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21.2 3D dynamics of a rigid body

Momenta and energy of rigid bodies

The kinematics formulas we have developed allow us to calculate veloci-

ties and accelerations of points on a rigid body. We can therefore calculate

themotion quantities: themomenta, their rates of change, and kinetic en-

ergy (and its rate of change). The three basic laws of mechanics that are

at our disposal are:

É
Ç

F = �Ç
L; Linear momentum balance

É
Ç

M
C

= �Ç
H
_C
; Angular momentum balance

É
.Power in/ =

d

dt
.EK/ +

d

dt
.EP/

+Dissipation rate; Energy/power balance

In order to be a master of mechanics, all you need is to be able to e�ec-

tively use these three equations for a variety of systems. One who knows

how to e�ciently and accurately evaluate both sides of these equations in

terms of knowns and reasonably de�ned unknowns is an ace mechanic.

One who, in addition, knows how to solve these equations is an ace pro-

grammer and/or mathematician.

Our emphasis in this book is on systems that can be idealized as a

particle or a rigid body or a system of rigid bodies. So, once you know

how to get the forces and moments from the free-body diagram and once

you know the masses and moments of inertia, then you need to �nd the

accelerations of the centers of mass, the angular velocities, and angular

accelerations of the various bodies.

For each body,

�Ç
L = m

Ç

acm;

�Ç
H
_C

=
Ç

rcm_C � m
Ç

acm +

�Ç
Hcm©­­­­­®­­­­­ª

Ç

! �
Ç

Hcm
«̄ ¬

BBM
Ç

Hcm = [I
cm
] �

Ç

!

+[I
cm
] �

Ç

�; and

EK =
1

2
m
Ç

vcm �

Ç

vcm +
1

2
Ç

! �

�
[I

cm
] �

Ç

!
�

So, as repeatedly mentioned in this chapter, the trick is to evaluate
Ç

acm,
Ç

!, and
Ç

� in terms of the natural variables in the problem.

The keys to make appropriate use of these formulae are:
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Ç

!
C_F =

Ç

!
B_F +

Ç

!
C_B;

Ç

�
C_F =

Ç

�
B_F +

Ç

�
C_B +

Ç

!
B_F �

Ç

!
C_B;

Ç

vP_F =
Ç

v0¨_F +
Ç

!
B_F �

Ç

rP_O¨ +
Ç

vP_B; and

Ç

aP_F =
Ç

a0¨_F +
Ç

!
B_F � .

Ç

!
B_F �

Ç

rP_O¨/ +
F �Ç!

B_F �
Ç

rP_O¨

+
Ç

aP_B + 2
Ç

!
B_F �

Ç

vP_B:

Alternatively, the second, third, and fourth formulae may be e�ectively

derived on an ad-hoc basis by use of the more fundamental formulae

F �Ç
Q =

Ç

!
B_F �

Ç

Q (for any
Ç

Q �xed in B)

on various base vectors.

Now, we look at �nding the linear and angular momenta for a rigid

bodyusing the 3-D example of the crane in�g. 21.19. The crane is a system

of connected bodies moving in well de�ned ways relative to each other

and to the ground.

21.4
�

Ç

H for a rigid body

We can now derive the formula for rate of change of angular

momentum of a rigid body B about some point C using the ` �
Ç

Q

formula'

�Ç
H
_C

=
d

dt
.
Ç

H
_C
/

=
d

dt

bffff
d
Ç

r
cm_C �m

Ç

v
cm

+

[Icm]�Ç!
B©­­­­­®­­­­­ªÉ

Ç

r
i_cm � Çv

i_cmmi

cgggg
e

= �Çr
cm_C �m

Ç

v
cm

«­­­¯­­­¬
Ç

0

+Çr
cm_C �m

Ç

a
cm

+
d

dt

�
[Icm] �

Ç

!
B

�

= Ç

r
cm_C �m

Ç

a
cm

§

+ Ç

!
B
�
�
[Icm] �

Ç

!
B

�
+ B

d

dt

�
[Icm] �

Ç

!
B

�
«­­­­­­­­­­­­­¯­­­­­­­­­­­­­¬

���

d

dt

�
[Icm] �

Ç

!
B

�
using

the �Ç
Q formula

= Ç

r
cm_C �m

Ç

a
cm

+ Ç

!
B
�
�
[Icm] �

Ç

!
B

�

+ B
d

dt
[Icm]

«­­¯­­¬
Ç

0

B
BM

[Icm] is constant inB

+[Icm] �

B �Ç!
B

= Ç

r
cm_C �m

Ç

a
cm

+ Ç

!
B
�
�
[Icm] �

Ç

!
B

�
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B �Ç!
B

= Ç

r
cm_C �m

Ç

a
cm

+ Ç

!
B
�
�
[Icm] �

Ç

!
B

�
+ [Icm] �

�Ç!
B

In the last step of calculation, we have used the important fact

about angular acceleration of a body:

F �Ç!
B_F = B �Ç!

B_F + Ç

!
B_F � Ç!

B_F
«­­­¯­­­¬

Ç

0

= B �Ç!
B_F :

That is, the derivative with respect to time of Ç!
B_F is the same in

F as in B.
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Figure 21.19

Example: Mechanics of a rigid body in a mechanism (3-D): A crane,

again

Wewould like to �nd the rate of change of linear momentum of the boom, �
Ç

L
A
,

and the rate of change of angular momentum of the boom about pointO, �ÇH
A_O.

Assume the massm
A
and the moment of inertia matrix [I

cm
]
A
are both known.

We have

�ÇL
A

= m
A

Ça
G
; and

�ÇH
AO

=
Çr
G_O �m

A

Ça
G
+ [I

cm
]
A
�
Ç�
A
+
Ç!
A
�

�
[I

cm
]
A
�
Ç!
A

�
:

So, we must �nd Çr
G_O,

Ça
G
, Ç!

A
, and Ç�

A
. Here we go. First, we �nd Çr

G_O

Çr
G_O =

Çr
O¨_O +

Çr
G_O¨

=

Ç

r
O¨_O

©­­­®­­­ª

d�{ + .2s + h/ �|+

Ç

r
G_O¨

©­­­­­®­­­­­ª

l

3
.cos��{¨ + sin� �|¨/ :

Next, we �nd Ç!
A

Ç!
A
=
Ç!
B
+
Ç!
A_B = �� �|¨ + �� �k¨:

Then, we �nd Ç�
A

Ç�
A
=
Ç�
B
+
Ç�
C_B +

Ç!
B
�
Ç!
C_B = �� �|¨ + �� �k¨ + �� ���{¨:

Finally, we �nd Ça
G

Ça
G
=
Ça
O¨ +

Ç!
A
� .

Ç!
A
�
Çr
G_O¨ / +

Ç�
A_F �

Çr
G_O¨ +

Ça
G_B + 2

Ç!
B
�
Çv
G_B:

At this point, we see several terms that we need to evaluate to plug into this

formula. Here they are:

Ça
O¨ = �d�{;

Çv
G_B =

Ç!
A_B �

Çr
G_O¨ ;

=
l

3
��.cos� �|¨ * sin��{¨/; and

Ça
G_B =

Ç!
A_B � .

Ç!
A_B �

Çr
G_O¨ / +

Ç�
A_B �

Çr
G_O¨ ;

=
l

3
.* �� sin� + ��2 cos�/�{¨ +

l

3
. �� cos� * ��2 sin�/ �|¨:

So, we can plug in and �nd the absolute acceleration of the center-of-mass of

body A

Ça
G

= �d�{ +
l

3

�
*. �� sin� + . ��2 + ��2/ cos�/�{¨

+. �� cos� * ��2 sin�/ �|¨ + .2 �� �� sin� * �� cos�/ �k¨
�
:

Thus, for the crane boom, nowwe have Çr
G_O,

Ç!
A
, �Ç!

A
, and Ça

G
in terms of known

dimensions, position vectors, and the angular rates ��, and ��, and their deriva-

tives �� and ��. So, now we can evaluate �ÇL
A
and �ÇH

A_O.

Yes � this situation is a mess! Rigid body calculations in three dimensions

lead to bigmessy equations. There are a few special cases where things simplify.

Some of these situations are shown in the sample problems and the homework.

A note of caution: When back substituting with the formulae given, be sure

that the same base vectors are used for [I
cm
] as for Ç!

A
and Ç�

A
.
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