Chapter 20.

SAMPLE 20.11 A scalar times a vector is a vector. A matrix times
a vector is a vector. What is the difference? Find the vectors H, =
I;wand H, = [I;]@, if @ = 2rad/si + 3rad/sj, I; = 10kgm? and

5 0 0
;7] =] 0 5 -2 |kgm? Drawa, H, and H,.
0 -2 10
Solution
H, = I
10kgm?(2rad/si + 3rad/sj)
= (20i+30j)kgm?/s.
H = [I]-&
5 0 0 2
= 0 5 -2 |kgm?-{ 3 ;rad/s .
0 —2 10 0 Figure 20.41

(10i + 15j — 6k) kgm?/ s.

These two vectors, H, and H,, are shown along with @ in Fig, 20.41. Note that H, has
the same direction as @ but H, does not. H, and & are both in the xy-plane but H, is not;
itisin 3-D.

Comments: Multiplying a vector by a scalar does not change the direction of the vec-
tor but multiplying by a matrix does change the direction, in general. Find the angles
between & and H, and between & and H, to convince yourself.
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2 Chapter 20.

y SAMPLE 20.12 The composite rod OABCD shown in Figure 20.42 is
b Y made up of three identical rods OA, BC, CD of mass 0.5 kg and length
20 cm each, and the rod AB which is half of rod CD. The composite rod
goes in circles about the y-axis at a constant rate w = 5rad/s. Find the
] angular momentum and the rate of change of angular momentum of the

O A X . . .
rod at the instant shown (i.e,, when the rod is in the xy-plane).
j le) 3 =
D 1. Are all the components of [I"] necessary to compute H 0 and H /o?
i Find [I°] or the necessary components of [I°].
Figure 20.42 2. Find the angular momentum H 0"
3. Find the rate of change of angular momentum H o
4. If the rod were rotating about the z-axis instead, (i.e., if the motion
were in the xy-plane) which components of [I°] would be required
to find H /0? What would be the value of H 0 in that case?
Solution Since the rod rotates about the y-axis, and O is a fixed point on this axis,
@®=wj and 17/0 = [I°]-@.
1. Since
~ Ifgx Ifgy I% 0
B, = Iéy I%y I%z w
Ixz Iyz Izz 0
= Roi+Daj+Iwk
— 03 0 35 0 ,
= i+ J+ 1Ko, (20.46)
we only need to find three components of [I°] to compute I?/O, namely I Sy, I ;’y and
.
‘We can compute these components by considering each rod individually. For any
rod, the components can be calculated using the values of the components about
the center-of-mass of the rod (see table IV in the back of the book) and then using
Y the parallel axis theorem.
' RodOA: 10 = I + mE = iml2 + lmlZ
. e s G L R ) 7
‘:’"__* I)(c)y = If;r;;/ +m(_xcm/0 ycm/O) =0
(0] cm x' \/\ A * RS o
— 2
| | m = I, +M(= Yem/0 Zemyo) = 0.
Figure 20.43 ~— T
0 0 0
y P
m ml?
T M: I)(’)y = I;?;’ +E(x§m/0 + ng/o) = 2
‘ 0 0
o) m ml?
t I)(()y = ;:r;,r +7(— Xem/0 Yemyo) = B
J —— N— N—
1
0 ‘ b
1 14 | Lp = LDy +m(Yen/o Zamjo) = O
N—_—r N——r
Figure 20.44 0 0
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y
2 2 vy
. 70 _ 2 2 _ml o 7 ., .
RodBC: I, = I;f’;, + m(xcm/O +zcm/o) =1 + m— - = gml B :
— - G ]
11 2 T em €
3 3m 2
I)Cc)y = I)i‘f];;/ +m(_xcm/0ycm/0) = _mzz =- 4 l
—— O‘ ‘
0 \ 3472 |
(0] —
L, = 0. Figure 20.45
Y C_
. (0] —_ 2 2 —_ —_
RodCD: 1) = I, +m(xcm/0 + zcm/o) = m(2l)? = 4ml?
N—— N——
0 0
Wy
L, = : Y
IO = ' X
yz o Cme _____
Thus for the entire rod, } 20 }
1 1 7 43
I = ZmP+=mP+ ~mP +4ml2 = = m?
o 3ml +2ml +3ml +4ml 6ml
1 3 7 L
0 - _Zp2_2,02__' n
I, = 8ml 4ml 8ml D
0 = 0. Figure 20.46
o_%8B 12 50 __7_ 12 70 _
I, = 6ml I, = 8ml , Iy, =0.
2.
17/0 = (Ifyi+ISyj+I§’ZIAc)w (from Eqn 20.46)
43 7
—_ 2 s __ %
= mlPa( 5 J 81)
= 0.5kg(0.2m)*5rad/s(7.17j — 0.87)i)
= (0.717j — 0.087i) kg- m?/s.
FI/O = (0.717j — 0.087i) kg- m?/ s.
3.
H, = @xH,=wjx(I]0)

= 5Srad/sjx(0.717j —0.087i) kg- m?>/ s
= 0.435N-mk.

H,, =0435N-mk.

4. If the rod were rotating in the xy-plane, it would be planar circular motion. The
only component of [I°] required for the calculation of H,=1I 9 & will be I,. Also,

i —axid —ox08 =
H,=wxH,=oxI[,0=0

since @ is parallel to I9.&.
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4 Chapter 20.

' z SAMPLE 20.13 A 0.5 kg uniform rectangular solar panel rotates about
O y an off-centered axis z’z’ with constant angular speed w = 1.5rad/s. Axis
/ z'Z' is parallel to the transverse z-axis of the plate and is 1.6 m away from
0 ‘- ; the center-of-mass of the plate. The in-plane moments of inertia I3} and
/ 4 IZ™ of the plate are given: I} = 4.0kg-m? and I})! = 12.4kg- m>. At the

1.6m instant shown in Fig 20.47, calculate

4 1. the linear momentum of the panel,
Figure 20.47 2. the angular momentum of the panel, and
3. the kinetic energy of the panel.

Solution Since the plate rotates about the z'z’-axis which is parallel to the z-axis,

1.

Z
y
‘s\ —_
. Ucm
,// cm x 2

circular path of cm

Figure 20.48

3.

Introduction to Mechanics for Engineers «

@ = wk = 1.5rad/sk.
Linear momentum:

L

mtoti)cm = m(a X ?cm/O)
0.5kg-(1.5rad/sk x 1.6 mi)
1.2kg-m/sj

L=12kgm/sj

We can easily check the direction of L since L = mu,,,, it has to be in the same
direction as U_,,. The center-of-mass goes in circles about O, therefore, U, is tan-
gential to the circular path, i.e. in the y-direction (see Fig 20.48).

. Angular momentum:

H=1°, ok
z'Z

Thus to find H, we need to find IS,Z,. Since z’Z’ || zz, we can use the parallel axis
theorem to find I, if we know IS. We are given the in-plane moments of inertia
I3 and I, Therefore, from the perpendicular axis theorem:

X

I = I8+ I50 = (4.0 + 12.4) kg: m* = 16.4kg: m?,

xXXx

Now using the parallel axis theorem,

o _ 2
I,, = 7+ Mrcm/O
= 16.4kg-m? + 0.5kg(1.6 m)* = 17.68 kg- m?.

Therefore, H = 17.68kg-m>-(1.5rad/sk)

= 26.52kg-m?/sk.

H =26.52kg- m?/ sk.

Kinetic energy:

1 1
E, = EIS,Z,coz = 5(17.68 kg- m?)(1.5rad/s)?
kg- m?
= 19.89 = == 19.89 N-m
= 19.891]

E=19.89]
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Chapter 20.

SAMPLE 20.14 The rotating crooked plate again. For the crooked
plate considered in Sample 20.7 and shown again in Fig. 20.49,

1. compute the moment of inertia matrix [I] in the x’y’z’ coordinate
system,

2. compute the rate of change of angular momentum H /0 using the
moment of inertia [I] xryrz computed above,

3. express H /o @s avector in the xyz coordinate system.

Solution A line sketch of the plate and the two coordinate systems attached to it are
shown in Fig. 20.50. The set of basis vectors (i, j, k) and (', ', k') associated with coor-
dinate systems xyz and x'y’z’ respectively are shown separately for the sake of clarity.
From the diagram of the two basis vector sets, we may write

i’ = cos pi — sin gk

i=1] (20.47)
k' = sin ¢i + cos pk
1. Calculation of [I],,,,:
Ix’x’ Ixry/ Ix’z’
[I]x/yrzl = Ix’y’ Iy’y’ Iy’z’
Ix’z’ Iy’z’ Iz’z’
Let us first consider the off diagonal terms of [I] .

Since x” = 0 on the entire plate (the plate is in the y’z’ plane and the origin is on
the plate.),

I,,=/ x' ydm=0, I,,=f x" zZ'dm=0.
x'y’ " x'z’ "

0 0

How about I,,,? Well, you can calculate it two ways: (a) carry out the integration
L, = [, ¥'z' dm over the entire plate mass and find that I,,, = 0, or (b) realize
that for every mass element dm (= fﬂbdA) with coordinates (+y’z"), there exists an-
other element dm at (—y’z") such that the sum of their contributions to the integral

is zero. Therefore, I o = J,,¥'z' dm = 0=’ Now the other terms:

£/2 abJ2

I,, = f( X" +y?)dm =f f y?. mdy’ dz’
'm T —¢/2 J-b/2 ¢b
om t/2 Ji3b/2 i m b_3 f/zdz,
tb e 3 by tb 12 )2
- m b, mb
¢h 12 7 127
and similarly,
me?
I,, = ( x? +z2)dm = —,
vy [nv 12
0
I, = (y'2+Z'2)dm=1,,+I,/=m(f2+b2).
x!x " y'y z'z 12
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Figure 20.49: A rectangular plate of
mass m rotates with shaft AB at a con-
stant speed @ = wk. A coordinate sys-
tem x'y’z’ is aligned with the principle
axes of the plate.

Figure 20.50: A line sketch of the ro-
tating plate along with the two coordi-
nate systems x’y’z’ and xyz. The ba-
sis vectors associated with the two sys-
tems are also shown.

| \
| ¢ |
} (=y'2)
=
b xX'® .
= Z
L ()
dA = dy'dz’
¥

Figure 20.51: Symmetry about the z’
axis implies that I, = 0. Same re-
sult holds if we consider the symmetry
about the y’ axis.

@ You can use a similar argument
to find the off-diagonal terms in [I]
whenever there is such symmetry with
respect to the coordinate axes.
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® We can express [I] and @ in any co-
ordinate system of our choice but both
of them must be in the same system for
their product to be valid.

Introduction to Mechanics for Engineers «

Thus,
m 2+b> 0 0
[I]x/y/z/ =1 0 2 0
0 0 b?
. Calculation of ﬁI/O:

II/O =wX I{/O and II/O = [I]x/yrzl {a}x’y’z"

The subscripts x'y’z’ in [I'] and @ have been used to denote that both [I'] and @ are
expressed in x'y’z’ coordinate system. \2/ We have calculated [I],/,,,, above. Now
we need to find {@}

x'y'z! "

Let® = w, i’ + w, j + », k. But, we can also write, & = wk. So,
wk=w i +w,j +w,k (20.48)

Dotting both sides of Eqn. (20.48) with ¥/, j’, and k’ and using the relationships in
(20.47) we get

—sing 0 cos ¢
— — —

wy =w(k )= -wsing,w, =wlk- j) =00, =wlk- k') =wcosé.

Thus,
{@}yy = —wsin$i’ + wcos ok’
So,
2+b> 0 0 —wsing
— m P
H = — 0 t 0 0
/0 12 g
0 0 b @ CoS ¢
—1—'2(6’2 + b?)wsin ¢
= 0
myo
5 b’wcos ¢
or ﬁ/o = %[—(ﬂJz + b?)sin ¢i’ + b? cos pk'].

Now we can easily compute IfI/O as follows:

H, = @wXxH,

= (—wsin ¢’ + wcos pk’) x %[—(f2 + b?)sin ¢i’ + b® cos pk’]

2 2
= 7% pogin pcospj — me (€* + b*)singpcospj’
12 12
—_ _ mwz 2 o &
= =T t*singcosdj.

. Now, back to the xyz coordinate system: Since j' = j [Eqn (20.47)], we have

2
s me? o, . R
H/O— ETH ¢*sin¢cos¢j

which is the same result as obtained in Sample 20.7.
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Chapter 20.

SAMPLE 20.15 The calculation of H using the moment of inertia
matrix. For the crooked plate considered in Sample 20.7, find the rate

of change of angular momentum H o using the moment of inertia [I°],
calculated in the xyz coordinate system

Solution We calculate ILI/O using the following formula:

. =
H,=[°1- & +a&x(I°]-&)7.
/0 ——
0
Note that point O is the center-of-mass of the plate. Let us write the expression for the
angular momentum fl/o in matrix form.

Hx/O Ixx Ixy Ixz 0
Hyo = Ly Ly I 0
HZ/O Ixz Iyz Izz @

It is clear from the components of @ that we only need the last column of [I'] matrix since
other elements of [I'] will multiply with zeros of @ vector. Carrying out the multiplication
we get

HOx Ixzw
Hoy = Iyza)
HOZ Izzw

or, in vector form

H, =1 0i+I,0j+1,0k
Therefore,
H, = wkxo(,i+],j+1,k
= =@, i+ @,]
But,

I,= —f xzdm and I, = —fyzdm
m m
and x = wsin¢, y =y, z = wcos ¢ (see Fig. 20.28), hence

H,, —w? f(—wy cos i + w?sin ¢ cos ¢ j) dm

m

b/2 at)2 m
f f w?(—w?sin ¢ cos ¢ j + wy cos pi)—dw dy
—b/2 J=¢/2 tb

which is the same integral as obtained in Sample 20.7 for IfI/O. Therefore, the result is also

the same: 22
N mwt> . R
H/O=— P sing¢cos ¢ j.

mw?t? . N
= — Sin @ CoS
o ——singcosgj

\mL'
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SAMPLE 20.16 Direct application of formula: A rectangular plate is
mounted on a massless shaft with the center-of-mass of the plate on the
shaft axis. The shaft rotates about its axis with angular acceleration =
0.5rpm/s(i + j). At the instant of interest, the angular velocity is @ =
100 rpm(i + j) and the components of the moment of inertia matrix of
the plate are I,, = 2kg-m? I, = 4kgm? I, = 6kgm?and[,, =
I,=1I,=0.

1. Find the angular momentum of the plate about its mass-center and

show that it is not in the same direction as the angular velocity.

2. Find the net moment acting on the plate.

Solution We are given the angular velocity, the angular acceleration, and the moment of
inertia matrix of the plate:

@ = 100rpm(i+ j) = 10.47rad/s(i + j)
w = 5rpm/s(i+ j)=0.52rad/s2(i + j)
2 0 0
"] = 0 4 0 |kgm?
0 0 6

1. The angular momentum: The angular momentum of the plate is

H, = [ @&
2 0 0 10.47
= 0 4 0 |kgm?-{ 1047 ¢ rad/s
0 0 6 0
= (20.94i + 41.88j) kg-m? - 571

| S —
N-m-s

(20.94i + 41.88j)N-m - s.

H_, = (20.94i +41.88j)N-m - s

There are many ways of showing that H___ is not parallel to @. We can simply draw
the two vectors and show that they are not parallel We can, alternatively, take the
cross product of the two vectors:

(20941 + 41.88 j)) N-m - s x 10.47 rad/s(i + j)

H, x&
i j k

2094 4188 0 |Nm

1047 1047 O

k(219.24 — 438.48) N-m = —20.94 N-mk

which is not zero, implying that the two vectors are not parallel.

2. The net moment: The net moment on the plate can be found by applying angular
momentum balance:
M, = H,=a&x[I™ -&+I" &
——
H

cm

20.94N-mk + 1.04N-mi 4 2.08 N-m j
|

@xXH |

M, = (1.04i + 2.08j + 20.94k)N-m
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SAMPLE 20.17 A rod swings around a tipped axis in 3-D. A rigid
shaft of negligible mass is connected to frictionless hinges at A and B.
The shaft is tipped from the horizontal plane (xy-plane) such that the
shaft axis makes an angle y with the vertical axis. A uniform rod OC of
mass m and length ¢ is welded to the shaft. Attime ¢ = 0, the rod is tipped
by a small angle ¢ from its position OC’ in the yz (or y’z") plane. Find
the equation of motion of the rod.

Solution Let#’, j, k' be the basis vectors associated with the x’y’z’ coordinate system.
Since y’z’ axes can be obtained by rotating yz axes counterclockwise about the x-axis by
an angle 90° — y, we can relate the basis vectors of the two coordinate systems with the
help of Fig. 20.53:

i,

sinyj + cosyk, (20.49)
—cosyj+sinyk.

vy ™2
3
1

<

The free-body diagram of the shaft with rod OC is shown in Fig. 20.54. We can write
angular momentum balance for this system about any point on the axis of rotation AB.
However, rather than writing angular momentum balance about a point, let us write an-
gular momentum balance about axis AB. This ‘trick’ will eliminate reactions R, and R,
from our equations. Angular Momentum Balance about axis AB is:

;LAB[EMO = Ifl/o]
or jl'ZMo = jl'ﬁ/o'

Calculation of (j' - ) M o) : Since R , and fZB pass through axis AB, they do not produce
any moment about this axis. Therefore,

J-2uM, = [P xmg(=k)]
= j- %(sin ¢i’ + cos pk’) x mg(—k)
7 using Eqn.(20.49)

—_—
= (sinyj+cosyk)- [%mg(sin ¢j + cos¢ cosyi)]

¢ . .
= Emgsmzﬁ siny

Calculation of j' - I-;I/O : Since the rod rotates about axis AB, we may write

$J.
7.

8 &

Now, ]
H,, = [I"l{@} + & x [I°]{}

Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap

Looking
down the
y'-axis

Figure 20.52: A rod, welded to a tipped
shaft AB, swings around the shaft axis
if it is tipped slightly from the vertical
plane yz.

4 y

x,x y
Figure 20.53: y’z’ axes are obtained
by rotating yz axes counterclockwise
about the x-axis by an angle 90° — y.

7 Looking
¢ d’owr! the
- y'-axis
R N
A G
s
X
mg

Figure 20.54: Free-body diagram of
the bar and shaft system. In the in-
set, only the weight of the bar, mg, is
shown for clarity of geometry.
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where

[I°}{e}

[IO]xryrzr {c_b}x’y’z’

[ 1, 1,, 1

X! x! x'y! X'z
= leyl Iy/yr Iylzl
Ix’z’ yz! Iz’z’
x y'¢
= 4 y, ¢
y’z’¢

S B O

Similarly,

Loy¢
Iy/yl ¢ )
Iylzl¢

$F XLyt + 1,85 +1,,¢k']
22, .2
= —Ly,¢ kK +1,,¢7

[1°)@}

> o x [I°l{@}

Therefore,

j’ ’ I-I/O = j’ . [(Ix’y’¢i’ + Iy’y’¢j’ + Iy’z’¢kl) + (_IX’y’¢ k" + Iy’z’d> )]
I,,¢.
y'y

Now, setting j -

™
=
»

H/O, we get

L . . v
Emgsmqbsmy = I,.¢

. L/2) si
or ¢ = M sin ¢
vy

Csing

or é
where
mg(L/2) siny

Iy’y’

L
L, = f(x’2 +z'%)dm =/ l’m dl = —mL—
m 0

Therefore, the equation of motion of the rod is

C =

For rod OC,

mg(L/2)siny . _
1/3ymL? ing = 0

. 3
5 gsmy sin 6

é—

Il
e

$_ 3gsmy$n¢_0
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Chapter 20. 11
SAMPLE 20.18 Kinetic energy in 3-D rotation. A thin rod of mass 2 kg y
and length L = % m is welded to a massless shaft at an angle 6 = 45", The L a; T
shaft rotates about its longitudinal axis (y-axis) at 100 rpm. The moment A
of inertia matrix of the rod about the weld point O is mridzolﬁg
& L=12m
1 -1 0 o)
[I°] =0.08kg.m?| =1 1 0 x
0 0 2 shaft
Z
Find the kinetic energy of the rod. Figure 20,55

Solution The rod rotates about the fixed point O with angular velocity
@w=wj where w =100rpm = 10.47rad/s.

The kinetic energy of a rigid body rotating about a fixed point O is given by
1 . 07 —
Ey = S@ [[I ]~w]
For the given problem, let us write the moment of inertia matrix [I°] of the rod as ®
1 0
[I°] = K, -1 1 0
0 2

where K, = 0.08 kg- m?. Now

o = wj={0 w O}T.
Therefore, )

1 -1 0 0
I°le = K, -1 1 0 w
0 0 2 0

—w

= K, W

0

= —Kywi+Kwj.

Substituting the expression in the formula for E;, we get

1
Ey = Ecuj-(—Kocoi+K0coj)

1
= EKOCOZ

1
= 5-0.08 kg- m?-(10.47 rad /s)?
= 4.38N-m = 4.38]

Ey = 4.38]
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® This step is simply to facilitate com-
putation. We carry out the multiplica-
tion and at the end substitute the value
of K,,.



