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Figure 18.17: A bug walks at con-

stant speed on a straight line (dotted)

marked on a tire that is rotating clock-

wise (� relative to a vertical line). The

distance of the line from the center of

the tire is s. The distance the bug has

walked from the closest point to the

tire center is l. The �xed base vectors

�{ and �| are alignedwith the �xed x and

y axis. The line segment connecting

the tire center with the closest point

on the line is in the direction cos ��{ *

sin � �|. The direction along the line on

which the bug walks is sin ��{+ cos � �|.

18.2 Rotating reference frames and
their time-varying base vectors

In this section you will learn about rotating reference frames, how to take

the derivative of a vector `in' a rotating frame, and how to use that deriva-

tive to �nd the derivative in aNewtonian or �xed frame. We start by show-

ing the alternative, just using one framewith one set of �xed base vectors.

The �xed base-vector method

To motivate the sections that follow we �rst show the ��xed base vector�

method. Consider the task of determining the acceleration of a bugwalk-

ing at constant speed as it walks on a straight line marked on the surface

of a tire rolling at constant rate. Arti�cial as this problem seems, it is sim-

ilar to the sort of calculation needed in the kinematics of mechanisms.

For now, imagine you really care how strong the bug's legs need to be to

hold on (unreasonably neglecting air friction). So knowing the bug's ac-

celeration determines the net force on it by
Ç

F = m
Ç

a. Now we try to �nd
Ç

a by taking two time derivatives of position.

If we want to avoid using rotating base vectors we have to write an

expression for the position of the bug in terms of x and y components.

Choosing a suitable origin of the coordinate system we have

Ç

rP_0 =
Ç

r0¨_0 +
Ç

rP_0¨

= .R��{ + R �|/
«­­¯­­¬

Ç

r0¨_0

+ .s.cos ��{ * sin � �|/ + l.sin ��{ + cos � �|//
«­­­­­­­­­­­­­¯­­­­­­­­­­­­­¬

Ç

rP_0¨

=
�
R� + s cos � + l sin �

�
�{ +

�
R * s sin � + l cos �

�
�|: (18.15)

To �nd the velocity we take the time derivative, taking account that both

� and l are functions of t. Thus, for example looking at the term l cos �

both the product rule and chain rule need be applied. Proceeding we get

Ç

vP_0 =
�
R �� * s �� sin � + �l sin � + l �� cos �

�
�{

+
�
*s �� cos � + �l cos � * l �� sin �

�
�|: (18.16)

To get the acceleration of the bug we di�erentiate one more time. This

time we use the product rule and chain rule again, but get to use the sim-

pli�cation for this problem that the rolling and bug walking are at con-

stant rate so �� = 0 and �l = 0:

Ç

a
P_0

=
�
*s ��2 cos � + �l �� cos � + �l �� cos � * l ��2 sin �

�
�{

+
�

s ��2 sin � * �l �� sin � * �l �� sin � * l ��2 cos �
�
�|

=
�
* ��2.s cos � + l sin �/ + 2 �l �� cos �

�
�{

+
�

��2.s sin � * l cos �/ * 2 �l �� sin �
�
�| (18.17)
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Figure 18.18: A �xed reference frame

F is de�ned by an origin 0 and coor-

dinate axes xyz or base vectors �{ �| �k.

Once the xy (or �{ �|) directions are cho-

sen the z (or �k) direction is implicitly

de�ned by the right hand rule.

1 A �ne point for experts: refer-

ence frame vs coordinate system.

There is a semantic debate about the

degree to which the phrases �coordi-

nate system� and � reference frame�

are synonymous. For simplicity we

take them to mean the same thing.

An alternative de�nition distinguishes

reference frames from coordinate sys-

tems. It turns out that coordinate sys-

tems which are rotated, but not rotat-

ing, with respect to each other both

calculate the same time-derivative of

a given vector. Because these coor-

dinate systems are equivalent in this

regard they are sometimes called the

same reference frame. That is, some

people consider one reference frame to

be the set of all coordinate systems that

are glued to each other, nomatterwhat

their position or orientation. In this

way of thinking, a frame is mademan-

ifest by the use of one of its coordinate

systems, but no particular coordinate

system is unique to the frame.

y
′y

x

P

′x

F

B

0

′0

ı̂
ĵ
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Figure 18.19: A second reference

frame B is de�ned by an origin 0' and

coordinate axes x¨y¨z¨ or base vectors

�{¨ �|¨ �k¨. Once the x¨y¨ (or �{¨ �|¨) direc-

tions are chosen the z¨ (or �k¨) direction

is implicitly de�ned by the right hand

rule.

which is a bit of a mess. We could regroup the terms, but there would still

be 6 of them.

The moving-reference-frame methods that follow don't change this

answer. But they give a somewhat simpler derivation. And they also

group the terms in a physically meaningful way. One would be hard

pressed to make sense of all the terms in eqn. (18.17). With the time-

varying base vector methods below we can interpret the terms.

Reference frames

A reference frame is a coordinate system 1 . It has an origin and a set of pre-

ferred mutually orthogonal directions represented by base vectors. You

can think of a reference frame as a giant piece of graph paper, or in 3-D as

a giant jungle gym, that permeates space. It has the look of a wire frame.

Because we will use various frames, we name them. We always have one

frame that we think of as fixed for the purposes of Newtonian mechanics.

We call this frame F (or sometimes N). Most often we choose a frame

that is `glued' to the ground with an origin at a convenient point and with

at least one base vector lined upwith something convenient (e.g., up, side-

ways, along a slope, along the edge of an important part, etc.). F is a frame

in which the mechanics laws we use are accurate. We de�ne it by its ori-

gin and the direction of its coordinate axes, thus we would write

F is 0xyz or F is O�{ �| �k.

where we would generally have a picture showing the position of the ori-

gin and the orientation of the coordinate axes (see �g. 18.18).

When we write casually `position
Ç

r' of a point we mean
Ç

rP_0. When

we write `velocity
Ç

v' we mean
d

dt

Ç

r as calculated in F. That is, if
Ç

r =

x�{ + y �| + z �k then we de�ne the derivative of
Ç

r with respect to t in F as

Fd
Ç

r

dt
=

F

�Çr = �x�{ + �y �| + �z �k:

The scriptF shows explicitly that when we take the time derivative of the

vector we take the time derivative of its components, using the compo-

nents associated withF and holding constant the base vectors associated

with F. That is

Fd
Ç

rP_0

dt
=

F

�Çr
P_0

are just fancy ways of writing what we have been

calling
Ç

v.

The elaborate notation justmakes explicit how
Ç

v is de�ned. The only need

for this elaborate notation is if there is ambiguity. There is only ambiguity

if more than one reference frame is used in a given problem.

2 Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap



Introduction to Mechanics for Engineers � Ruina & Pratap Ch 18 Section 18.2

Using more than one reference frame

Let's add a second reference frame called B glued to and oriented

with the roof of the building. We will always use script capital letters

(A;B;C;D;E;F orN) to name reference frames. We de�neB by writing

B is 0¨x¨y¨z¨ or B is O¨�{¨ �|¨ �k¨

and by drawing a picture (see �g. 18.19). This new frame, as we have

drawn it, is also a good Newtonian or �xed frame. So we could write all

positions using theB coordinates and base vectors and then proceed with

all of our mechanics equations. The only confusion being that gravity

doesn't point in the * �|¨ direction, but in some crooked direction relative

to �{¨ and �|¨ (which we would have to work out from the angle of the roof).

Although one hardly notices when using just a single �xed frame, we ac-

tually use frames for three somewhat distinct purposes:

I. To de�ne a vector. For example if we were tracking the motion of

a cannon ball at P we could de�ne its position vector
Ç

r as
Ç

rP_0, using

frame F to de�ne
Ç

r. Or we could de�ne
Ç

r as
Ç

rP_O¨ using frame B to

de�ne
Ç

r.

II. To assign coordinate values to a given vector. For example, the

vector
Ç

rB_A could be written as

Ç

rB_A =
Ç

rB_A;

4m�{ + 5m �| = 6m�{¨ * 2:24m �|¨:

Alternatively, if we just want to look at the components of a given

vector we use []
F
to indicate the components of the vector in the

square brackets, [ ], using the base vectors of F. Thus

[
Ç

rB_A]F = [4m; 5m]¨ and [
Ç

rB_A]B = [6m; *2:24m]¨

where we have used []¨ to put the components in their standard

column form (although this is a picky detail). Note that although
Ç

rB_A =
Ç

rB_A that

[
Ç

rB_A]F � [
Ç

rB_A]B

because L 4m

5m
M � L 6m

*2:24m
M

That is, the components of a vector are di�erent when expressed in

di�erent frames. Two di�erent lists of numbers represent the same

vector. The magnitude, however, is independent of frame (42+52 =

62 + 2:242, to two decimal places).

III. To �nd the rate of change of a given vector. The position of P

relative to A changes with time. We can calculate this rate of change

two di�erent ways. First using frame F

Fd
Ç

vP_A

dt
=

F

�ÇrP_A = 0 d

dt
xP_A1 �{ + 0 d

dt
yP_A1 �|

or more informally as
F

�Çr = �x�{ + �y �|
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Figure 18.20: Aparticle P ismoving up

at speed c. Two �xed frames F and B

are used to keep track of it.

if we are clear in our minds that x and y are the coordinates of P

relative toA. Butwe can also calculate the rate of change of the same

vector
Ç

rP_A using frame B as

Bd
Ç

rP_A

dt
=

B

�ÇrP_A = 0 d

dt
x¨
P_A

1 �{¨ + 0 d

dt
y¨
P_A

1 �|¨

or more informally as
B

�Çr = �x¨�{¨ + �y¨ �|¨:

For the two frames F and B
B

�Çr =
F

�Çr because the two frames are not

rotating relative to each other. Speci�cally, forF andB the formula

for �nding x and y from x¨ and y¨ does not involve time. Similarly,

the formulas for �nding �{¨ and �|¨ from �{ and �| do not involve time.

For frames that are rotated with respect to each other but not rotat-

ing, the two time derivatives of a given vector are related the same

way the vector itself is related to itself in the two frames. The vectors

are the same but their coordinates are di�erent. That is, for rotated

but not relatively rotating frames

Ç

rP_A =
Ç

rP_A and

Fd
Ç

rP_A

dt
=

Bd
Ç

rP_A

dt

but [
Ç

rP_A]F � [
Ç

rP_A]B and [

Fd
Ç

rP_A

dt
]
F
� [

Fd
Ç

rP_A

dt
]
B
:

Going back and forth between these three uses of frames with ease is one

of the advanced skills of a person who can analyze the dynamics of com-

plex systems (And being confused about the distinctions is an almost uni-

versal part of learning advanced dynamics).

Example: Two �xed frames F and B

Consider F and B both to be �xed to the ground. Let's look at ÇrP_A where P is

moving up at constant rate (see �g. 18.20). First look at the position using both

frames:

ÇrP_A = ÇrP_A and

d�{ + ct �| =
�ù

2ct_2
�
�{¨ +

�ù
2ct_2

�
�|¨ but

[ÇrP_A]F = [d; ct]¨ � [ÇrP_A]B = [
ù
2ct_2;

ù
2ct_2]¨:

Now look at the rate of change of position using both frames. First F:

FdÇrP_A

dt
=

F

�ÇrP_A = 0 d

dt
xP_A1 �{ + 0 d

dt
yP_A1 �|

= c �|

Then the rate of change of ÇrP_A as calculated in B:

BdÇrP_A

dt
=

B

�ÇrP_A = 0 d

dt
x¨
P_A

1 �{¨ + 0 d

dt
y¨
P_A

1 �|¨

= .
ù
2c_2/�{¨ + .

ù
2c_2/ �|¨ = c �|

You can quickly verify that
Fd
Ç

rP_A

dt
=

Bd
Ç

rP_A

dt
by noting that �{¨ =

ù
2.�{ + �|/_2 and

�|¨ =
ù
2.*�{ + �|/_2.
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Figure 18.21: A third reference frame

C is de�ned by an origin 0¨¨ and co-

ordinate axes x¨¨y¨¨z¨¨ or base vectors

�{¨¨ �|¨¨ �k¨¨. In this case C is moving and

rotatingwith respect toF andB. Once

the x¨¨y¨¨ (or �{¨¨ �|¨¨) directions are cho-

sen the z¨¨ (or �k¨¨) direction is implic-

itly de�ned by the right hand rule.
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Figure 18.22: A �xed frame F and a

rotating frameB both keep track of the

position vector ÇrP_A.

So long asB is not rotating with respect toF then the rate of change

of a given vector is the same in both reference frames.

Translating and rotating reference frames

Now look at a third reference frame C that is glued to the roof of the car as

it starts up hill (see �g. 18.21). We de�ne C by the origin of its coordinate

system 0¨¨ and its time-varying base vectors �{¨¨ and �|¨¨. The issues with

de�ning a vector with C and withwriting components using C are the

same as forB. However taking the time derivative of a given vector in C

is di�erent than taking the time derivative inB orF because C is rotating

relative to them.

Rate of change of a vector relative to a rotating

frame: the �

Ç

Q formula

Because dynamics involves the time derivatives of so many di�erent vec-

tors (e.g.
Ç

r,
Ç

v,
Ç

L,
Ç

H
_C
, and

Ç

!) it is easier to think about the derivative of

some arbitrary or general vector, call it
Ç

Q, and then apply what we learn

to these other vectors.

Recalling our three uses of frames:

I. To de�ne a vector.

II. To express the coordinates of a given vector.

III. To take the time derivative of a vector.

we see that items [III.] and [I.] can be combined. That is, once a vector
Ç

Q

is de�ned clearly by some means then we can de�ne a new vector as the

derivative of that vector in, say, moving frameC. Once this new vector �Ç
Q
C

is

de�ned it can be expressed in terms of the coordinates of any convenient

frame.

Example: Derivative in a moving frame of a constant vector

Consider as
Ç

Q the relative position vector ÇrP_A of the points A and P that do not

move in the �xed frameF. That is, the pointsA andPdon'tmove in the ordinary

sense of the words (see �g. 18.22). Now also look at the frameB that is rotating

with respect to F at the rate ��. We have

ÇrP_A = ÇrP_A

l �| = l sin ��{¨ + l cos � �|¨

Sowe can now calculate the derivative in each frame by holding the correspond-
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⇀

Q(t) is an arbitrary vector
not attached to C or F .]

⇀

Q(t)

C

F

Figure 18.23: A �xed frame F de�ned

by Oxyz and a moving frame C de-

�ned by O¨x¨y¨z¨. Also shown is an

arbitrary vector
Ç

Q which changes rel-

ative to both frames.

ing base vectors as constant. So

FdÇrP_A

dt
= �l �| =

Ç

0

and

BdÇrP_A

dt
= l �� cos ��{¨ * l �� sin � �|¨

= l �� .cos ��{¨ * sin � �|¨/
«­­­­¯­­­­¬

�{

= l ���{

That is, the stationary vector ÇrP_A and the rotating frameB de�ne a new vector,

the derivative of ÇrP_A in B. This is also ÇvP_B * ÇvA_B, the di�erence between

the velocity of P and the velocity of A in the frame B. This new vector can be

expressed in any coordinate system of choice for example the �{ �| system. So we

wrote above
BdÇrP_A

dt
= l ���{

which looks mixed up but isn't. The frame B is used to help de�ne a vector

which is then expressed in the coordinates of F.

Using the moving-frame derivative to calculate the
�xed-frame derivative

Given a new vector �Ç
Q
C

, the derivative of
Ç

Q as calculated in a rotating frame

C, one calculation of common use is the determination of the derivative
�Ç
Q
F

of the same vector in the �xed frame F.

First think of a line segment that is marked between two points that

are glued to a moving frame C. We know (at least in 2-D and for �xed axis

rotation) that
Ç

vB_A =
Ç

!
C
�
Ç

rB_A:

Likewise for any vector which is �xed in C. It is especially useful to apply

this formula to unit base vectors, so

��{¨¨ =
Ç

!
C
� �{¨¨;

��|¨¨ =
Ç

!
C
� �|¨¨; and (18.18)

��k¨¨ =
Ç

!
C
� �k¨¨:

In some minds, Eqns. 18.18 are the core of rigid body kinematics. Box

18.1 on 10 shows how these relations give `the Q dot' formula: For any

time dependent vector
Ç

Q

�Ç
Q
F

=
�Ç
Q
C

+
Ç

!
C_F �

Ç

Q: (18.19)

or more simply, but less explicitly,
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�Ç
Q =

�Ç
Qrel +

Ç

! �
Ç

Q:

where �Ç
Qrel is the time derivative of

Ç

Q relative to the moving frame of in-

terest (in this case C). The `Q dot' formula says that

The derivative of a vector with respect to a Newtonian frame F (or

`absolute derivative') can be calculated as the derivative
�Ç
Q
C

of the vector

with respect to a moving frame C, plus a term
Ç

!
C
�
Ç

Q that corrects for

the rotation of frame C relative to frameF.

Note that if
Ç

Q is a constant in the frame C, like the relative position vector

of two points glued to C, then �Ç
Q
C

=
Ç

Qrel =
Ç

0 and the �Ç
Q formula reduces to

�Ç
Q
F

=
Ç

! �
Ç

Q:

The �Ç
Q formula 18.19 is useful for the derivation of a variety of formulas

and is also useful in the solution of problems.

While we have shown how to use this formula to calculate the rate of

change of a vector with respect to a Newtonian frame, the formula can

be used to calculate its rate of change with respect to a non-Newtonian

frame. Letting A and B be two possibly non-Newtonian frames, the �Ç
Q

formula for the rate of change of
Ç

Q with respect to frameA is

�Ç
Q
A

=
�Ç
Q
B

+
Ç

!
B_A �

Ç

Q: (18.20)

Both A and B could be non-Fixed (non-Newtonian).

Summary of the �

Ç

Q formula

For a vector
Ç

Q �xed in B,

�Ç
Q =

Ç

!
B
�
Ç

Q or �Ç
Q
F

=
Ç

!
B_F �

Ç

Q:

For any time dependent vector
Ç

Q,

�Ç
Q =

�Ç
Q
B

+
Ç

!
B
�
Ç

Q or �Ç
Q
F

=
�Ç
Q
B

+
Ç

!
B_F �

Ç

Q:

Some examples of applying the �Ç
Q formula are:

� Absolute velocity of a point P relative to O¨:

�ÇrP_O¨ =
B

�ÇrP_O¨ +
Ç

!
B
�
Ç

rP_O¨
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� Rate of change of a rotating unit vector which is �xed in B:

��{¨ = ��{¨rel
«̄ ¬
Ç

0

+
Ç

!
B
� �{¨

The varying base-vectors method of computing
velocity and acceleration

One way to calculate velocity, acceleration is to express the position of a

particle in terms of a combination of base vectors, some of which change

in time. Velocity and acceleration are then determined by directly di�er-

entiating the expression for position, taking account that the base vectors

themselves are changing. This method is sometimes convenient for bod-

ies connected in series, one body to the next, etc. The overall approach is

as follows:

1) Glue a coordinate system to every moving body. If needed, also cre-

ate moving frames that move independently of any particular body.

2) Call the basis vectors associated with these frames �{, �|, �k for the

�xed frame F; �{¨, �|¨, �k¨ for the moving frame B; and �{¨¨, �|¨¨, �k¨¨ for

the moving frame C, etc.

3) Evaluate all of the relative angular velocities;
Ç

!
B_F ,

Ç

!
C_B, etc. in

terms of the scalar angular rates ��, ��, etc. and the base vectors glued

to the frames.

4) Express all of the absolute angular velocities in terms of the relative

angular velocities.

5) Di�erentiate to get the angular accelerations using, for example,

��{¨ =
Ç

!
B
� �{¨ or

��|¨¨ =
Ç

!
C
� �|¨¨

6) Write the position of all points of interest in terms of the various base

vectors.

7) Di�erentiate the position to get the velocities (again using ��|¨¨ =
Ç

!
C
�

�|¨¨, etc.)

8) Di�erentiate again to get acceleration.

First, reconsider the bug crawling on the tire in �g. 18.24.

Example: Absolute velocity of apointmoving relative to amoving frame:

Bug crawling on a tire

We write the position of the bug in terms of the various basis vectors as

ÇrP_O = ÇrO¨_O + ÇrP_O¨

=

Ç

r
O¨_O

©­®­ª
d�{ + R �|+

Ç

r
P_O¨

©­®­ª

s�{¨ + l �|¨/ :
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Figure 18.24: The xyz coordinate sys-

tem is attached to the �xed frame with

basis vectors �{, �|, �k and thex¨y¨z¨ coor-

dinate system is attached to the rolling

tire with basis vectors �{¨, �|¨, �k¨ .The

absolute angular velocity of the tire is
Ç!
B_F = Ç!

B
= * �� �k¨ = * �� �k.

x

y
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y'

P

⇀
r P

⇀
r P/O′

⇀
r O′/O
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Figure 18.25: The position of a point

P relative to the origin of a �xed frame

F is represented as the sumof two vec-

tors: the position of the new origin rel-

ative to the old, and the position of P

relative to the new origin. (Here we

use �new� as an informal synonym for

�moving frame�.)

To get the absolute velocity
Fd

dt
.ÇrP_O/ of the bug at the instant shown, we dif-

ferentiate the position of the bug once, using the product rule and the rates of

change of the rotating basis vectors with respect to the �xed frame, to get

�ÇrP_O = ÇvP = �d�{ + �R
«̄ ¬

0

�| + �s
«̄ ¬

0

�{¨ + s ��{¨ + �l �|¨ + l ��|¨

= �d�{ + s.Ç!
B
� �{¨/ + �l �|¨ + l.Ç!

B
� �|¨/

= �d�{ + s.* �� �k¨ � �{¨/ + �l �|¨ + l.* �� �k¨ � �|¨/

= �d�{ + l ���{¨ + . �l * s ��/ �|¨: (18.21)

Example: Absolute acceleration of a point moving relative to a moving

frame (2-D): Bug crawling on a tire, again

Di�erentiating equation 18.21 from the example above again, we get the abso-

lute acceleration
Fd2

dt2
.ÇrP_O/ =

Fd

dt
.ÇvP/ of the bug at the instant shown,

�ÇrP_O = �ÇvP = ÇaP = �d�{ + .l �� + �l ��/�{¨ + l ��.* �� �k¨ � �{¨/

+. �l * s �� * �s
«̄ ¬

0

��/ �|¨ + . �l * s ��/.* �� �k¨ � �|¨/

= �d�{ + .l �� * s ��2 + 2 �l ��/�{¨ + . �l * l ��2 * s ��/ �|¨:

Summary of the varying base-vector method

In the varying base vector method, we calculate the velocity of a point by

looking at the position as the sum of two position vectors, one of which is

expressed in the moving base vectors. We then di�erentiate the position,

taking account that the base vectors of the moving frame change with

time. In general

Ç

vP =
d

dt

Ç

rP

=
d

dt

�
Ç

rO¨_O +
Ç

rP_O¨

�
=

d

dt

�
.x�{ + y �| + z �k/ + .x¨�{¨ + y¨ �|¨ + z¨ �k¨/

�
= . �x�{ + �y �| + �z �k/ + . �x¨�{¨ + �y¨ �|¨ + �z¨ �k¨/ +�

x¨.
Ç

!
B
� �{¨/ + y¨.

Ç

!
B
� �|¨/ + z¨.

Ç

!
B
� �k¨/

�
We could calculate

Ç

aP similarly using a combination of the product rule

of di�erentiation and the facts that ��{¨ =
Ç

!
B
� �{¨, ��|¨ =

Ç

!
B
� �|¨, and

��k¨ =
Ç

!
B
� �k¨, and would get a formula with 15 non-zero terms.
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18.1 The
�

Ç

Q formula

We think about some vector
Ç

Q as a quantity that could be rep-
resented by an arrow. We can write

Ç

Q using the coordinates of
the �xed Newtonian frame with base vectors �{; �|; �k:

Ç

Q = Qx �{ +

Qy �|+Qz
�k. Similarly we could write

Ç

Q in terms of the coordinates

of some moving and rotating frame B with base vectors �{¨; �|¨; �k¨:
Ç

Q = Qx¨ �{
¨ + Qy¨ �|

¨ + Qz¨
�k¨. Now of course

Ç

Q =
Ç

Q

so Qx �{ + Qy �| + Qz
�k = Qx¨ �{

¨ + Qy¨ �|
¨ + Qz¨

�k¨:

Similarly, �Ç
Q = �Ç

Q so long as what we mean by �Ç
Q is its derivative

in a �xed frame. That is, we use �Ç
Q as an informal notation for

�Ç
Q

F

=
Fd

Ç

Q

dt
. We can calculate �Ç

Q the same way we have from the

start of the book, namely,

�Ç
Q = �Qx �{ +

�Qy �| +
�Qz
�k:

We didn't have to use the product rule of di�erentiation because
the unit vectors �{, �|, and �k, associated with a �xed frame, are con-
stant in time.

What if wewanted to use the coordinate information thatwas
given to us by a person who was moving and rotating with the

moving frame B? Now we calculate �Ç
Q taking account that the B

base vectors change in time.

�Ç
Q =

d

dt
[Qx¨ �{

¨ + Qy¨ �|
¨ + Qz¨

�k¨]

= [ �Qx¨ �{
¨ + �Qy¨ �|

¨ + �Qz¨
�k¨]

«­­­­­­­¯­­­­­­­¬
�Ç
Q

B

(18.22)

+ [Qx¨
��{̈ + Qy¨

��|̈ + Qz¨
��k̈]

«­­­­­­­¯­­­­­­­¬

?

:

The �rst term in the product rule is just the derivative of
Ç

Q in the

moving frame �Ç
Q

B

. That is, �Ç
Q

B

is calculated by di�erentiating the
components inB holding the base vectors inB �xed. The second

term depends on evaluating ��{̈, ��|̈, and ��k̈. We know (at least for
2-D and for �xed-axis rotation in 3-D) that

��{¨ = Ç!
B
� �{¨;

��|¨ = Ç!
B
� �|¨; and (18.23)

��k¨ = Ç!
B
� �k¨:

Eqns. 18.23 are the core of rigid body kinematics.
Now we can go back to the second group of terms in

Eqn. 18.22.

? = [Qx¨
��{̈ + Qy¨

��|̈ + Qz¨
��k̈]

= [Qx¨
Ç!
B
� �{¨ + Qy¨

Ç!
B
� �|¨ + Qz¨

Ç!
B
� �k¨]

= Ç!
B
� [Qx¨ �{

¨ + Qy¨ �|
¨ + Qz¨

�k¨]

= Ç!
B
�
Ç

Q

Going back to Eqn. 18.22 we get the desired result:

�Ç
Q

F

= �Ç
Q

B

+ Ç!
B_F �

Ç

Q: (18.24)

or more simply, but less explicitly,

�Ç
Q = �Ç

Qrel +
Ç! �

Ç

Q: (18.25)

Geometric `derivation' of the �

Ç

Q

formula

Here is a geometrical `derivation' of the �Ç
Q formula in two dimen-

sions. Referring to the �gure at right, we look at a vector
Ç

Q at two
successive times. We then look at how

Ç

Q seems to change in a
frame that rotates slightly as

Ç

Q changes. The picture shows how
to account for the di�erence between the change of

Ç

Q as perceived
by the two di�erent frames.

In detail the parts (a) to (e) of the picture show the following.

Ö Part (a) shows a vector
Ç

Q at time t.

Ö Part (b) shows
Ç

Q at time t+�t and the change in
Ç

Q, �
Ç

Q ù
�Ç
Q � �t.

Ö Part (c) is like (a) but shows a moving body or frame A.

Ö Part (d) shows the change in
Ç

Q, .Ç!
A
�
Ç

Q/ � �t, that would

occur if
Ç

Q were �xed (constant) inA.

Ö Part (e) shows the change in
Ç

Q that would be observed in
the moving frame A.

Ö Part (f) shows the net change in
Ç

Q, �
Ç

Q, that is the same as
that in (b) above; here, it is shown as the sum of the two
contributions from (d) and (e).

Thus, using A, �
Ç

Q for small �t is composed of two parts: (1) the
�
Ç

Q observed inA.t/, and (2) the change in
Ç

Q which would occur
if
Ç

Q were constant in A.t/ and thus rotating with it. Dividing �
Ç

Q

by �t gives the ` �
Ç

Q formula', �Ç
Q =

A�

Ç

Q +Ç!
A
�
Ç

Q.

(continued...)
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18.1 The
�

Ç

Q formula (continued)

x

y

x

y

y,y'

x,x'

yy'

x 

x' 

y'

x' 

yy'

x 

x' 

(a) (b)

(d)

(c)

(f)

(e)

2D Cartoon of the ˙⇀Q Formula

F ˙⇀Q
in F

F ˙⇀Q
using A

time t time t + �t [�t is small]

[
⇀

Q(t) is an arbitrary vector
not attached to A or F .]

x-y axes fixed in F

⇀

Q(t)

�
⇀

Q = [The total change in
⇀

Q
observed in F in time �t]

⇀

Q(t + �t)

�
⇀

Q≈ ˙ ˙
⇀

Q �t

x'-y' axes fixed in A

A(t)

⇀

Q(t)
⇀
ωA

�θ

�θ

A(t +�t)

�θ ≈ |⇀
ωA|�t

[The change in
⇀

Q, if constant in A,
relative to F in time �t ≈ (�θ k̂)× ⇀

Q

≈ (⇀
ωA ˙�t)× ⇀

Q

≈ (⇀
ωA × ⇀

Q)˙�t.]

[What
⇀

Q would look like from F at
time t + �t if it was constant in A.]

[
A˙⇀Q (�t) ≈ the change in

⇀

Q

relative to A in time �t]
˙

A(t +�t)

⇀

Q(t +�t) A˙⇀Q (�t)˙

A(t + �t)

⇀

Q(t +�t)

⇀

Q(t)

A˙⇀Q (�t)˙≈

�
⇀

Q ≈ (⇀
ωA× ⇀

Q +A˙⇀Q) �t˙

�Q

�θ

≈ (⇀
ωA× ⇀

Q) �t˙

�
⇀

Q = [The total change in
⇀

Q

(observed in F in time �t)]

≈ A˙⇀Q (�t)+(⇀
ωA× ⇀

Q) �t˙ ˙

Two di�erent looks at the change in the vector
Ç

Q, �
Ç

Q, over a time interval �t.
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1 Wewill revisit this problem in Sam-

ple 18.9. Herewe use the �ÇQ formula on

various base vectors. In Sample 18.9

wewill use the relative velocity and ac-

celeration formulae.

SAMPLE 18.5 Acceleration of a pointmoving in a rotating frame. It

is given that the armOAB rotateswith counterclockwise angular accelera-

tion �! = 3 rad_s2 and at the instant shown the angular speed! = 5 rad_s.

Also, at the same instant, the particle P is sliding (roughly) down with

speed v_tube = 4 f t_s and acceleration a_tube = 2 f t_s2. Find the absolute

acceleration of the particle at the given instant. Takel = 2 f t in the �gure.

Solution Let us attach a body frame B to the rigid arm OAB. For calculations we �x

a coordinate system x¨y¨z¨ in this frame such that the origin O¨ of the coordinate system

coincideswithO, and at the given instant, the axes are alignedwith the inertial coordinate

axes xyz. Since x¨y¨z¨ is �xed in the frame B and B rotates with the rigid arm with
�Ç!
B
= 3 rad_s2 �k and Ç!

B
= 5 rad_s �k, the basis vectors �{¨, �|¨ and �k¨ rotate with the same

�Ç!
B
and Ç!

B
.

In the rotating (primed) coordinate system,

Çr
P

= x¨ �{¨ + y¨ �|¨

Çv
P

=
d

dt
.Çr

P
/ =

d

dt
.x¨ �{¨ + y¨ �|¨/

= �x¨ �{¨ + x¨ ��{¨ + �y¨ �|¨ + y¨ ��|¨:

Now, we use the �ÇQ formula to evaluate ��{¨ and ��|¨, i.e.,

��{¨ = Ç!
B
� �{¨ = !�k¨ � �{¨ = ! �|¨

��|¨ = Ç!
B
� �|¨ = !�k¨ � �|¨ = *!�{¨:

Also, note that x¨ is constant since in frame B, the motion of the particle is always along

the tube, i.e., along the negative y¨ axis (see Fig. 18.27). Thus, x¨ = 2l, �x¨ = 0, y¨ = l,

and �y¨ = *v_tube. Substituting these quantities in
Çv
P
, we get:

Çv
P

= x¨! �|¨ * v_tube �|
¨ + y¨.*!�{¨/

= .x¨! * v_tube/ �|
¨ * !y¨ �{¨: (18.26)

Now substituting x¨ = 2l = 4 f t,! = 5 rad_s, y¨ = l = 2 f t, v_tube = 4 f t_s and noting

that �{¨ = �{; �|¨ = �| at the given instant, we get:

Çv
P

= [.20 * 4/ �| * 10�{] f t_s = .*10�{ + 16 �|/ f t_s:

We can �nd Ça
P
by di�erentiating Eq. (18.26) and noting again that �{¨ = �{; �|¨ = �| at

the given instant 1 :

Ça
P

=
d

dt
.Çv

P
/ =

d

dt
[.x¨! * v_tube/ �|

¨ * !y¨ �{¨]

= . �x¨

«̄ ¬
0

! + x¨ �! *

a
_tube

©®ª
�v_tube/ �|

¨ + .x¨! * v_tube/
��|¨ * . �!y¨ + !

*v
_tube

©®ª

�y¨ /�{¨ * !y¨ ��{¨

= .x¨ �! * a_tube/ �|
¨ + .x¨! * v_tube/.*!�{

¨/ * . �!y¨ * !v_tube/�{
¨ * !y¨.! �|¨/

= *a_tube �|
¨ + 2!v_tube �{

¨ * !2.x¨ �{¨ + y¨ �|¨/ + �!.x¨ �|¨ * y¨ �{¨/

= *2 f t_s2 �| + 40 f t_s2 �{ * 25.4�{ + 2 �|/ f t_s2 + 3.4 �| * 2�{/ f t_s2

= *.66�{ + 40 �|/ f t_s2:

Ça
P
= *.66�{ + 40 �|/ f t_s2
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ĵ
D

B

ı̂
′

ĵ
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SAMPLE 18.6 Rate of change of unit vectors. A circular disk D is

welded to a rigid rod AB. The rod rotates about point A with angular ve-

locity
Ç

! = !�k. A frame B is attached to the disk and therefore rotates

with the same
Ç

!. Two coordinate systems, .�{¨; �|¨/ and . �e
R
; �e

�
/ are �xed in

frame B as shown in the �gure.

1. Find the rate of change of unit vectors �e
R
; �e

�
; �{¨ and �|¨ using the �Ç

Q

formula.

2. Express the �e
R
and �e

�
vectors in terms of �{¨ and �|¨ and verify the re-

sults obtained above for ��e
R
and ��e

�
by direct di�erentiation.

Solution Since the disk is welded to the rod and frame B is �xed in the disk, the frame

rotates with Ç!
B
= !�k.

1. To �nd the rate of change of the unit vectors using the �ÇQ formula, we substitute the

desired unit vector in place of
Ç

Q in the formula (eqn. (18.19)). For example,

��e
R
= B ��e

R
+ Ç!

B
� �e

R
:

It should be clear that B ��e
R
= 0, since �e

R
does not change with respect to an observer

sitting in frame B. Therefore,

��e
R
= Ç!

B
� �e

R
= !�k � �e

R
= ! �e

�
:

Similarly,

��e
�

= B ��e
�

«̄ ¬
Ç

0

+Ç!
B
� �e

�
= !

* �e
R©®ª

�k � �e
�
= *! �e

R
:

��{¨ = B ��{¨
«̄ ¬
Ç

0

+Ç!
B
� �{¨ = !�k � �{¨ = ! �|¨:

��|¨ = B ��|¨
«̄ ¬
Ç

0

+Ç!
B
� �|¨ = !�k � �|¨ = *!�{¨:

��e
R
= ! �e

�
; ��e

�
= *! �e

R
; ��{¨ = ! �|¨; and ��|¨ = *!�{¨

2. Since �e
R
= cos ��{¨+sin � �|¨ and �e

�
= *sin ��{¨+cos � �|¨, we get their rates of change

by direct di�erentiation as

��e
R

= cos � ��{¨ + sin � ��|¨

= cos �.! �|¨/ + sin �.*!�{¨/

= !.* sin ��{¨ + cos � �|¨/ = ! �e
�
;

��e
�

= *sin � ��{¨ + cos � ��|¨

= *sin �.! �|¨/ + cos �.*!�{¨/

= *!.cos ��{¨ + sin � �|¨/ = *! �e
R
:

Here we have used the fact that �, the angle between the unit vectors �e
R
and �{¨,

remains constant during the motion. The results obtained are the same as in part

(a).
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SAMPLE 18.7 Rate of change of a position vector. A rigid rod OAB

rotates counterclockwise about point O with constant angular speed ! =

5 rad_s. A collar C slides out on the bent arm AB with constant speed

v = 0:5m_s with respect to the arm. Find the velocity of the collar using

the
Ç

Q formula.

Solution Let Çr
C
be the position vector of the collar. Then the velocity of the collar is �Çr

C
.

Let the rod OAB be the rotating frame B. Now we can �nd �Çr
C
using the

Ç

Q formula:

�Çr
C
= B �Çr

C
+ Ç!

B
� Çr

C

To compute �Çr
C
, let us �rst �nd B �Çr

C
, the rate of change of Çr

C
as seen in frameB (this term

represents the velocity of the collar you see if you sit on the rod and watch the collar; also

called Çv
rel
).

Çr
C

= Çr
A
+ Çr

C_A

B �Çr
C

= B �Çr
A
+B �Çr

C_A

Note that the vector Çr
A
= l �� does not change in frameB since both its magnitude, l, and

direction, ��, remain �xed in B. Therefore,

B �Çr
A
= 0

Now ÇrC_A = r�{¨: Ù
B �ÇrC_A = �r�{¨ = 0:5m_s�{¨

because �{¨ does not change in B and �r = speed of the collar with respect to the arm (see

Figure 18.31). Thus,
B �Çr

C
= 0:5m_s�{¨:

Hence,

�Çr
C

= B �Çr
C
+ !�k � .l �� + r�{¨/

= B �Çr
C
+ !l. �k � ��/ + !r. �k � �{¨/

= �r�{¨ + !l.sin ��{ + cos � �|/ + !r �|¨

= 0:5m_s�{¨ + 5m_s.

ù
3

2
�{ +

1

2
�|/ + 1m_s �|¨

= 4:83m_s�{ + 3:5m_s �|

where we have used the fact that at the given instant, �{¨ = �{ and �|¨ = �|:

Çv
C
= 4:83m_s�{ + 3:5m_s �|
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18.2 Rotating reference
frames
18.2.1 Express the basis vectors (�{¨; �|¨)
associated with axes x¨ and y¨ in terms
of the standard basis (�{; �|) for � = 30

ý

.

x

y

x'

y'

θ

Problem 18.2.1

18.2.2 Body frames are frames of refer-
ence attached to a body in motion. The
orientation of a coordinate system at-
tached to a body frame B is shown in
the �gure at some instant of interest. For

� = 60
ý

, express the basis vectors . �b
1
; �b

2
/

in terms of the standard basis (�{; �|).

θ

x

y

B

b̂1

b̂2

Problem 18.2.2

18.2.3 Find the components of (a)
Çv = 3m_s�{ + 2m_s �| + 4m_s �k in

the rotated basis (�{¨; �|¨; �k¨) and (b) Ça =

*0:5m_s2 �|¨+3:0m_s2 �k¨ in the standard

basis (�{; �|; �k). (y and y¨ are in the same
direction and x¨ and z¨ are in the xz
plane.)

x

y, y'

z

x'

z'

θ

θ

Problem 18.2.3

18.2.4 A particle travels in a straight line
in the xy-plane parallel to the x-axis at a

distance y = l in the positivex direction.
The position of the particle is denoted by
Çr.t/. The angle of Çr measured positive
counter-clockwise from the x axis is de-
creasing at a constant rate with magni-
tude !. If the particle starts on the y axis
at � = �_2, what is Çr.t/ in cartesian co-
ordinates?

18.2.5 Given that Çr.t/ = ct2 �{¨ and that
�.t/ = d sin.�t/ , �nd Çv.t/

a) in terms of �{ and �|,

b) in terms of �{¨ and �|¨.

r(t)

ı̂

ı̂'

ĵĵ'

θ

Problem 18.2.5

18.2.6A bug walks on a turntable. In po-
lar coordinates, the position of the bug is

given by
Ç

R = R �e
r
, where the origin of this

coordinate system is at the center of the
turntable. The . �e

r
; �e

�
/ coordinate system

is attached to the turntable and, hence,
rotates with the turntable. The kinemat-
ical quantities describing the bug's mo-

tion are �R = * �R
0
, �R = 0, �� = !

0
, and �� =

0. A �xed coordinate systemOxy has ori-
gin O at the center of the turntable. As
the bug walks through the center of the
turntable:

a) What is its speed?

b) What is its acceleration?

c) What is the radius of the osculat-
ing circle (i.e., what is the radius
of curvature of the bug's path?).
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