Introduction to Mechanics for Engineers — Ruina & Pratap Ch 18 Section 18.1

18.1 Polar coordinates and path
coordinates

As you learned in Chapter 15, when a particle moves in a plane while
going in circles around the origin its position, velocity, and acceleration
can be described like this:

r = Re,

U = ROé =uvye

_ . y v;

a = -—RO%¢ + ROe = —R & 1 Vol

These three equations say that the position is the distance from the origin

times a unit vector towards the point; that the velocity is tangent to the

circle of motion; and that the acceleration has a centripetal component

proportional to the speed squared, and a tangential component, tangent

to the circle of motion with magnitude equal to the rate of change of speed.
We will now generalize these results two different ways.

« First we will use polar base vectors for non-constant R.

« Next we will use path base vectors to show that, in a sense to be
explained, the 2nd and 3rd formulas above (for © and @) apply to
any wild motion in 2D or 3D.

As mentioned, in principle these new methods are not needed. We
could just use one fixed coordinate system with base vectors i, j, and k
and write the velocity and acceleration of a point at position ¥ = xi + y j
as

D=xi+yj+zk and a==xi+yj+zk
as in Chapters 9-12. But, as for the circular motion of Chapter 15, rotating
base vectors are helpful for simplifying some kinematics and mechanics
problems.

Polar coordinates for general (non-circular)
motion

The extension of polar coordinates to 3 dimensions as cylindrical coordi-
nates is shown in fig. 18.1.

Rather than identifying the location of a point by its x, y and z coor-
dinates, a point is located by its cylindrical coordinates

R, the distance to the point from the z axis,

6, the angle that the most direct line from the z axis to the point makes
with the positive x direction,

z, the conventional z coordinate of the particle,

and base vectors:
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Figure 18.1: Polar coordinates.



tangent to
path at P

Figure 18.2: Particle P on an oblong
path. Note that the velocity is not par-

allel to &, at most points on the path.
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é,, a unit vector normal to the z axis that points from the z axis to the
particle
(in2-Dé, =r/r,
in3-De, = —@F-kk)/|r—F-kk|
= a unit vector in the direction of the shadow of 7 in the
xy plane)

¢, avector in the xy plane normal to &, (Formally &, = k x é),

k, the conventional k base vector.

The position vector of a particle is
¥ = Reé, + zk.

The z component of position, velocity and acceleration is the same
in cylindrical coordinates as in Cartesian coordinates. If only two-
dimensional problems are being considered then

7 =Re,

As the particle moves, the values of its coordinates R, 8 and z change as
do the base vectors &, and é,.
Example: Oblong path

A particle that moves on the oblong path R = A + Bcos(20) with A > B is
shown in fig. 18.2. The position vector is

¥ = Ré, = (A + Bcos(29))e,.

Note that, unlike for circular motion, &, is not tangent to the particle’s path in
general. The base vector &, is only tangent to the path at those points where the
path is closest to, or furthest from, the origin (which, in this example, are also
the points where the path crosses the x and y axes).

Velocity in polar coordinates

The velocity and acceleration are found by differentiating the position 7,
taking account that the base vectors &, and &, also change with time just
as they did for circular motion:

é, =o0e and & = —0¢
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We find the velocity by taking the time derivative of the position, using
the product rule of differentiation:

~ d_ d, . o
v—ar = E[ReR+zk]

d . d .
= E(ReR)+E(zk)

= (Re,+R &, )+ (zk)

N—_—r
6¢;
= R &+ RO &+ 2z k. (18.1)
N—— N—— N——
DR U@ vz

This formula is intuitive. The velocity is the sum of three vectors: one,
RéR, due to moving towards or away from the z axis; one, éRés, having to
do with the angle being swept; and in 3-D, one, zk, for motion perpendic-
ular to the xy plane. In 2-D this is shown in fig. 18.3.

But, as has been emphasized before, this isn’t a new vector v but just
a new way of representing the same vector:

v =0

v i+vu,j+ vk = vpe, +v.e, +v,k.

The vector v can be represented in different base vector systems, in this
case cartesian and polar.

Note that eqn. (18.1) adds two terms to the circular motion case from
Chapter 15: one for variable R and one for variable z.

Acceleration in polar coordinates

To find the acceleration, we differentiate once again. The resulting for-
mula has new terms generated by the product rule of differentiation.

LA
dt

d .. - o
= a(ReR+R6ee+zk)

a =

= (Re,+R & )+ (ROé +Rbe +RO & )+ (zk)

—— ——
Be, —bé,
= (R-06%R)e, + 2RO +RO)e,+ % k. (18.2)
N—_—— | — N——
ap ag a,

The acceleration for an arbitrary planar path is shown in fig. 18.4. Four
of the five terms comprising the polar coordinate formula for acceleration
are easy to understand.

R is just the acceleration due to the distance from the origin changing
with time.

Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap 3

Ipath of particle

Figure 18.3: Velocity in polar coordi-
nates for general planar motion. The
velocity has a radial &, component R
and a circumferential & component
RO.

Figure 18.4: Acceleration in polar co-
ordinates for general planar motion.
The acceleration has a radial &, com-
ponent B — R6? and a circumferential
é, component R + 2R0.
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Figure 18.5: The simplest case for un-
derstanding of the Coriolis term in the
acceleration. A particle moves at con-
stant speed R out on a line which is
rotating at constant rate 6. The fig-
ure shows a velocity vector as an ar-
row when the particle is at the origin
and a time At later. The change in the
velocity vector comes from two effects:
(a) the radial line has rotated, and (b) a
circumferential component is added to
the velocity when the particle is away
from the origin. For small AO these
two changes to the velocity are both
approximately perpendicular to ¥ and
parallel to each other.
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62R is the familiar centripetal acceleration.

R is the acceleration due to rotation proceeding at a faster and faster
rate. And

Z is the same as for Cartesian coordinates.

The Coriolis term. The difficult term in the polar coordinate expres-
sion for the acceleration is the

20R term, called the Coriolis acceleration, after the civil engineer
Gustave-Gaspard Coriolis who first wrote about it in 1835 (in a
slightly more general context).

The presence of the 2’ in this term is due to the two effects from which it
derives: 1 from the change of the Re, term in the velocity and 1 from the
change of the Réée term in the velocity (1 + 1 = 2).

The Coriolis acceleration occurs even if both § and R are constant.
That s, a particle that moves at constant speed (R = constant) on a straight
line that is itself rotating at constant rate (6 = constant) does not have
a straight-line path, and thus has some acceleration. The Coriolis term
catches this acceleration. Here is a situation in which the Coriolis term is
the only non-zero term in the general polar-coordinate acceleration for-
mula (eqn. (18.2)).

Example: The simplest Coriolis example '

Consider, like above, a par?icle moving at constant speed R along a line which is
itself rotating at constant 6 about the origin. Let’s look at a particle as it passes
through the origin at time ¢ and a small amount of time At later (see fig. 18.5). At
time ¢ + At the direction of the scribed line has changed by an angle A6 = 6At.
So that, even if at that later time 6 = 0 the direction of © has changed so ¥ has
changed by an amount vA§. But the rotation of the line does continue, so the

velocity includes a part in the &, direction with magnitude 6AR. That is © is
changed by both ABv and by 6AR so

A6~ (020 +0AR)e,
~ (R(e'At) + e'(RAt)) e,
~ (RS +06R)eAt
=20 o (R6+éR)e
>a ~ (RO+6R)e =2R0e,

as predicted by the general polar coordinate acceleration formula.

But one need not get confounded by a desire to understand every term
intuitively. Equation (18.2) is a way of describing the same acceleration
we have described with cartesian coordinates. Namely,

—

a=a

= ¥i+yj+zk=(R-6°Re,+(QRO+RO)e,+ % k.
N——

ag Qg a;
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Example: R(¢t) and 6(t) are given functions.
Say 6 and R vary in time according to

@=at and R=ct?

with a and c as given constants. Then at any ¢ the position, velocity, and accel-
eration are (see fig. 18.6)

¥ = Re =ct’e,
v Ré, + ROe, = 2cte, + act’e,, and
a (R — 0?R)é, + (RS + 2RO)e,

= (2c—a%ct?)é, + (0 + 4act) e,

with polar base vectors

é, cosfi+sin6j= cos(at)i+sin(at)j and
é@

= —sin6i+ cosbj = —sin(at)i + cos(at) j.

If we substituted these expressions for the polar base vectors into the expressions
for 7, v, and @ we would get the same cartesian representation (a giant mess that
we don’t show) that we would get from using x = Rcos6 and y = Rsin 6 with
F=xi+yj,0=xi+yjanda = Xi+yj. Thatis¥ =7, 0="70,anda = aeven
if the representation is different.

Path coordinates

Another way still to describe the velocity and acceleration is to use base
vectors which are defined by the motion. In particular, the path base vec-
tors used are:

1. the unit tangent to the path &,, and

2. the unit normal to the path é,,.

Somewhat surprisingly at first glance, only two base vectors are needed
to define the velocity and acceleration, even in three dimensions.

The base vectors can be described geometrically and analytically. Let’s
start out with a geometric description.

The geometry of the path basis vectors.

As a particle moves through space it traces a path 7(t). At the instant of
interest the path has a unique tangent line. The unit tangent &, is along
this line in the direction of motion, as shown in fig. 18.7.

Less clear is that the path has a unique ‘kissing’ plane. One line on
this plane is the tangent line. The other line needed to define this plane
is determined by the position of the particle just before and just after the
time of interest. Just before and just after the time of interest the particle
is a little off the tangent line (unless the motion happens to be a straight
line and the tangent plane is not uniquely determined). Three points, the
position of the particle just before, just at, and just after the instant of
interest determine the tangent plane.
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Figure 18.6: A particle moves with 0 =
at and R = ct®. In this drawing a =
.5 and c¢ is anything since no scale is
shown.

/.

/
v/ Ztangent line

/o osculating circle

\

@z\normal to path
p = radius of
circle

3D path

Figure 18.7: The base vectors for path
coordinates are tangent and perpen-
dicular to the path. The osculating
circle is a circle that is tangent to the
path and has the same curvature as the
path. The circle is in the plane con-
taining both the tangent to the path
and the rate of change of that tangent.
The osculating circle is not defined for
a straight-line path.



Figure 18.8: A path in the plane with
the path base vectors and osculating
circle marked at three points.

®Mathematicians often do not like
this engineering sloppiness of nota-
tion. That is, the sequence of points 7
that a particle traverses as both time ¢
and accumulated arc length s increase
is not the same mathematical function
of both the arguments s and ¢. For ex-
ample, when ¢t = 6 s the position is not
the same as when s = 6 cm. Here we
don’t think it is worth the trouble of
writing 7 = £(¢) and 7 = g(s).

N tangent to
path at P
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Figure 18.9: Particle P on an elliptical
path.
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Another way to picture the tangent plane is to find the circle in space
that is tangent to the path and which turns at the same rate and in the
same direction as the path turns. This circle, which touches the path so
intimately, is called the osculating or ‘kissing’ circle. The tangent plane is
the plane of this circle. (See fig. 18.7).

The unitnormal &, is the unit vector which is perpendicular to the unit
tangent and is in the tangent plane. It is pointed in the direction from the
edge of the osculating circle towards the center of the circle as shown in
fig. 18.7. For 2-D motion in the xy plane the osculating plane is the xy
plane and the osculating circle is in the xy plane. The path base vectors
are unit vectors that vary along the path, always tangent and normal to
the path (see fig. 18.8).

Formal definition of path basis vectors

The path of a particle ¥(t) can also be parameterized by arc length s along
the path, as explained in any introductory calculus text. So the path in
space is also 7(s)\&, where the arc length s is the path “coordinate”. The
unit tangent is:

Using the chain rule with 7(s(¢)) this is also

. dFDdt  ©
=

“= a4 ds

To define the unit normal let’s first define the curvature ¥ of the path
as the rate of change of the tangent (rate in terms of arc length).

<8

é

— t
XK= —
ds
The unit normal &, is the unit vector in the direction of the curvature
o = x
x|

Finally, the binormal &, is the unit vector perpendicular to &, and é,,:

N

e, =¢e xe,.
For 2-D motion the binormal &, is always in the k direction. The radius

of the osculating circle p is
p=—.
|%|

Note that, in general, the polar and path coordinate basis vectors are
not parallel; i.e., &, is not parallel to &, and &, is not parallel to é,. For ex-
ample, consider a particle moving on an elliptical path in the plane shown
in fig. 18.9. In this case, the polar coordinate and path coordinate basis
vectors are only parallel where the major and minor axes intersect the

path.
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Velocity and acceleration in path coordinates.

Although it is not necessarily easy to compute the path basis vectors &,
and e, they lead to simple expressions for the velocity and acceleration:

~ . ds,
v=ve, =8 (18.3)
g= Sy 2 (ve,) = ve, + ve
Sdt At Y !
= ve +u%§ = ve, + vxv
! ds dt !
e
= ve, +—e,. (18.4)
N——r p
a, ‘{’

This formula for velocity is intuitive: velocity is speed times a unit vector
in the direction of motion. The formula for acceleration is more interest-
ing. It says that the acceleration of any particle at any time is given by the
same formula as the formula for acceleration of a particle going around
in circles at non-constant rate.

« The first term v¢, is tangent to the path (also tangent to the osculat-
ing circle), as shown in fig. 18.10. If we draw the osculating circle at
the point of interest and fix it in space, then this first term is péée in
a polar coordinate system centered at the center of that fixed circle.

« The term v?/pn is directed towards the center of the osculating cir-
cle. This term is associated with change of direction and does not
vanish even if the speed is constant. This normal acceleration is
perpendicular to the path.

That is, the two terms in the path-coordinate acceleration formula cor-
respond exactly to the two terms for acceleration for a particle going in
circles.

Example: Estimating the direction of acceleration

By looking at the path of a particle (e.g., see fig. 18.11) and just knowing whether
it is speeding up or slowing down one can estimate the direction of the acceler-
ation.

If the particle is known to be speeding up at A then v > 0 so the tangen-
tial acceleration is in the direction of the velocity. Without thinking about the
normal acceleration you know that the acceleration vector is pointed in the half
plane of directions shown.

If at point B nothing is known about the rate of change of speed, you still
know that the acceleration must be in the half plane shown because that is the
direction of ¥ and e,,.

If at C you know that the particle is slowing down then you know that v <
0. But you also can see the curve is to the right so &, is to the right. So the
acceleration must be in the quadrant shown.
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Figure 18.10: The acceleration of any
particle can be broken into a part that
is parallel to its path and a part perpen-
dicular to its path.

slowing down
and curving right

curving left

speeding up

Q) start

Figure 18.11: A particle moves from
0 to D on the path shown. At A it is
speeding up so U > 0. At B it is turn-
ing to the left so e, points to the left.
At C it is slowing down and turning to
the right. So the acceleration must be
a positive vector pointed in the quad-
rant shown.
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Figure 18.12: The path of a rock in a
tire of radius R is shown as are the unit
tangent, the unit normal and the oscu-
lating circle at the top position.
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One can use the information about the curvature to further restrict the pos-
sible accelerations at point A also. At point B there is nothing more to know
unless you know how the speed is changing with time.

Earlier we found the curvature by assuming the particle’s path was
parameterized by arc length s. A second way of calculating the curva-
ture % (and then the unit normal ,) is to calculate the normal part of
the acceleration. First calculate the acceleration. Then subtract from the
acceleration that part which is parallel to the velocity.

(a-v)v
vz

a,=a—(a-e)e =a-

The normal acceleration is @, = v so

=

=

a (a oo
v vt

N|§L

x =

c

Recipes for path coordinates.

Assume that you know the position as a function of time in either carte-
sian or polar coordinates. Then, say, at a particular time of interest when
the particle is at 7, you can calculate the velocity of the particle using:

b=xi+yj+zk or ©=Re +R0Oe +:zk
and the acceleration using
R - N .2 s .. e
a=Xi+jyj+zZk or a=(R—RO )e + (2RO +RO)e, + Zk.

From these expressions we can calculate all the quantities used in the path
coordinate description. So we repeat what we have already said but in an
algorithmic form. Here is one set of steps one can follow. This recipe is
of little practical use, but does show that the motion explicitly determines

the path base vectors as well as the osculating circle.
1. Calculate &, = v/|v|.

. Calculatea, = a - v/v.

. Calculate &, = —=

—

2
3. Calculate @, = a — (a - D)v/v>.
4

0]

nl
I
. Calculate the radius of curvatureas p = —

la,|’

w

n

6. Write a parametric equation for the osculating circle as

=~

osculating — r+ pe,)+ p(—cos e, + sinpe,)

center circle

where ¢ is the parameter used to parameterize the points on the
Circle Fogyjating Of the point on the curve F. As ¢ ranges from 0 to
27 the point F o j4ing g0€s from 7 around the circle and back. The
plane of the osculating circle is determined by &, and é, . For planar
curves, the osculating circle is in the plane of the curve.
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Example: Particle on the rim of a tire
A particle P on the rim of a tire whose center is moving at constant speed v has
position r given by

7 = (vt — Rsin(vt/R)) i + R (1 — cos(vt/R)) j

where the origin is at the ground contact time ¢ = 0. When the particle is at its
highest point vt = 7R and

v=2vi and a=-(v*/R)j.
At that midpoint

e, =1 &, =-jx=-(1/(4R)j
and (2v)*/p =v?*/R=>p =4R

as shown in fig. 18.12. The osculating circle has 4 times the radius of the tire.
Note the intimacy of the osculating circle’s kiss with the cycloidal path.

Summary of polar(cylindrical) coordinates

See also the inside back cover, table II, row 3 for future reference.

vgé, + v,k = Re, + Roe, + zk

z

+
a=aye +age +ak=(R-0’Re,+ (RO +2R0)e + zk

For 2-D problems just set z = 0,Z = 0, and Z = 0 in these equations.

Summary of path coordinates

See the inside back cover table II, row 4 and the text under the table for
future reference:
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¥ = no simple expression in terms of path base vectors

cl
Il
@

e, =ve,

a=a, +a,

é,=dr/ds=0v/v

6, = %/I%| = pkt = @— (@-&)e,)/la—@-e)e,|

x=d

o>

Jds=(@—@-e)e)/v?  p=1/[x]

Both polar coordinates and path coordinates define base vectors in terms
of the motion of a particle of interest relative to a fixed coordinate system.
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Chapter 18.

SAMPLE 18.1 Acceleration in polar coordinates. A bug walks along "G ,
the spiral section of a natural shell. The path of the bug is described by the h
equation R = Rye®® where a = 0.182 and R, = 5mm. The bug’s radial i /%
distance from the center of the spiral is seen to be increasing at a constant
rate of 2mm/s. Find the x and y components of the acceleration of the
bugatf = 7.

Figure 18.13

Solution In polar coordinates, the acceleration of a particle in planar motion is
a = (R — RG*)e, + 2RO + Rb)e,.

Since we know the position of the bug,

R = R,e®,
. : : R
R = Ryae®d = 0O=——,
0 R,a e
R = Ryae®d+R,a*e?6>
Since the radial distance R of the bug is increasing at a constant rate R = 2 mm/s, R = 0,
that is,
Ryae®@B+ad?) = 0
=> 6 = —ad?
RZ
Therefore,
@ = (R-R6%»e + (2RO +Rb)e,
R? 2R? —R?
= [0-Re® ———)é,+|—"— +Re? - ——— |¢
RéaZeZae R,a ead R(Z)a e2ad
R? 1
= —=e,+(2-1e,|.
Roaeae[ a“+( )"]

Now substituting R, = 5mm, a = 0.182, R = 2mm/s, and 6 = 7 in the above expres-

sion, we get
a=(-13.63mm/s*) ¢, + (2.48mm/s*)e,.
But,at6 =7
é =cosfi+sinbj=—-i and & =—sinbi+cosbfj=—7j,
therefore,
a = (13.63mm/s?)i— (2.48mm/s?) j,
= a, = 1363mm/s? and a,=-248mm/s%.

y

a, =13.63mm/s’ a, = —2.48mm/ s>

Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap
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Chapter 18.

SAMPLE 18.2 Going back and forth between (x, y) and (R, 6). Given
the position of a particle in polar coordinates (R, ) and its radial and an-
gular velocity (R, 6) and radial and angular acceleration (R, 6), find (%, y)
and (¥, j). Also, find the inverse relationship.

Solution

« Polar to Cartesian: In polar coordinates, we are given R,6,R, 6,R, and 6. We
need to find X, y, X, and j. Let us consider the velocity ﬁrst_. The velocity of a point
is 0 = xi + yj in cartesian coordinates and v = Ré, + R6&, in polar coordinates.

Thus,
Xi+yj=Re, + RO,
where &, = cos0i + sin 6 jand &, = —sin 0i + cos 8 j. Dotting this equation with i

and j, respectively, we get

cos @ —sinf
. —~ . —~
R(e,-i)+RO (8, - 1)
= R(&- j)+RO(e, - j)

sin@ cos @
of,
= RcosB + RO(—sinB)
= Rsinf+ ROcosb
or,

g Hae

Thus given R and 6 at (R, 0), we can find % and y. Similarly, from the acceleration
formula, @ = ¥i + jj = (R — R6*)é, + (2RO + RO)é,, we derive

HEREa B e ]

(18.6)
It is not necessary to split the terms on the right hand side. We could have kept
them together as (R — R6?) and (2RO + RO) but we split them to keep the radial
acceleration term R and angular acceleration 0 in evidence.

cosB —sinf 1 0
sin 6 cos 6 0 R

« Cartesian to Polar: Given x,y, ¥, and j at (x,y), we can now find R, 8, R, and §
easily by inverting eqn. (18.5) and eqn. (18.6):

R 10 cos® sinf X
E 0 } - [ 0 }% ” —sin® cosf ]{ y ; (18.7)
R = 10 cos® sinf i —RE?
] - 0 % —sin® cos@ 5 () 288 .
(18.8)

Note that in eqn. (18.8) we need R and 8 'in order to compute R and §. This, how-
ever, is no problem since we have R and 0 from eqn. (18.7). Of course, R and 0 are
required too, which are easily computed as R = y/x2 + y? and 6 = tan™'(y/x).
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Chapter 18.

SAMPLE 18.3 Velocity in path coordinates. The path of a particle,
stuck at the edge of a disk rolling on a level ground with constant speed,
is called a cycloid. The parametric equations of a cycloid described by a
particle is x = t —sinf, y = 1 — cost where ¢ is a dimensionless time.

Find the velocity of the particle at

1. t=1Z,

2
2. t =m,and
3.t =21

and express the velocity in terms of path basis vectors (&,,&,).

Solution The position of the particle is given:

r o= xi+yj
= (t—sint)i+ (1 —cost)j
dr
dt
= (1—-cost)i+sintj,

and v = |7

\/(1 —cost)? + sin’ ¢
= V2-2cost.
In terms of path basis vectors, the velocity is given by
v =ve, where & =0/v.

Here,
. (A —cost)i+sintj
é = .
V2 —2cost
Substituting the values of ¢ in equations 18.11 and 18.12 we get
1 att==:
2

2. att =m:

3. att = 2m:
v =0, & =undefined, v=0.
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4 Chapter 18.

SAMPLE 18.4 Path coordinates in 2-D. A particle traverses a limacon

R = (1 + 2 cos 6) ft, with constant angular speed 8 = 3rad/s.

1.

2.

Find the normal and tangential accelerations (a, and a,) of the par-
ticle at @ = %

Find the radius of the osculating circle and draw the circle at 6 = %

Solution

1.

. x

Figure 18.14: The limacon R = (1 +
2 cos 0) ft.

Figure 18.15: The unit vectors &, é,,
and e, e, atd = /2.

Introduction to Mechanics for Engineers «

The equation of the path is
R =(1+2cos0)ft.

The path is shown in Fig. 18.14. Since the equation of the path is given in polar co-
ordinates, we can calculate the velocity and acceleration using the polar coordinate
formulae:

v = Ré, +ROg (18.13)
@ = (R—-R6»e,+ (2R6 +Rb)e,. (18.14)

So, we need to find R, R, & for computing ¥ and @. From the given equation for R

R = (1+2cosf)ft
= R = —(2ft)sin6d
= R = —(2ft)sin68 —(2ft)cos06?
= —(2ft)62cosb
where we set § = 0 because § = constant. Substituting these expressions in

Eqn. (18.13) and (18.14), we get

—(2ft)6sin6é, + 6(1 + cos ) fte,

(R — R6*)é, + (2R6 + RO)e,

[—26% cos 6 — (1 + 2cos ) 62] fte, + (—26%sin6) fte,
—62[(1 + 4cosB) e, + (2sinH) ] ft

e <
1]

which give velocity and acceleration at any 6. Now substituting 8 = /2 we get
the velocity and acceleration at the desired point:

vz = é[—ZSin%éR+(1+Zcos %)ée]ft
2
= 3ft/s(—2¢,+é)
alz = -9ft/s’(e, +2¢&).
2

Thus we know the velocity and the acceleration of the particle in polar coordinates.
Now we proceed to find the tangential and the normal components of acceleration
(acceleration in path coordinates). In path coordinates

a = a+a,

= aé +a,e,

where &, and é,, are unit vectors in the directions of the tangent and the principle
normal of the path. We compute these unit vectors as follows.

© 2026 Andy Ruina & Rudra Pratap
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e = 0
C ol
( —6ft/s)e, + (3ft/s)e,
V45 ft/s
= 2o+ te
- T =% %
NG
So,
a, = (a-e)e,
2
= orys (__ + _)é,
NEERYE
= 6,
and
a, = a-a,
= —9ft/s*(e, +2¢,).
Therefore,
~ an
e, = —
! a,|
1
= ——(&, +2¢)
Thus,
a = 95 ft/s%e,
— — 2
= a = 0 and a,=2012ft/s’. y osculating circle
a, =0, a, = 20.12ft/s?

2. In path coordinates the acceleration is also expressed as |
- v? ¢
a=ue,+ ¢, ‘:

where p is the radius of the osculating circle. Since we already know the speed v
and the normal component of acceleration a, we can easily compute the radius of %

the osculating circle.

vZ
a, = —
P
2 45(ft/s)?
@y 9\/5ft/s?

o = 2.24ft

Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap

Figure 18.16: The osculating circle of
radius p = 52ftat 6 = 7/2. Note
that &, points to the center of the os-
culating circle.
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Ch 18 Section 18.1

18.1 Polar coordinates
and path coordinates
18.1.1 A particle moves along the two
paths (1) and (2) as shown.

a) In each case, determine the veloc-
ity of the particle in terms of b, 6,

and 6. *
b) Find the x and y coordinates of the

path as functions of b and r or b
and 6. *

€y

ro2=b

@

(D))
@

L L
5 0 5

Problem 18.1.1

18.1.2 For the particle path (1) in prob-
lem 18.1.1, find the acceleration of the
particle in terms of b, 6, and 6.

18.1.3 For the particle path (2) in prob-
lem 18.1.1, find the acceleration of the
particle in terms of b, 6, and 6.

18.1.4 A body moves with constant ve-
locity V in a straight line parallel to and
at a distance d from the x-axis.

a) Calculate 8 in terms of V, d, and 6.

b) Calculate the & component of ac-
celeration.

Carefully define, using a sketch and/or
words, any variables, coordinate sys-
tems, and reference frames you use. Ex-
press your answers using any convenient
coordinate system (just make sure its ori-
entation has been clearly defined).

Introduction to Mechanics for Engineers «

Problem 18.1.4

18.1.5 Picking apart the polar coordi-
nate formula for velocity. This prob-
lem concerns a small mass m that sits in
a slot in a turntable. Alternatively you
can think of a small bead that slides on a
rod. The mass always stays in the slot (or
on the rod). Assume the mass is a little
bug that can walk as it pleases on the rod
(or in the slot) and you control how the
turntable/rod rotates. Name two situa-
tions in which one of the terms is zero but
the other is not in the two term polar co-
ordinate formula for velocity, Ré, + Réée.
You should thus gain some insight into
the meaning of each of the two terms in
that formula. *

y

Top view

Top view y

Problem 18.1.5

18.1.6 Picking apart the polar co-
ordinate formula for acceleration.
Reconsider the configurations in prob-
lem 18.1.5. This time, name four situa-
tions in which all of the terms, but one,
in the four term polar coordinate formula
for acceleration, @ = (R—R8%)é, + (2R +
R6)é,, are zero. Each situation should
pick out a different term. You should

© 2026 Andy Ruina & Rudra Pratap

thus gain some insight into the meaning
of each of the four terms in that formula.

*

18.1.7 The two differential equations:

R—R&? = 0
2RO+RE = 0

have the general solution

R = /d>+ (u(t —t,))>
6 = 6,+tan'(v(t—t,)/d)

where 6, d, t,, and v are arbitrary con-
stants. This solution could be checked by
plugging back into the differential equa-
tions — you need not do this (tedious)
substitution. The solution describes a
curve in the plane. That is, if for a range
of values of ¢, the values of R and 6 were
calculated and then plotted using polar
coordinates, a curve would be drawn.
What can you say about the shape of this
curve?
[Hints:

a) Actually make a plot using some
random values of the constants
and see what the plot looks like.

b) Write the equation F = ma for a
particle in polar coordinates and
think of a force that would be rel-
evant to this problem.

¢) The answer is something simple. |

18.1.8 A car driver on a very boring high-
way is carefully monitoring her speed.
Over a one hour period, the car travels
on a curve with constant radius of curva-
ture, p = 25mi, and its speed increases
uniformly from 50 mph to 60 mph. What
is the acceleration of the car half-way
through this one hour period, in path co-
ordinates?

18.1.9 Find expressions for &, a,, a,, &,,
and the radius of curvature p, at any posi-
tion (or time) on the given particle paths
for

a) problem 12.1.11,*

b) problem 12.1.12,

c) problem 18.2.4,

d) problem 12.1.14,

e) problem 12.1.13, and



2 Chapter 18.

f) problem 12.1.10.

18.1.10 A particle travels at non-constant
speed on an elliptical path given by y* =

b2(1 - %). Carefully sketch the ellipse
a

for particular values of a and b. For vari-
ous positions of the particle on the path,
sketch the position vector #(t); the po-
lar coordinate basis vectors &, and é;; and
the path coordinate basis vectors &, and
é,. At what points on the path are , and
é, parallel(or &, and é, parallel)?

Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap
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18.1.1 A particle moves along the two
paths (1) and (2) as shown.

a) In each case, determine the veloc-
ity of the particle in terms of b, 6,

and 6.

b) Find the x and y coordinates of the
path as functions of b and r or b
and 6.

Problem 18.1

M 1y

@)

5 0 5

Answer: . '
plot(2): 6(t) = br(t)and b = %éﬁ%é,.
plot(2): x = rcos(br) and y = rsinbr
orx = E cos(f) and y = % sin 6

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 18.1.5

Top view

18.1.5 Picking apart the polar coordi-
nate formula for velocity. This prob-
lem concerns a small mass m that sits in
a slot in a turntable. Alternatively you
can think of a small bead that slides on a
rod. The mass always stays in the slot (or
on the rod). Assume the mass is a little
bug that can walk as it pleases on the rod Top view
(or in the slot) and you control how the

turntable/rod rotates. Name two situa- @
tions in which one of the terms is zero but

the other is not in the two term polar co- 0
ordinate formula for velocity, Ré, + Réée.
You should thus gain some insight into
the meaning of each of the two terms in J X
that formula.

Problem 18.5

Answer:
One situation: = ROé;the case of a
particle constrained to move in a circle.

17.1.5

Saturday, April 20, 2019 11:52 PM

A

Top view Top view y

Problem 17.1.5

Gven: mass m i e glot /v,. e rod
Find s v grbuations ;otne of +he  toyms s 3ero
in polar sordinete for mula for ""[""‘{j ;
RE +pe 6,
Sttuskion  § | g0, é#O,uo
s R€,=3, 16, 0
In +hy (ase, the b.ﬁ i Loy and does not
move  rglatively M the sl /on the rod ot ol

The 'MJ 5 Fhus m(aumin] motionless o the s
(bt nov ot the orig'n) -

Stuation H 2 : Hz=Q R0, R fan ke am%‘ﬂ
Thus RS €5=3 , £ €p#7
In this @e, I am [ﬁd 50 that 1 dontt
et do e te funtble /rod, bt e
b“j '“-;]}\* be d’i[-;je»* and moves a,lw1 the slvf,

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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18.1.5 Picking apart the polar coordi-
nate formula for velocity.  This prob-
lem concerns a small mass m that sits in
a slot in a turntable. Alternatively you can
think of a small bead that slides on a rod.
The mass always stays in the slot (or on the
rod). Assume the mass is a little bug that
can walk as it pleases on the rod (or in the
slot) and you control how the turntable/rod
rotates. Name two situations in which one
of the terms is zero but the other is not in
the two term polar coordinate formula for
velocity, Ré, + ROé,. You should thus
gain some insight into the meaning of each
of the two terms in that formula. *

Grven - Mes¢ %L‘riwsle-c/cm +the ool
Fx
Nowe 2 STIMATIONS i wiric one of fhe Termg T 2eve bure

Ww in the o tormn &\w AN V) fnglU\(p\ #r(/l'_{oc,('tz_}
\/ RQD.-+ 2(9&9

)

CHuston 1 Bea= 0 > R=0

Top view y Top view y

594h9pdb

Problem 18.1.5

Yormevime. Coo

s 7 N < N .

=/§€z +R9Cy = RGOy = PWeE
In M unarvio, e lttde b st wet  Ymol
veloive o The {urntable [vod & Tt oy rotorige

—ﬁo?e-tlwr with e turntelle /vool Civmlar T €

weth o s)(ey( "
Top view y

3 @\

Filename:pfigure-s94h9pdb

Problem 18.1.5

Top view Y

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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%TMVL,I/ slot, on e ctotfiovony Tt /

STAT“\«MAA’ nd. Tmfw’wa/ alw\a}: Q:;

Top view Y
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Top view Y Top view y

Filename:pfigure-s94h9pdb
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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18.1.6 Picking apart the polar co-
ordinate formula for acceleration.
Reconsider the configurations in prob-
lem 18.1.5. This time, name four situa-
tions in which all of the terms, but one,
in the four term polar coordinate formula

for acceleration, @ = (R—R6%)é, + (2R +

17.1.6

Friday, April 26, 2019

?-‘ok“j “r“"l' the rolar coo""{l\nﬂ‘fe

RO)é,, are zero. Each situation should
pick out a different term. You should
thus gain some insight into the meaning
of each of the four terms in that formula.

Answer:
One situation: a = RéR; the case of no
rotation (6 = 6 = 0).

2:15PM
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Disclaimer: We have lost track of the many people who wrote these solutions.
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HW12-P63-18.1.6
Friday, April 30,2021  8:47 AM 50‘4‘“0" 5/ M,‘Cl‘a&/ ZﬂkMdl'O{'y

~
18.1.6 Picking apart the polar coordi- (8§ / . g
nate formula for acceleration. Recon- F’,\OM ( P,y
sider the configurations in problem 18.1.5. ki )
This time, name four situations in which e

n

\/‘7 e,

()]

all of the terms, but one, in the four term i
polar coordinate formula for acceleration,
@ = (R— R0O%é, + (2RO + RO)é,, are /
zero. Each situation should pick out a dif- |'
ferent term. You should thus gain some in- .

sight into the meaning of each of the four \
terms in that formula. *

J Be,mj in
b s a slot

2=(R-RO)e. +(1RS +RE) e

Case |© R =cbesnt mottel @ < doesat matter

R 40 f=0
R40 G -0

ﬂ\erefore, acceleraton ferm R # @, , a/\J —Qé = - Zlé 9 = Ra =0
w\/_’ 6’: TAe /.é e':. fGrm re/rfsenfs fl'e
radial accelornt on of the bead. This
Can ‘*‘/“Si‘/e{)/ be made non-zeo t’l' the
d"’k is h()’t I‘O‘/a!}n] (W = é:())l anJ

e ted s experienting a [near acceleration
ik slot,

R w=0
)

HW Solutions Page 1

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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18.1.7 The two differential equations:

R—R&2 = 0
2RE+RE = 0

have the general solution

v A2+ (u(t - t))?

6, + tan”"(v(t — t,)/d)

R

where 6, d, t,, and v are arbitrary con-
stants. This solution could be checked by
plugging back into the differential equa-
tions — you need not do this (tedious)
substitution. The solution describes a
curve in the plane. That is, if for a range

of values of ¢, the values of R and 6 were
calculated and then plotted using polar
coordinates, a curve would be drawn.
What can you say about the shape of this
curve?

[Hints:

a) Actually make a plot using some
random values of the constants
and see what the plot looks like.

b) Write the equation F = ma for a
particle in polar coordinates and
think of a force that would be rel-
evant to this problem.

¢) The answer is something simple. |

&5

wr. T r\d

Plot Rvs 8 i /oalv— coorols ﬁf"
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f‘e:f 0N Thes ¢ Tina ewds  on o

rad,e/t
%?& o

J:S‘ra,'\ o - I d
Seq ffo?".

2ltbe faitot

180
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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18.1.9 Find expressions for &, a,, a,, &,, Answer:
and the radius of curvature p, at any posi- (a)
tion (or time) on the given particle paths
for 2w, L
“i+esj
a) problem ??, e, = S
2t
b) problem ??, 4% +es
S
c) problem ??, 2
4t— +es m/s?
d) problem ??, a, =
e) problem ??, and 42 4 e%

f) problem ??. o , .
Q- 2£s)e? m/s’i + (42—2 - 4£s)e§ m/s?j

a, = —
4= te
52
t
o t .
o - e<1—2;J
n - =
4;4‘9s
[2
(4= +e>)
p = —=% m
(2-2%es
S

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.



14 Chapter 18. 1. Polar... Introduction to Mechanics for Engineers

« © 2026 Andy Ruina & Rudra Pratap

Problem 18.1.10

18.1.10 A particle travels at non-constant
speed on an elliptical path given by y? =

b2(1 - %). Carefully sketch the ellipse
a
for particular values of a and b. For vari-

17.1.10

Friday, April 26, 2019

9H.T+.‘ml fa+l. :

ous positions of the particle on the path,
sketch the position vector ¥(t); the po-
lar coordinate basis vectors &, and é,; and
the path coordinate basis vectors &, and
é,. At what points on the path are e, and
é, parallel(or &, and é, parallel)?

2:56 PM
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o (41
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Foud all pointé on the ;Mh é‘r / n

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.



16 Chapter 18. 1. Polar... Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap

Problem...

MAE 2030 HW P64 (18.1.10) Solution

2

Gf[\/m. jlrt)l("%f)
Dzﬁim 0\=3,lo=l~f

Sketeh . El/bifsa/ F‘(-l;), Gt . &n, 21;

If AA’MU t/u.e/wfﬁ in MATLAB a!o

theta = linspace(0, 2*pi, 1000);
X = a*cos(theta);

y = b*sin(theta);

plot(x,y);

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.

Duan Li
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Fid  Where &Il £

AASW&(‘. A‘t +ha AfOAfSe,s Mol tha ,)ex‘faf$€$

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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