

The total load acting on one beam is 500 N and it acts equivalently at 1/3 m from A

M i t
S00N 13 m Ax
i

Ay

A, =0
~500+ 4, =0
A, =500

A= 500N

500
- +M=0
3

M=-22
=3

M = ~500/3N - mk

© 1000um

r_ 1
1000
1000z = h

Equivalent force is 1000% ¢

M
500 xj X’[ V:

~5002% ~ V =0
~5002% = V
%500:1 +M=0

500
M=-Z208

10

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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-500 N

M \
-500/3 Nm

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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8.1.15 Draw shear and bending moment
diagrams of the beam shown. Clearly la-
bel the values of the heights of the curves
at jumps, kinks and local maxima (if and
where they exist).

W

Hill

A 5 e
02 |

J4
I x
Problem 8.15

Answer:
V(€/2) = —wt /8,M(£/2) =
w€2/16,Mmax = M(3¢/8) = 9wl*/128

Find the force at C. The equivalent load is W¢/2 at £/4.

l W2
AT, ke
Ay Y
‘cwe
173 +(C, =0
we
y = 8
Cut in left half.
ce X
ry
Ve Twws

Equivalent force is W(¢/2 — x) at £/4 — x/2 from cut.

V-w (gfz)+ﬂ:o

8
we o owe
VoS4 Wat = =0
V- %[ FWz=0
vy,

v (- \w(t_, Ve
-M (1 5)% (5 J.>+([ ) =0

2 iz
w(=-2)=nm
s (§-9)

W2
laW W M
8 2

Cut in right half.

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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\ bx TWB/B
we
V=0
_ e
T8
M+ (ffx)g =0
wWe Wir
8 8

Get V and M at critical points for graphing.
x=0:V=3W¢/8 M =0.

x=30/8: V =0; M = 902W/64 — 92°W /128 = 9> W /128.
x=10/2: V=-WI/8 M = 3(2W/16 — (*W/8 = (2W/16.

z=0V=-W(/8 M=0.

3We/8
30/8
\% V2
-We/8
9W82/128 """"""" e . WBZ/16

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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8.1.16 A frame ABC is much like a -——2m —— 1 m—|
cantilever beam with a short bent sec-
tion of length 0.5 m. The frame is loaded
as shown in the figure. Draw the shear
force and the bending moment diagrams
of the entire frame indicating how it dif- 100 N/m
fers from an ordinary cantilever beam. Problem 8.16

Distributed force is equivalent to 100 N at 0.5 m right of B. Measure s along the bent beam from

A.

Cut between A and bend.

100

T=0
V +100=0
vV =-100
—M + (2.5 —5)100 =0
250 — 100s = M

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Cut between bend and B. Use convention shown for positive shear and bending moment.

T
-".."ngu\M

\%
100
T+100=0
T =—100
V=0
—M + 5(100) = 0
50 =M

Cut between B and C. Equivalent force is 100(3.5 — s) at (3.5 — s)/2.

. :
2. (35
vl Yas0-100s
T=0
V4 (350 —5) =0
V =100 — 350
35—s

M+ % (350 — 100s) = 0

M =50(3.5—5)2
20 25 35

-100N l—l
v
-100N 4I_I/

250Nm
50Nm
M

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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8.1.17 A 10 pound ball is suspended by
a long steel wire. The wire has a den-
sity of about 500 lbm/ ft’. The strength
of the wire (the maximum force per
unit area it can carry) is about o, =
60,0001bf/ 2.

a) First, neglecting the weight of the
wire in the calculation of stress,
what is the weight of wire needed
to hold the weight?

b) Taking into account the weight of
the wire in the load calculation,
what is the weight of wire needed
to hold the weight?

— =~AY)

10 mi

10 1bm

Problem 8.17

Answer:

(b) [Hint: at every height y the cross
sectional area must be big enough to
hold the weight plus the wire below
that point. From this you can set up a
differential equation for the cross sec-
tional area A as a function of y. Find
appropriate initial conditions and solve
the equation. Once solved, the vol-
ume of wire can be calculated as V' =

fom ™ A(y)dy and the mass as pV.]

=ty
_ o
~ G0t 7

Where we used the fact that 5280 ft = 1 mi, 12 in = 1 ft and 11bf = 1 Ibm - g as conversion factors.

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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b) If we don’t neglect the weight of the wire, the tension will not be a constant.
y+dy w ¢T+dT
y 1T

Let dW be the weight of the differential slice of the wire between y and y + dy. dW = Adypg.

T+dT =T + Apg dy

aT
4
dy P9
d(cA)
= A
dy P9
dA  Apg
dy o
since we want 0 A = T, just as in part a.
Thus
A= Age?Y

where Ay is the cross-section at y = 0. Ag = Tp/o.

To get the volume of the wire, we integrate the cross-section along the length.

¢
To os
V:/ DePyay
Jo

o

_ Ei '”;,17/2

g pg 0

=T (e )
P9

And to get the weight we multiply the volume by the density and the gravitational acceleration:
()
oot 1)

w=pg

To
“pg
=Ty (e

Computing
pgl 500 Ibm ft73g 10 mi

o 60000 1bfin~2
1 1bmft*3gmi( ft )25280& 1bf

12in mi lbmg

T 12 Ibfin 2

Substituting
w = 101bf (¢*9%6 — 1) = 2021bf

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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