
Introduction to Mechanics for Engineers � Ruina & Pratap Ch 17 Section 17.5

G1 G2

C1
C2

bang

-

+

Collisions FBDs

⇀
P

⇀

-P

n̂

⇀
rC2/G2

⇀
rC1/G1

Figure 17.75: Two bodies collide at

point C. The only non-negligible colli-

sion impulse is
Ç

P acting on body 2 (and

*
Ç

P on body 1) at point C. Thematerial

points on the contacting bodies are C1

and C2. The outward normal to body 1

at C1 is �n.

17.5 Rigid-object collision mechanics

This section extends the particle collisions discussion in Section 13.2 that

starts on page 665.

2D collisions

For collisions between rigid bodies withmore general motions before and

after the collisions we depend on the three key ideas

I. Collision forces are big,

II. Collisions are quick, and

III. The laws of mechanics apply during the collision.

There are two extra assumptions that are needed in simple analysis:

IV. Collision forces are few. For a given rigid body there is one, or at

most two non-negligible collision forces. This is the real import of

idea (I) above. Because collision forces are big most other forces can

be neglected.

V. The collision force(s) act at a well de�ned point which does not

move during the collision.

Based on these assumptions one then uses linear and angularmomentum

balance in their time-integrated form.

Example: Two bodies in space

Two bodies collide at point C. The impulse acting on body 2 is
Ç

P = �
Ç

Fcoll dt.

If the mass and inertia properties of both bodies is known, as are the velocities

and rotation rates before the collision we have the following linear and angular

momentum balance equations for the two bodies:

*
Ç

P = m1

�
Çv+
G1

*
Çv*
G1

�

Ç

P = m2

�
Çv+
G2

*
Çv*
G2

�

ÇrC_G1 � .*
Ç

P/ = Icm
zz

1 �
!+
1
* !*

1

�
�k

ÇrC_G2 �
Ç

P = Icm
zz

2 �
!+
2
* !*

2

�
�k:

(17.57)

These make up 6 scalar equations (2 for each momentum equation, 1 for each

angular momentum equation). There are 8 scalar unknowns: Çv+
G1

(2), Çv+
G2

(2),

!+
1
(1), !+

2
(1), and

Ç

P (2). Thus the motion after the collision cannot be deter-

mined.

[Note that linear and angularmomentum balance for the systemwould give

equations which could be obtained by adding and subtracting combinations of

the equations above. So adding system momentum balance equations does not

add information (i.e., adds linearly dependent equations).]

So, as for 1-D collisions, momentum balance is not enough to deter-

mine the outcome of the collision. Eqns. 17.57 aren't enough. A thou-

sand di�erent models and assumptions could be added to make the sys-

tem solvable. But there are only two cases that are non-controversial and

also relatively simple: 1) sticking collisions, and 2) frictionless collisions.
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Figure 17.76: Sticking collision with

an immovable object. The box sticks

at A and then rotates about A. Angu-

lar momentum about point A is con-

served in the collision.

Sticking collisions

A `perfectly-plastic' sticking collision is one where the relative velocities

of the two contacting points are assumed to go suddenly to zero. That is

Ç

v
+
C1

=
Ç

v
+
C2

Writing
Ç

v
+
C1

=
Ç

v
+
G1

+ .!+
1
�k/ �

Ç

rC_G1 and similarly for
Ç

vC2 thus adds a

vector equation (2 scalar equations) to the equation set 17.57. This gives

8 equations in 8 unknowns.

A little cleverness can reduce the problem to one of solving only 4

equations in 4 unknowns. Linear momentum balance for the system, an-

gularmomentumbalance for the systemand angularmomentumbalance

for object 2 make up 4 scalar equations. None of these equations includes

the impulse
Ç

P. Because the system moves as if hinged at C1 after the col-

lision, the state of motion after the system is fully characterized by
Ç

v
+
G1
,

!
+
1
, and !

+
2
. Thus we have 4 equations in 4 unknowns.

Example: One body is hugely massive: collision with an immovable ob-

ject

If body 2, say, is huge compared to body 1 then it can be taken to be immovable

and collision problems can be solved by only considering body 1 (see �g. 17.76).

In the case of a sticking collision the full state of the system after the collision is

determined by !+
1
. This can be found from the single scalar equation obtained

from angular momentum balance about the collision point.

Ç

H
*
A =

Ç

H
+
A

ÇrG_A �m
Çv
*

G + Icm
zz

!* �k =
ÇrG_A �m

Çv
+

G + Icm
zz

!+ �k

Because the state of the system before the collision is assumed known (the left

�-� side of the equation, and because the post-collision (+) state is a rotation

about A, this equation is one scalar equation in the one unknown !+. Note

that
Ç

H
+
A could also be evaluated as

Ç

H
+
A = !+IA

zz
�k. So one way of expressing the

post-collision state is as

!+ =

�
ÇrG_A �m

Çv
*

G + Icm
zz

!* �k
�

�

�k

IAzz
and Çv

+

G = !+ �k �
ÇrG_A:

Note also that the same ÇrG_A is used on the right and left sides of the equation

because only the velocity and not the position is assumed to jump during the

collision.

The collision impulse
Ç

P can then be found from linear momentum balance

as
Ç

P = m
�
Çv
+

G *
Çv
*

G

�
:

Sticking collisions are used asmodels of projectiles hitting targets, of robot

and animal limbs making contact with the ground, of monkeys and acro-

bats grabbing hand holds, and of some particularly dead and frictional

collisions between solids (such as when a car trips on a curb).

Frictionless collisions

The second special case is that of a frictionless collision. Here we add two

assumptions:
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Figure 17.77: Frictionless collision

between two identical round objects.

Ball one is initiallymoving to the right,

ball 2 is initially stationary. The im-

pulse of ball 1 on ball 2 is
Ç

P.

1. There is no friction so
Ç

P = P �n. The number of unknowns is thus

reduced from 8 to 7.

2. There is a coe�cient of (normal) restitution e.

Thenormal restitution coe�cient is taken as a property of the colliding

bodies. It is a given number with 0 < e < 1 with this de�ning equation:

.
Ç

v
+
C2
*
Ç

v
+
C1
/ � �n = *e.

Ç

v
*
C2
*
Ç

v
*
C1
/ � �n:

This says that the normal part of the relative velocity of the contacting

points reverses sign and its magnitude is attenuated by e. This adds a

scalar equation to the set Eqns. 17.57 thus giving 7 scalar equations (4

momentum, 2 angular momentum, 1 restitution) for 7 unknowns (4 ve-

locity components, 2 angular velocities and the normal impulse).

The most popular application of the frictionless collision model is for

billiard or pool balls, or carom pucks. These things have relatively small

coe�cients of friction.

We statewithout proof that a frictionless collisionwith e = 1 conserves

energy.

Example: Pool balls

Assume one ball approaches the other with initial velocity Çv+
G1

= v�{ and has an

elastic frictionless collision with the other ball at a collision angle of � as shown

in �g. 17.77. De�ning �n � cos ��{ * sin � �| we have that
Ç

P = P �n. To determine

the outcome of the equationwe have the angularmomentum balance equations

(about the center-of-mass) which trivially tell us that

!+
1
= !+

2
= 0

because the balls start with no spin and the frictionless collision impulses
Ç

P =

P �n and *
Ç

P = *P �n have no moment about the center-of-mass. Linear momen-

tum balance for each of the balls

*P �n = m
Çv+
G1

*mv�{

P �n = m
Çv+
G2

*
Ç

0

gives 4 scalar equations which are supplemented by the restitution equation

(using e = 1)

.�
Çv+/ � �n = *e .�

Çv*/ � �n

Ù *v cos � =
Çv+
G2

� �n *
Çv+
G1

� �n

which together make 5 scalar equations in the 5 scalar unknowns Çv+
G1
, Çv+

G2
, and

P (each vector has 2 unknown components). These have the solution

Çv+
G1

= v sin �.sin ��{ + cos � �|/;
Çv+
G2

= v cos �.cos ��{ * sin � �|/; and

P = mv cos �:

The solution can be checked by plugging back into the momentum and restitu-

tion equations. Also, as promised, this e = 1 solution conserves kinetic energy.

The solution has the interesting property that the outgoing trajectories of the
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two balls are orthogonal for all � but � = 0 in which case ball 1 comes to rest in

the collision. [The solution can be found graphically by looking for two outgo-

ing vectors which add to the original velocity of mass 1, where the sum of the

squares of the outgoing speeds must add to the square of the incoming speed.]

Frictional collisions

For a collision with friction, but not so much that total sticking is accu-

rate, the modeling is complex and subtle. As of this writing there are

no standard acceptable ways of dealing with such situations. Commer-

cial simulation packages should be used for such with skeptical caution.

They are generally defective in that they can predict only a limited range

of phenomena and/or they can create energy even with innocent input

parameters.

Why is it hard to �nd a good collision law

Ideally one would like a rule to determine how bodies move after a colli-

sion fromhow theymove before the collision. Such a rule would be called

a collision law or a constitutive relation for collisions. That accurate col-

lision laws are rare at best might be surmised from the basic problem that

the phrase rigid body collisions is in some sense a contradiction in terms,

an oxymoron. The force generated in the contact comes frommaterial de-

formation, and deformation is just what we generally try to neglect when

doing rigid body mechanics.

There is a temptation to say that one wants to continue to neglect de-

formation during the collision, but for an in�nitesimal contact region.

And some collision laws are formulated with this approach. Even then,

there are no reliable models for the deformation in that small region, and

such laws are doomed to inaccuracy in situations where the deformation

is not so limited.

For complex shaped bodies touching at various points that are gener-

ally not known a priori, no collision law is reliably accurate.
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SAMPLE 17.27 For two masses conservation of momentum is expressed

by the vector equation m
1

Ç

v
1
+ m

2

Ç

v
2
= m

1

Ç

v
+

1
+ m

2

Ç

v
+

2
. Suppose

Ç

v
1
=

Ç

0;
Ç

v
2
= *v

0
�|;
Ç

v
+

1
= v+

1
�{ and

Ç

v
+

2
= v+

2
t

�et+v
+

2
n

�en, where �et = cos ��{+sin � �|

and �en = *sin ��{ + cos � �|.

1. Obtain two independent scalar equations from the momentum

equation corresponding to projections in the �en and �et directions.

2. Assume that you are given another equation v+
2
t
= *v

0
sin �. Set

up amatrix equation to solve for v+
1
; v+

2
t

, and v+
2
n

from the three equa-

tions.

Solution

1. The given equation of conservation of linear momentum is

m1
Çv1

«̄ ¬
0

+m2
Çv2 = m1

Çv+
1
+ m2

Çv+
2

or *m2v0 �| = m1v
+
1
�{ +m2.v

+
2
t

�e
t
+ v+

2
n

�e
n
/: (17.58)

Dotting both sides of eqn. (17.58) with �e
n
gives

*m2v0.

cos �
©®ª
�e
n
� �|/ = m1v

+
1
.

*sin �
©®ª
�e
n
� �{/ +m2v

+
2
t

.

0
©®ª
�e
n
� �e

t
/ +m2v

+
2
n

.

1
©®ª
�e
n
� �e

n
/

or *m2v0 cos � = *m1v
+
1
sin � +m2v

+
2
n

: (17.59)

Dotting both sides of eqn. (17.58) with �e
t
gives

*m2v0.

sin �
©®ª
�e
t
� �|/ = m1v

+
1
.

cos �
©®ª
�e
t
� �{ / +m2v

+
2
t

.

1
©®ª
�e
t
� �e

t
/ +m2v

+
2
n

.

0
©®ª
�e
t
� �e

n
/

or *m2v0 sin � = m1v
+
1
cos � +m2v

+
2
t

: (17.60)

*m2v0 cos � = *m1v
+
1
sin � +m2v

+
2
n

; *m2v0 sin � = m1v
+
1
cos � +m2v

+
2
t

2. Now, we rearrange eqn. (17.59) and 17.60 along with the third given equation,

v+2
t
= *v0 sin �, so that all unknowns are on the left hand side and the known

quantities are on the right hand side of the equal sign. These equations, in matrix

form, are as follows.

bffd
*m1 sin � 0 m2

*m1 cos � m2 0

0 1 0

cgge
hlj

v+
1

v+
2
t

v+
2
n

imk =

hlj
*m2v0 cos �

*m2v0 sin �

*v0 sin �

imk :
This equation can be easily solved on a computer for the unknowns.
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Figure 17.79: FBD of the ball during

the strike. The nonimpulsive forces

mg;N; and f can be ignored in com-

parison to the strike force F.

SAMPLE 17.28 Cueing a billiard ball. Abilliard ball is cued by striking

it horizontally at a distance d = 10mm above the center of the ball. The

ball has mass m = 0:2 kg and radius r = 30mm. Immediately after the

strike, the center-of-mass of the ball moves with linear speed v = 1m_s.

Find the angular speed of the ball immediately after the strike. Ignore

friction between the ball and the table during the strike.

Solution Let the force imparted during the strike be F. Since the ball is cued by giving

a blow with the cue, F is an impulsive force. Impulsive forces, such as F, are in general

so large that all non-impulsive forces are negligible in comparison during the time such

forces act. Therefore, we can ignore all other forces .mg;N; f/ acting on the ball from its

free-body diagram during the strike.

Now, from the linear momentum balance of the ball we get

F�{ = �ÇL or .F�{/dt = d
Ç

L Ù Ê .F�{/dt =
Ç

L2 *
Ç

L1

where L2 * L1 = �
Ç

L is the net change in the linear momentum of the ball during the

strike. Since the ball is at rest before the strike,
Ç

L1 = m Çv1
«̄ ¬

0

=
Ç

0. Immediately after the

strike, Çv = v�{ = 1m_s.

Thus
Ç

L2 = mÇv = 0:2 kg�1m_s�{ = 0:2N� s�{:

Hence Ê .F�{/dt = 0:2N� s�{ or Ê Fdt = 0:2N� s: (17.61)

To �nd the angular speed we apply the angular momentum balance. Let ! be the angular

speed immediately after the strike and Ç! = !�k. Now,É
Ç

Mcm = �ÇHcm Ù Ê É
Ç

Mcm dt = Ê d
Ç

Hcm = .
Ç

Hcm/2 * .
Ç

Hcm/1:

Because
Ç

Hcm = Izz
cm

Ç! and just before the strike, Ç! =
Ç

0;

.
Ç

Hcm/1 � angular momentum just before the strike =
Ç

0

.
Ç

Hcm/2 � angular momentum just after the strike = Izz
cm
!�k;

Ê É
Ç

Mcm dt = Izz
cm
!�k =

2

5
mr2!�k (since for a sphere, Izz

cm
=

2

5
mr2).

But
É

Ç

Mcm = *Fd �k;

therefore * Ê .Fd/dt �k =
2

5
mr2!�k

or * d
«̄ ¬
constant

Ê Fdt =
2

5
mr2! Ù ! = *

5d

2mr2
Ê Fdt:

Substituting the given values and � Fdt = 0:2N� s from equation 17.61 we get

! = *
5.0:01m/

2�0:2 kg�.0:03m/2
�0:2N� s = *27:78 rad_s:

The negative value makes sense because the ball will spin clockwise after the strike, but

we assumed that ! was anticlockwise.

! = *27:78 rad_s:
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Figure 17.81: The free-body diagram

of the bar during collision. The impul-

sive force at the point of impact C is

so large that the force of gravity can be

completely ignored in comparison.

1 Since C is a �xed point for the mo-

tion of the bar after impact, we could

calculate
Ç

H
+
C
as follows.

Ç

H
+
C
= IC

zz

Ç! =
1

3
ml2

«¯¬
I
C
zz

!.* �k/:

SAMPLE 17.29 Falling stick. A uniform bar of length l and mass m

falls on the ground at an angle � as shown in the �gure. Just before im-

pact at point C, the entire bar has the same velocity v directed vertically

downwards. Assume that the collision at C is plastic, i.e., end C of the bar

gets stuck to the ground upon impact.

1. Find the angular velocity of the bar just after impact.

2. Assuming � to be small, �nd the velocity of end B of the bar just after

impact.

Solution We are given that the impact at point C is plastic. That is, end C of the bar has

zero velocity after impact. Thus end C gets stuck to the ground. Then we expect the rod

to rotate about point C as the rest of the bar moves (perhaps faster) to touch the ground.

The free-body diagram of the bar is shown in �g. 17.81 during the impact at point C. Note

that we can ignore the force of gravity in comparison to the large impulsive force F
c
due

to impact at C.

1. Now, if we carry out angular momentum balance about point C, there will be no

net moment acting on the bar, and therefore, angular momentum about the im-

pact point C is conserved. Distinguishing the kinematic quantities before and after

impact with superscripts `-' and `+', respectively, we get from the conservation of

angular momentum about point C,

Ç

H
*
C

=
Ç

H
+
C

Icm
zz

Ç!* + ÇrG_C �mÇv*
G

= Icm
zz

Ç!+ + ÇrG_C �mÇv+
G
:

Now, we know that Ç!* =
Ç

0 since every point on the bar has the same vertical

velocity Çv = *v �|, and that just after impact, Çv+
G
= Ç!+ � ÇrG_C where we can take

Ç!+ = !.* �k/. Thus, 1

Ç

H
*
C

= ÇrG_C �mÇv*
G
= .l_2/ �� �mv.* �|/

= *
mvl

2
cos � �k .since �� = cos ��{ + sin � �|/

Ç

H
+
C

= Icm
zz

Ç!+ + ÇrG_C �m.Ç!+ � ÇrG_C/

= *Icm
zz
!�k + .l_2/ �� �m .*!�k � l_2 ��/

«­­­¯­­­¬
!l_2.* �n/

= *
1

12
ml2!�k *

1

4
ml2!�k = *

1

3
ml2!�k:

Now, equating
Ç

H
*
C
and

Ç

H
+
C
we get

! =
3v

2l
cos �; Ù

Ç! = *
3v

2l
cos � �k:

Ç! = *
3v

2l
cos � �k

2. The velocity of the end B is now easily found using ÇvB = ÇvC + ÇvB_C = ÇvB_C and
ÇvB_C = Ç! � ÇrB_C. Thus,

ÇvB_C = Ç! � ÇrB_C = *!�k � l ��

= *!l �n = *
3v

2
cos �.* sin ��{ + cos � �|/

but, for small �, cos � ù 1, and sin � ù 0. Therefore, ÇvB_C = *
3v

2
�|. Thus, end B

of the bar speeds up by one and a half times its original speed due to the plastic

impact at C.

ÇvB_C = *.3_2/v �|
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Figure 17.84: The free-body diagram

of the box just after the collision is

over.

SAMPLE 17.30 Tipping box. A box of mass m and dimensions 2a and

2b moves along a horizontal surface with uniform speed v. Suddenly, it

bumps into an obstacle at A. Assume that the impact is plastic and point

A is at the lowest level of the box. What is the maximum v the box can

have so that it does not tip over after the impact.

Solution Whether the box can tip or not depends on whether it gets su�cient initial an-

gular speed just after collision to overcome the restoring moment due to gravity about the

point of rotation A. So, �rst we need to �nd the angular velocity of the box immediately

following the collision. The free-body diagram of the box during collision is shown in

�g. 17.83. There is an impulse
Ç

P acting at the point of impact. If we carry out the angular

momentum balance about point A, we see that the impulse at A produces nomoment im-

pulse about A, and therefore, the angular momentum about point A has to be conserved.

That is,
Ç

HA

+
=

Ç

HA

*
. Now,

Ç

HA

*
= ÇrG_A �mÇvG

*
= .*b�{ + a �|/ �mv�{ = *mav �k

Let the box have angular velocity Ç!+ = !�k just after impact. Then,

Ç

HA

+
= Icm

zz

Ç!+ + ÇrG_A �mÇvG
+
= Icm

zz
!�k + r �� �m.!�k � r ��/

= Icm
zz
!�k +mr2!�k =

1

12
.4a2 + 4b2/m!�k +m.a2 + b2/!�k

=
4

3
.a2 + b2/m!�k:

Now equating the two momenta, we get

!+ = *
3a

4.a2 + b2/
v Ù

Ç!+ = *
3a

4.a2 + b2/
v �k: (17.62)

Thus we know the angular velocity immediately after impact. Now let us �nd out if it is

enough to get over the hill, so to speak. Once the impact is over (in a few milliseconds),

the usual forces show up on the free-body diagram (see �g. 17.84).

In this post-collision part of the motion energy is conserved. Calling just after colli-

sion `+' and the top position `t' (where G is directly above A), using that IA
zz
=

4

3
m.a2+b2/

and solving for the critical condition, that the block has just enough energy to get to the

top position, we have,

EP
+
+ EK

+
= EK

t
+ EP

t

EP
t
* EP

+
= *.EK

t
* EK

+
/

mg.
ù
.b2 + a2/ * b/ = * 00 * 1

2
.!+/2IA

zz
1

.!+/2 =
3

2
g

01 * b
ù
.b2+a2/

1ù
.b2 + a2/

:

This tells us how big !+ has to be. Substituting this !+ into eqn. (17.62) we �nd how big

v has to be. We �nd that the box does not tip over so long as v is small enough, as given

by

v f 2

a

u
2g.b2 + a2/3_2 01 * b

ù
.b2+a2/

1 _3:
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Figure 17.85
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ĵ

⇀

G

Figure 17.86: The free-body diagram

of the ball and the bar together during

collision. The impulsive force at the

point of impact is internal to the sys-

tem and hence, does not show on the

free-body diagram.

SAMPLE 17.31 Ball hits the bat. A uniform bar of mass m
2
= 1kg

and length 2l = 1m hangs vertically from a hinge at A. A ball of mass

m
1
= 0:25 kg comes and hits the bar horizontally at point D with speed

v = 5m_s. The point of impact D is located at d = 0:75m from the hinge

point A. Assume that the collision between the ball and the bar is plastic.

1. Find the velocity of point D on the bar immediately after impact.

2. Find the impulse on the bar at D due to the impact.

3. Find and plot the impulsive reaction at the hinge point A as a func-

tion of d, the distance of the point of impact from the hinge point.

What is the value of d which makes the impulse at A zero?

Solution The free-body diagram of the ball and the bar as a single system is shown in

�g. 17.86 during impact. There is only one external impulsive force
Ç

FA acting at the hinge

point A. We take the ball and the bar together here so that the impulsive force acting

between the ball and the bar becomes internal to the system and we are left with only one

external force at A. Then, the angular momentum balance about point A yields �ÇHA =
Ç

0

since there is no net moment about A. Thus the angular momentum about A is conserved

during the impact.

1. Let us distinguish the kinematic quantities just before impact and immediately

after impact with superscripts `-' and `+', respectively. Then, from the conservation

of angular momentum about point A, we get
Ç

H
*
A
=

Ç

H
+
A
. Now,

Ç

H
*
A

= .
Ç

H
*
A
/ball + .

Ç

H
*
A
/bar

= ÇrD_A �m1
Çv* + IA

zz

Ç!*

= d �| �m1v.*�{/ +
Ç

0 = m1dv
�k:

Similarly,
Ç

H
+
A

= ÇrD_A �m1
Çv+ + IA

zz

Ç!+

but, Çv+ = Ç!+ � ÇrD_A = *!d�{, where Ç!+ = !�k (let). Hence,
Ç

H
+
A

= d �| �m1.*!d�{/ +
1

3
m2.2l/

2!�k

= .m1d
2 +

4

3
m2l

2/!�k:

Equating the two momenta, we get

! =
m1dv

m1d
2 + .4_3/m2l

2

=
v

d 01 + 4

3

m
2

m
1

�
l

d

�21
Ù

ÇvD = Ç!+ � ÇrD_A = !d.*�{/

= *
v

1 +
4

3

m
2

m
1

�
l

d

�2 �{:
Now, substituting the given numerical values, v = 5m_s,m1 = 0:25 kg,m2 = 1kg,

l = 0:5m, and d = 0:75m, we get ÇvD = *2:08m_s�{

ÇvD = *2:08m_s�{

2. To �nd the impulse at D due to the impact, we can consider either the ball or the bar

separately, and �nd the impulse by evaluating the change in the linear momentum

of the body. Let us consider the ball since it has only one impulse acting on it. The
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m2

m1

A

D

FA

ı̂

ĵ

⇀

G

FD

⇀

-FD

⇀

Figure 17.87: Separate free-body dia-

grams of the ball and the bar during

collision.
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Figure 17.88: Plot of normalized im-

pulse at A as a function of q = l_d.

free-body diagram of the ball during impact is shown in �g. 17.87. From the linear

impulse-momentum relationship we get,

Ç

P
D
= Ê Ç

FD dt =
Ç

L
+
*
Ç

L
*
= m1.

Çv+ * Çv*/

= m1
r̀rp*

v

1 +
4

3

m
2

m
1

�
l

d

�2 �{ + v�{

assq
= m1v

r̀rp1 *
1

1 +
4

3

m
2

m
1

�
l

d

�2 assq �{:
Substituting the given numerical values, we get

Ç

P
D

= 0:73 kg�m_s�{. The im-

pulse on the bar is equal and opposite. Therefore, the impulse on the bar is

*
Ç

P
D
= *0:73 kg�m_s�{.

Impulse at D = *0:73 kg�m_s�{

3. Now thatwe know the impulse at D,we can easily �nd the impulse at A by applying

impulse-momentum relationship to the bar. Since, the bar is stationary just before

impact, its initial momentum is zero. Thus, for the bar,

Ê .
Ç

FA *
Ç

FD/dt =
Ç

L
+
*
Ç

L
*
=
Ç

L
+
= m2

Çv+cm:

Denoting the impulse at A with
Ç

P
A
, the mass ratio m2_m1 by mr

, and the length

ratio l_d by q, and noting that Çv+cm = !�k � l �| = *!l�{, we get

Ç

P
A

� Ê Ç

FA dt = Ê Ç

FD dt +m2.*!l�{/

= m1v r̀p1 *
1

1 +
4

3
m

r
q2

asq �{ *m2l
v

d
�
1 +

4

3
m

r
q2
� �{

= m1v r̀p
4

3
m

r
q2

1 +
4

3
m

r
q2

asq �{ *m2v r̀p
q

1 +
4

3
m

r
q2

asq �{
=

.4_3/m2q
2 *m2q

1 +
4

3
m

r
q2

v�{ =
q.4q * 3/

3
�
1 +

4

3
m

r
q2
� m2v�{:

Now, we are ready to graph the impulse at A as a function of q � l_d. However,

note that a better quantity to graph will be P
A
_.m1v/, that is, the nondimensional

impulse at A, normalized with respect to the initial linear momentum m1v of the

ball. The plot is shown in �g. 17.88. It is clear from the plot, as well as from the

expression for
Ç

P
A
, that the impulse at A is zero when q = 3_4 or d = 4l_3 =

2_3.2l/, that is, when the ball strikes at two thirds the length of the bar. Note that

this location of the impact point is independent of the mass ratiom
r
.

d = 2_3.2l/ for
Ç

P
A
=
Ç

0

Comment: This particular point of impact D (when d = 2_3.2l/) which induces no

impulse at the support point A is called the center of percussion. If you imagine the bar to

be a bat or a racquet and point A to be the location of your grip, then hitting a ball at D

gives you an impulse-free shot. In sports, point D is called a sweet spot.
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Figure 17.90: Separate free-body dia-

grams of the disk and the plate during

collision. The impulse
Ç

P acts normal

to the colliding surfaces and hence we

can assume that on the plate,
Ç

P = P�{.

Therefore, the impulse on the disk is

*P�{.

P

d
A A

b
x

y

ı̂
ĵ

D

Figure 17.91: The free-body diagram

of the disk and the plate together dur-

ing collision. The impulsive force at

the point of impact is internal to the

system and hence, does not show on

the free-body diagram .

SAMPLE 17.32 Flying dish collides with solar panel. A uniform

rectangular plate of dimensions 2a = 2m and 2b = 1m and mass mP =

2kg drifts in space at a uniform speed vp = 10m_s (relative to some local

Newtonian reference frame) in the direction shown. A circular disk of

radius R = 0:25m and mass mD = 1kg is heading towards the plate at a

linear speed v
0
= vD = 1m_s directed normal to the facing edge of the

plate. In addition, the disk is spinning at !D = 5 rad_s in the clockwise

direction. The plate and the disk collide at point A of the plate, located

at d = 0:8m from the center of the long edge. Assume that the collision

is frictionless and purely elastic. Find the linear and angular velocities of

the plate and the disk immediately after the collision.

Solution We are given the linear and angular velocities of the two bodies before their

collision. We have to �nd their linear and angular velocities after the collision. Let the

linear velocities of the plate and the disk after the collision be Çv+
P
and Çv+

D
, respectively. We

assume that the collision takes place in the plane of the two bodies (that is, all motions

before and after collision are planar). Then the unknown angular velocities of the plate

and the disk after the collision can be assumed as Ç!+
P
= !+

P
�k and Ç!+

D
= !+

D
�k. Thus, in

total, we have 6 scalar unknowns here � 4 for linear velocities of the disk and the plate

(each velocity has two components) and 2 for the two angular velocities.

Since we are trying to �nd velocities after a collision, given the velocities before the

collision, we can use linear and angular momentum-impulse relations. Let
Ç

P be the im-

pulse acting during the collision. Note that the collision is frictionless and hence
Ç

Pmust

act normal to the two colliding surfaces. Therefore, the direction of the impulse is known,

only its magnitude is not known. Thus, in total, we have 7 unknowns now. To solve for

them, we need 7 independent equations.

We have 6 independent equations from the linear and angular impulse-momentum

balance for the two bodies (3 each). We need one more equation. That equation is the

relationship between the normal components of the relative velocities of approach and

departure with the coe�cient of restitution e (=1 for elastic collision). Thus we have 7

equations for 7 unknowns. First we set them up, then we solve them with a calculator or

computer.

The free-body diagrams of the disk and the plate together and the two separately are

shown in �g. 17.91 and 17.90, respectively. Using an xy coordinate system oriented as

shown in �g. 17.91, we can write

LMB for disk: m
D
.Çv+

D
* Çv*

D
/ = *P�{

LMB for plate: m
P
.Çv+

P
* Çv*

P
/ = P�{

AMB for disk: Icm
D
.Ç!+

D
* Ç!*

D
/ =

Ç

0

AMB for plate: Icm
P
.Ç!+

P
* Ç!*

P
/ = ÇrA_P � P�{

kinematics: Çv+
A
D

* Çv+
A
P

= e.Çv*
A
P

* Çv*
A
D

/

where, in the last equation Çv
A
D
and Çv

A
P
refer to the velocities of thematerial points located

at A on the disk and on the plate, respectively. Other linear velocities in the equations

above refer to the velocities at the center-of-mass of the corresponding bodies. We are

given that Çv*
D
= v

D
�{; Çv*

P
= *v

P
�{; Ç!*

D
= *!

D
�k, and Ç!*

P
=

Ç

0. Let us assume that Ç!+
D
=

!+
D
�k; Ç!+

P
= !+

P
�k; Çv+

D
= v+

D
x
�{ + v+

D
y
�|, and similarly, Çv+

P
= v+

P
x
�{ + v+

P
y
�|. Then,

Çv*
A
D

= Çv*
D
+ Ç!*

D
� ÇrA_O = v

D
�{ * !

D
R �|

Çv+
A
D

= Çv+
D
+ Ç!+

D
� ÇrA_O = v+

D
x
�{ + .v+

D
y
+ !+

D
R/ �|

Çv*
A
P

= Çv*
P
= *v

P
�{

Çv+
A
P

= Çv+
P
+ Ç!+

P
� ÇrA_P = .v+

P
x
* !+

P
d/�{ + .v+

P
y
* !+

P
b/ �|:
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Substituting these quantities in the kinematics equation above and dottingwith �{, the unit

normal at A, we get

v+
D
x
* v+

P
x
+ !+

P
d = e

«̄ ¬
1

.*v
P
* v

D
/ = *v

P
* v

D
: (17.63)

Now, let us extract the scalar equations from the impulse-momentum equations for the

disk and the plate by dotting with appropriate unit vectors.

Dotting LMB for the disk with �{ and �|, respectively, we get

m
D
.v+

D
x
* v

D
/ = *P (17.64)

m
D
v+
D
y

= 0: (17.65)

Dotting LMB for the plate with �{ and �|, respectively, we get

m
P
.v+

P
x
+ v

P
/ = P (17.66)

m
P
v+
P
y

= 0: (17.67)

Dotting AMB for the disk and the plate with �k, we get

Icm
D
.!+

D
+ !

D
/ = 0 (17.68)

Icm
P
!+
P

= *Pd: (17.69)

We have all the equations we need. Let us rearrange these equations in a matrix form,

taking the known quantities to the right and putting all unknowns to the left side. We

then, write eqns. (17.64)�(17.69), and then eqn. (17.63) as

bfffffffd

m
D

0 0 0 0 0 1

0 m
D

0 0 0 0 0

0 0 m
P

0 0 0 *1

0 0 0 m
P

0 0 0

0 0 0 0 Icm
D

0 0

0 0 0 0 0 Icm
P

d

1 0 *1 0 0 d 0

cggggggge

hnnnnlnnnnj

v+
D
x

v+
D
y

v+
P
x

v+
P
y

!+
D

!+
P

P

innnnmnnnnk
=

hnnnlnnnj

m
D
v
D

0

*m
P
v
P

0

*Icm
D
!
D

0

*v
P
* v

D

innnmnnnk
:

Substituting the given numerical values for the masses and the pre-collision velocities,

and the moments of inertia, Icm
D

= .1_2/m
D
R2 and Icm

P
= .1_12/m

P
.4a2 + 4b2/, and then

solving the matrix equation on a computer, we get,

Çv+
D
= *8:70m_s�{; Çv+

P
= *5:15m_s�{

Ç!+
D
= *5 rad_s �k; Ç!+

P
= *9:31 rad_s �k

P = 9:70 kg�m_s:

You can easily check that the results obtained satisfy the conservation of linear momen-

tum for the plate and the disk taken together as one system.

Comments: In this particular problem, the equations are simple enough to be solved

by hand. For example, eqns. (17.65), (17.67), and (17.68) are trivial to solve and imme-

diately give, v+
D
y
= 0; v+

P
y
= 0, and !+

D
= !D = *5 rad_s. The rest of the equations can

be solved by usual eliminations and substitutions, etc. The key is that you have 7 linearly

independent equations for the 7 unknowns.

Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap
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17.5 Collisions

17.5.1 The two blocks shown in the �g-
ure are identical except that one rests on
two springs while the other one sits on
two massless wheels. Draw free-body di-
agrams of each mass as each is struck
by a hammer. Here we are interested in
the free-body diagrams only during colli-
sion. Therefore, ignore all forces that are
much smaller than the impulsive forces.
State in words why the forces you choose
to show should not be ignored during the
collision.

k k

m m

Problem 17.5.1

17.5.2 These problems concern two col-
liding masses. In (a) the smaller mass
hits the hanging mass from above at an
angle 45ý with the vertical. In (b) the
second case the smaller mass hits the
hangingmass frombelow at the same an-
gle. Assuming perfectly elastic impact
between the balls, �nd the velocity of
the hanging mass just after the collision.
[Note, these problems are not well posed
and can only be solved if you make addi-
tional modeling assumptions.]

45
o

45
o

m

m

MM

V

V

(a) (b)

Problem 17.5.2

17.5.3 A narrow pole is in the middle
of a pond with a 10m rope tied to it. A
frictionless ice skater of mass 50 kg and
speed 3m_s grabs the rope. The rope
slowly wraps around the pole. What is
the speed of the skater when the rope is
5m long? (A tricky question.)

pole m = 50 kg
v0 = 3m/s

rope

10 m
5 m

Problem 17.5.3

17.5.4 The masses m and 3m are joined
by a light-weight bar of length 4l. If
point A in the center of the bar strikes
�xed point B vertically with velocity V0,

and is not permitted to rebound, �nd �� of
the system immediately after impact.

m
V0

3m

A

B

Neglect gravity

2�

4�

Problem 17.5.4: Neglect gravity!

17.5.5 Two equal masses each of mass
m are joined by a massless rigid rod of
length l. The assembly strikes the edge
of a table as shown in the �gure, when
the center of mass is moving downward
with a linear velocity v and the system

is rotating with angular velocity �� in the
counter-clockwise sense. The impact is
'elastic'. Find the immediate subsequent
motion of the system, assuming that no
energy is lost during the impact and that
there is no gravity. Show that there is
an interchange of translational and rota-
tional kinetic energy.

�

φ̇

v

Problem 17.5.5

17.5.6 In the absence of gravity, a thin rod
of mass m and length l is initially tum-
bling with constant angular speed !o,
in the counter-clockwise direction, while
its mass center has constant speed vo, di-
rected as shown below. The end A then
makes a perfectly plastic collision with a
rigid peg O (via a hook). The velocity of
themass center happens to be perpendic-
ular to the rod just before impact.

a) What is the angular speed !f im-
mediately after impact?

b) What is the angular speed 10 sec-
onds after impact? Why?

c) What is the loss in energy in the
plastic collision?

G

A

hookO

d

Before impact

O

G

Perfectly
plastic 

collision

vo

ωo

ωf

After impact

Problem 17.5.6

17.5.7 A gymnast of mass m and ex-
tended height L is performing on the un-
even parallel bars. About the x, y, z axes
which pass through her center of mass,
her radii of gyration are kx , ky , and kz,
respectively. Just before she grasps the
top bar, her fully extended body is hori-
zontal and rotating with angular rate !;
her center of mass is then stationary. Ne-
glect any friction between the bar andher
hands and assume that she remains rigid
throughout the entire stunt.

a) What is the gymnast's rotation
rate just after she grasps the
bar? State clearly any approxima-
tions/assumptions that you make.

b) Calculate the linear speed with
which her hips (CM) strike the
lower bar. State all assump-
tions/approximations.

c) Describe (in words, no equations
please) her motion immediately
after her hips strike the lower bar
if she releases her hands just prior
to this impact.
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L/2

L/2

Just as top
bar is grasped

L 

cm

upper
bar lower

bar

ω

θ

y
z

Problem 17.5.7

17.5.8 An acrobat modeled as a rigid
body with uniform rigid mass m of
length l. She falls without rotation in the
position shown from height h where she
was stationary. She then grabs a bar with
a �rm but slippery grip. What is h so
that after the subsequent motion the ac-
robat ends up in a stationary handstand?
[ Hint: What quantities are preserved in
what parts of the motion?] <

h

bar

BEFORE

DURING

AFTER

�

Problem 17.5.8

17.5.9 A crude see-saw is built with two
supports separated by distance d about
which a rigid plank (mass m, length L)
can pivot smoothly. The plank is placed
symmetrically, so that its center of mass
is midway between the supports when
the plank is at rest.

a) While the left end is resting on the
left support, the right end of the
plank is lifted to an angle � and re-
leased. At what angular velocity
!1 will the plank strike the right
hand support?

b) Following the impact, the left end
of the plank can pivot purely
about the right end if d_L is prop-
erly chosen and the right end does
not bounce. Find !2 under these
circumstances.

θ

d

Just Before Collision

Just After Collision

c.m.

L

ω1

ω2

Problem 17.5.9

17.5.10 Baseball bat. In order to con-
vey the ideas without making the calcu-
lation too complicated, some of the sim-
plifying assumptions here are highly ap-
proximate. Assume that a bat is a uni-
form rigid stick with length L and mass
ms. The motion of the bat is a pivoting
about one end held �rmly in place with
hands that rotate but do not move. The
swinging of the bat occurs by the applica-
tion of a constant torqueMs at the hands
over an angle of � = �_2 until the point
of impactwith the ball. The ball hasmass
mb and arrives perpendicular to the bat at
an absolute speed vb at a point a distance
l from the hands. The collision between
the bat and the ball is completely elastic.

a) To maximize the speed vhit of the
hit ball How heavy should a base-
ball bat be? Where should the ball
hit the bat? Here are some hints
for one way to approach the prob-
lem.

� Find the angular velocity of
the bat just before collision
by drawing a FBD of the bat
etc.

� Find the total energy of the
ball and bat system just be-
fore the collision.

� Draw a FBD of the ball and
of the bat during the colli-
sion (with this model there
is an impulse at the hands
on the bat). Call the mag-
nitude of the impulse of the
ball on the bat (and vice
versa) � Fdt.

� Use various momentum
equations to �nd the angu-
lar velocity of the bat and
velocity of the ball just af-
ter the collision in terms of
� Fdt and other quantities
above. Use these to �nd the
energy of the system just af-
ter collision.

� Solve for the value of � Fdt
that conserves energy. As a
check you should see if this
also predicts that the rela-
tive separation speed of the
ball and bat (at the impact
point) is the same as the
relative approach speed (it
should be).

� You now can calculate vhit
in terms of mb; ms;Ms; L;l,
and vb.

� Find the maximum of the
above expression by varying
ms and l. Pick numbers
for the �xed quantities if you
like.

b) Can you explain in words what is
wrong with a bat that is too light
or too heavy?

c) Which aspects of the model above
do you think lead to the biggest er-
rors in predicting what a real ball
player should pick for a bat and
place on the bat to hit the ball?

d) Describe as clearly as possible
a di�erent model of a baseball
swing that you think would give
a more accurate prediction. (You
need not do the calculation).
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17.5.3 A narrow pole is in the middle
of a pond with a 10m rope tied to it. A
frictionless ice skater of mass 50 kg and
speed 3m_s grabs the rope. The rope
slowly wraps around the pole. What is
the speed of the skater when the rope is
5m long? (A tricky question.)

pole m = 50 kg
v0 = 3m/s

rope

10 m
5 m

Problem 17.3

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap
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17.5.4 The massesm and 3m are joined
by a light-weight bar of length 4l. If
point A in the center of the bar strikes
�xed point B vertically with velocity V

0
,

and is not permitted to rebound, �nd �� of
the system immediately after impact.

m
V0

3m

A

B

Neglect gravity

2�

4�

Problem 17.4: Neglect gravity!

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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17.5.5 Two equal masses each of mass
m are joined by a massless rigid rod of
length l. The assembly strikes the edge
of a table as shown in the �gure, when
the center of mass is moving downward
with a linear velocity v and the system

is rotating with angular velocity �� in the
counter-clockwise sense. The impact is
'elastic'. Find the immediate subsequent
motion of the system, assuming that no
energy is lost during the impact and that

there is no gravity. Show that there is
an interchange of translational and rota-
tional kinetic energy.

�

φ̇

v

Problem 17.5

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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17.5.6 In the absence of gravity, a thin
rod of mass m and length l is initially
tumbling with constant angular speed
!o, in the counter-clockwise direction,
while its mass center has constant speed
vo, directed as shown below. The end A
then makes a perfectly plastic collision
with a rigid peg O (via a hook). The ve-
locity of the mass center happens to be
perpendicular to the rod just before im-
pact.

a) What is the angular speed !f im-

mediately after impact?

b) What is the angular speed 10 sec-
onds after impact? Why?

c) What is the loss in energy in the
plastic collision?

G

A

hookO

d

Before impact

O

G

Perfectly
plastic 

collision

vo

ωo

ωf

After impact

Problem 17.6

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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17.5.7 A gymnast of mass m and ex-
tended height L is performing on the un-
even parallel bars. About the x, y, z axes
which pass through her center of mass,
her radii of gyration are kx , ky , and kz,

respectively. Just before she grasps the
top bar, her fully extended body is hori-
zontal and rotating with angular rate !;
her center of mass is then stationary. Ne-
glect any friction between the bar andher
hands and assume that she remains rigid
throughout the entire stunt.

a) What is the gymnast's rotation
rate just after she grasps the
bar? State clearly any approxima-
tions/assumptions that you make.

b) Calculate the linear speed with
which her hips (CM) strike the
lower bar. State all assump-
tions/approximations.

c) Describe (in words, no equations
please) her motion immediately
after her hips strike the lower bar
if she releases her hands just prior
to this impact.

L/2

L/2

Just as top
bar is grasped

L 

cm

upper
bar lower

bar

ω

θ

y
z

Problem 17.7

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.



Chapter 17.5. Collisions Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap Problem 17.5.8 7

17.5.8 An acrobat modeled as a
rigid body with uniform rigid mass m
of length l. She falls without rotation in
the position shown from height h where
she was stationary. She then grabs a bar
with a �rmbut slippery grip. What ish so
that after the subsequent motion the ac-
robat ends up in a stationary handstand?
[ Hint: What quantities are preserved in
what parts of the motion?]

h

bar

BEFORE

DURING

AFTER

�

Problem 17.8

Answer:

h = 2L_3

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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16.5.8

Saturday, April 20, 2019 11:34 PM

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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HW 11 P 61 17.5.8

Teaya Yang

Given : Person modeled as uniform rigid rod .

•M
<

e
>

Find : h to end in a handstand .

Snapshots in time :

① -1=0 ② t= ti

( right before collision )
→•→

o - i.¥3 '

yn
*

→•→

•
pv 0 - i.HR 8•p

Far

③ 1- = to ( at collision ) ④ t= ti ⑤ 1- = tf

( right after collision ) •

I
☒ ☒

•É.BR

soooo

I-aoo-i.HR•
p o - i. ¥H •

p
*
p

FBD at ③ :

I
I.
i

P From assumptions for 2D collision ( see 1>894 in Raina & Pratap ) :

•
^

I. Collision forces are big ( Fc > >mg )1mg
Fc I. Collisions are quick lot << 1)

Using AMB at ③ :

-2 Ñg, = HI,

EÑ
/p = -Fix -mgj = -2mg I = tip

But if we integrate from ② to ④ :

no from assumption I .

017
, =/

"
+

tip dt = tip (tct )
ti

⇒ oÑp = 0
, Flip is conserved during the collision

.

Separating motion into 3 parts :

① → ② :

Energy is conserved i bar in free fall

② → ④ : Angular momentum about point P is conserved ; tip
-

= ttpt

④ → ⑤ : Energy is conserved -

, pendulum swinging
about point P

.

① → ② :

① V1 __0 ②

=L
, = Ez

•

lmgh = tmv: fh •
*
pv Bp

V2 = Tzgh I
V2

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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② → ④ :

tip
-

= tip
+

II.
i

II.
i② a- ④ a-

• •
•

p f 0•pt
uz

w
-

= 0 ¥

witty
>

+
= Tap✗ ME, + IG wt IHTP = Tray

,>
✗ ME + I#%

= - egg ✗ m (wt I ✗ trap ) + IG ↳
+ I= - If ✗mtvzj)

= E-m v. I
= -

¥ I ✗ 1-mail5) + I
a-
wt I I

a-
= ¥ mez

tip
-

= ¥ mjzgh I tip
-1
= b- me

-

wt I

{ tip
-

= tip
-1

} . I : # rxjzgh = tame
"
at

3- jzgh
= eat

w
-1

= 2- J2geI

④ → ⑤ :

④ ⑤
E4 = Es :

f. IG (wt)
-

+ I m V42 =

mg -1 T¢ = - w-1£ 5
II.
i

a- •④→ ↳ ⇒
±#¥1k F) + I mltgh) = ring -1

=
-

¥ jzghj

↳ h + % h = I
G-

• ¥ h = £
I f0•p 0•p

V4 wt
h = 3- e

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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17.5.9 A crude see-saw is built with two
supports separated by distance d about
which a rigid plank (mass m, length L)
can pivot smoothly. The plank is placed
symmetrically, so that its center of mass
is midway between the supports when
the plank is at rest.

a) While the left end is resting on the
left support, the right end of the
plank is lifted to an angle � and re-
leased. At what angular velocity
!
1
will the plank strike the right

hand support?

b) Following the impact, the left end
of the plank can pivot purely
about the right end if d_L is prop-
erly chosen and the right end does
not bounce. Find !

2
under these

circumstances.

θ

d

Just Before Collision

Just After Collision

c.m.

L

ω1

ω2

Problem 17.9

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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