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17.3 Kinematics of rolling and sliding

Pure rolling in 2-D

In this section, we would like to add to the vocabulary of special motions
by considering pure rolling. Most commonly, one discusses pure rolling of
round objects on flat ground, like wheels and balls, and rolling of round
things on other round things like gears and cams.

2-D rolling of a round wheel on level ground

The simplest case, the no-slip rolling of a round wheel, is an instructive
starting point. First, we define the geometric and kinematic variables as
shown in fig. 17.35. For convenience, we pick a point D which was at
Xxp = 0 at the start of rolling, when x- = 0. The key to the kinematics is
that:

The arc length traversed on the wheel is the distance traveled by

the wheel center.

That is,
Xc = Sp
R¢
= Ve = )'CC = R¢
> ac = vc = jéc = R¢

So the rolling condition amounts to the following set of restrictions on the
position of C, 7, and the rotations of the wheel ¢:

e n

Fo = R$i+Rj, U, =RPi, a. = Ri,

If we want to track the motion of a particular point, say D, we could do so
by using the following parametric formula:

r, = Fo+ ?D/C
R(¢i + j) + R(—sin¢i — cos ¢ j)
= R[(¢—sing)i+(1—cos¢)j)]
>0, = R[(¢Q—cosp)i+ Psingj)]
R¢?(sin ¢i + cos ¢ j).

(17.32)

assuming ¢= constant

Note that if ¢ = 0 or 27 or 47, etc., then the point D is on the ground and
eqn. (17.32) correctly gives that

1

. / N . N
Uy =R | ¢(1 —cos(2nm) | i+ ¢sin(2nmr) j = 0.
S~——o— S—ro ——
0 0
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@& =—¢k, and &=a =—¢k.

Sp = Xc

L
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rolling
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Figure 17.35: Pure rolling of a round
wheel on a level support.



reference line

Figure 17.36: One round object rolling
on another round object.
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Instantaneous kinematics

Instead of tracking the wheel from its start, we could analyze the kine-
matics at the instant of interest. Here, we make the observation that the
wheel rolls without slip. Therefore, the point on the wheel touching the
ground has no velocity relative to the ground.

Velocity of point on
the wheel touching the -
ground Velocity of ground = 0

v, = Uy (17.33)

Now, we know how to calculate the velocity of points on a rigid body. So,

Uy =0c+ Uy
where, since A and C are on the same rigid body (fig. 17.35), we have from
eqn. (16.22) that

vA/C = CUXrA/C.
Putting this equation together with eqn. (17.33), we get

v, = Ug
= Do + @ XFue = 0
el wk —Rj
> Uel+wRl = 0
= Ve = —wR. (17.34)

We use U = vi since the center of the wheel goes neither up nor down.
Note that if you measure the angle by ¢, like we did before, then & = —¢k
so that positive rotation rate is in the counter-clockwise direction. Thus,
Ve = —wR = —(—¢)R = ¢R.

Since there is always some point of the wheel touching the ground, we
know that v, = —wR for all time. Therefore,

. = Uol = —dRi.
Rolling of round objects on round surfaces

For round objects rolling on or in another round object, the analysis is
similar to that for rolling on a flat surface. Common applications are the
so-called epicyclic, hypo-cyclic, or planetary gears (See Box 17.5 on plane-
tary gears on page 4). Referring to fig. 17.36, we can calculate the velocity
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of C with respect to a fixed frame two ways and compare:

Cr
—
" N——
0 0
O(R, +R)e, = wyR,eé,
O(R,+R) . R,
Swy = — 2 =1+ L)
RZ R2

Example: Two quarters.

The formula above can be tested in the case of R, = R, by using two quarters or
two dimes on a table. Roll one quarter, call it B, around another quarter pressed
fast to the table. You will see that as the rolling quarter 3 travels around the sta-
tionary quarter one time, it makes two full revolutions. That is, the orientation
of B changes twice as fast as the angle of the line from the center of the station-
ary quarter to its center. Or, in the language of the calculation above, w, = 26.

Sliding

Although wheels and balls are known for rolling, they do sometimes slide
such as when a car screeches at fast acceleration or sudden braking or
when a bowling ball is released on the lane.

The sliding velocity is the velocity of the material point on the wheel
(or ball) relative to its contacting substrate. In the case of pure rolling,
the sliding velocity is zero. In the case of a ball or wheel moving against a
stationary support surface, whether flat or curved, the sliding velocity is

-

vsliding = Ugircle center

+ @ X ?contact /center (17.35)

Example: Bowling ball

The velocity of that point on the bowling ball which is instantaneously in con-
tact with the alley (ground) is 0. = vgi + wk X F. /6 = (Ug + wR)i. So unless
w = —Ug /R the ball is sliding.

Note that, if sliding, the friction force on the ball opposes the slip of the ball
and tends to accelerate the ball’s rotation towards rolling. That is, for example,
if the ball is not rotating the sliding velocity is v, i, the friction force is in the —i
direction and angular momentum balance about the center-of-mass implies ® <
0 and a clockwise rotational acceleration. No matter what the initial velocity or
rotational rate the ball will eventually roll.

Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap 3

2R

./‘/G

C

Figure 17.37: The bowling ball is slid-
ing so long as v; # —wR
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17.5 The Sturmey-Archer hub

In 1903, the year the Wright Brothers first flew powered air-
planes, the Sturmey-Archer company patented the internal-
hub three-speed bicycle transmission. This marvel of engi-
neering was sold on the best bikes until finicky but fast rac-
ing bicycles using derailleurs started to push them out of the
market in the 1960’s. Now, a hundred years later, inter-
nal bicycle hubs (now made by Shimano and Sachs) are hav-
ing something of a revival, particularly in Europe. These
internal-hub transmissions utilize a system called planetary gears,
gears which roll around other gears. See the figure below.

In order to understand this gear system, we need to understand
its kinematics—the motion of its parts. The central ‘sun’ gear ¥ is
stationary, at least we treat it as stationary in this discussion since
it is fixed to the bike frame, so it is fixed in body F. The ‘planet’
gears roll around the sun gear. Let’s call one of these planets P.
The spider 8 connects the centers of the rolling planets. Finally,
the ring gear R rotates around the sun.

Sun ¥ Ring R

(fixed frame) (rolls around

planets)

Spider &
(connects
planets)

The gear transmission steps up the angular velocity when the spi-
der 8 is driven and ring R, which moves faster, is connected to the
wheel. The transmission steps down the angular velocity when
the ring gear is driven and the slower spider is connected to the
wheel. The third ‘speed’ in the three-speed gear transmission is
direct drive (the wheel is driven directly).

Planet
(rolls on sun)

What are the ‘gear ratios’ in the planetary gear system? The ‘trick’
is to recognize that for rolling contact that the contacting points
have the same velocity, D, = Uy and 0, = Dy. Let’s define some
terms.

gy = © Sic angular velocity of the spider
By, = wpk angular velocity of the planet
Dy = Wp i angular velocity of the ring

Now, we can find the relation of these angular velocities as fol-
lows. Look at the velocity of point C in two ways. First,
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A point on the plane-

’ A point on the spider ‘ tary gear
— ~—
U, = Dg
S WgXTe = Uy +@, XTFep
)
> wgfe = WpR,
e
>w, = R 9s (17.36)
P
Next, let’s look at point D and E:
v, = U
ﬁA+ﬁD/A = @y XTy
0+, XF,,, = wzkxFy
@p(2Rp)E, =  wurpé
2R,
= CIJ:R = ? CU:P
— e
Wp = R_Pwé
’ re=rg+Rp
—
2R, g
W, = — wg
"R Rp
2(rg +Rp)
g
\
‘ rp =Tg+ 2R,
74 22
Wp 7 .
>—= = 2 -z~ = angular velocity step-up.
@ 1+ —£
Ts
J L
)
Rolling
contact:
EA = iB
Up = Vg
ic = FC
R
Typically, the gears have radius ratio of £ = % which gives a
r 2

S
gear ratio of ;. Thus, the ratio of the highest gear to the lowest

gear on a Sturmey-Archer hub is Z / g = E = 1.5625. You might

compare this ratio to that of a modern mountain bike, with eigh-
teen or twenty-one gears, where the ratio of the highest gear to
the lowest is about 4:1.
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SAMPLE 17.10 Falling ladder: The ends of a ladder of length L = 3m
slip along the frictionless wall and floor shown in Figure 17.38. At the

instant shown, when 8 = 60°, the angular speed 8 = 1.15rad/s and the a
angular acceleration 6 = 2.5rad/s?. Find the absolute velocity and accel-
eration of end B of the ladder. |

Solution Since the ladder is falling, it is rotating clockwise. From the given information:

~>

@ = 6k=-115rad/sk
@ = 6k=-25rad/s’k. .
frictionless R
l
We need to find ¥y, the absolute velocity of end B, and @, the absolute acceleration of
end B. x
. . . . y
Since the end A slides along the wall and end B slides along the floor, we know the direc-
tions of v, Uy, @, and ay.
Letv, = v,j, a4, = a,j, Uy = vgi and @ = azi where the scalar quantities .
Figure 17.38
U4, a4, Uy and ag, are unknown.
Now, U, = Up+0,=0z+@XT,;
or v,j = vgi+8kxL(—cosbi—singj)
Ne———————
?A/B
= (vz+ 6L sin 8)i — 6L cos 6 j.
Dotting both sides of the equation with i, we get: A
v, ji = (vz+06Lsin6) ii +0LcosO ji
—— N——r ——
0 1 0
> 0 = v,+06Lsing
_ NE TA/B o
> v, = -0OLsinf=—(-1.15rad/s)-3 m- - ~Lsin6j
= 299m/s.
U =2.9m/si \6
. . B
Similarly, L cos0i
—wz?A/B N N . ~
Fa/B=-LcosOi- Lsinf j
4, = Gz+OXF,p+&X(WXT,/p)
R . . i Fi 17.
a,j = agi+6kxL(—cosBi—sinbj)— 6>L(—cosbi—sinbj) igure 17.39

= (az +6Lsin6 + 6L cosO)i + (—BLcos 6 + 8°Lsin 6) j.

Dotting both sides of this equation with i (as we did for velocity) we get:

0 = a,+6Lsin6+68*Lcosd
> a; = -BLsin6—6LcosH
\/_

3 1
= —(—2.5rad/s*-3 m-T) —(-1.15rad/s)*-3 m->
= 4.51m/s%.

a; = 451 m/s?
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SAMPLE 17.11 A cylinder of diameter 500 mm rolls down an inclined
plane with uniform acceleration (of the center-of-mass) a = 0.1 m/s?. At
an instant t,, the mass-center has speed v, = 0.5m/s.

1. Find the angular speed w and the angular acceleration w at t,,.
2. How many revolutions does the cylinder make in the next 2 seconds?

- 3. What is the distance travelled by the center-of-mass in those 2 sec-
onds?

Figure 17.40

Solution This problem is about simple kinematic calculations. We are given the velocity,
X, and the acceleration, X, of the center-of-mass. We are supposed to find angular velocity
w, angular acceleration @, angular displacement 6 in 2 seconds, and the corresponding
linear distance x along the incline. The radius of the cylinder R = diameter/2 = 0.25m.

1. From the kinematics of pure rolling,

x 0.5m/s
© = R= 0o25m - 2rad/s
. i 0.1m/s? R
w = E—W—OArad/s.

w=2rad/s, @ =0.4rad/s?

2. We can find the number of revolutions the cylinder makes in 2 seconds by solving
for the angular displacement 6 in this time period. Since,

b=w= constant,

we integrate this equation twice and substitute the initial conditions, 6(t =0) =
w = 2rad/s and 6(t = 0) = 0, to get

wt + la')tz
2

o(t)

> B(t=2s) = (2rad/s)~(25)+%(0.4rad/s)-(4sz)

4.8rad = 48 rev = 0.76 rev.
2

6 = 0.76 rev

3. Now that we know the angular displacement 6, the distance travelled by the mass-
center is the arc-length corresponding to 6, i.e.,

x=R6 =(0.25m)-(4.8) =1.2m.
x=12m

Note that we could have found the distance travelled by the mass-center by inte-
grating the equation ¥ = 0.1 m/s* twice.
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SAMPLE 17.12 Condition of pure rolling. A cylinder of radius R =
20 cm rolls on a flat surface with absolute angular speed w = 12rad/s
under the conditions shown in the figure (In cases (ii) and (iii), you may
think of the ‘flat surface’ as a conveyor belt). In each case,

1. Write the condition for pure rolling.

2. Find the velocity of the center C of the cylinder.

J
i
vg = Im/s
Vg = 1m/s
(i) Fixed base (ii) Base moves to the right (iii) Base moves to the left
Figure 17.41:

Solution At any instant during rolling, the cylinder makes a point-contact with the flat
surface. Let the point of instantaneous contact on the cylinder be P, and let the corre-
sponding point on the flat surface be Q. The condition of pure rolling, in each case, is
U, = Dy, that is, there is no relative motion between the two contacting points (a relative
motion will imply slip). Now, we analyze each case. J

Case(i) In this case, the bottom surface is fixed. Therefore,

~>

1. The condition of pure rolling is: U, = D, = 0. <
2. Velocity of the center: Q
b, = Dpt+ax Fop = 0 + (—wk) x Rj Figure 17.42: The cylinder rolls on the

flat surface. Instantaneously, point P
on the cylinder is in contact with point
Q on the flat surface. For pure rolling,
points P and Q must have the same ve-
locity.

= wRi=(12rad/s)-(0.2m)i = 2.4m/si.

Case(ii) In this case, the bottom surface moves with velocity © = 1m/si. Therefore,
U, = 1 m/si. Thus,
1. The condition of pure rolling is: D, = D, = 1 m/si.
2. Velocity of the center:

O = Up+®@XF¢,p =0l +wRi
= 1m/si+24m/si=34m/si.
Case(iii) In this case, the bottom surface moves with velocity v = —1 m/si. Therefore,
T)Q = —1m/si. Thus,
1. The condition of pure rolling is: O, = ¥, = —1m/si.
2. Velocity of the center:

U = Upt+@XTFe,p =—0yi+wRi
= —1m/si+24m/si =1.4m/si.
@: @, =0, (iiyo, = 1m/si,  (iii)v, = —1 m/si,

(b) : (@(@)v. =24m/si, (ii)v. =3.4m/si, (iii)v, = 1.4m/si
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Figure 17.43: A uniform disk of radius
r rolls without slipping inside a fixed
cylinder.

SAMPLE 17.13 Motion of a point on a disk rolling inside a cylinder.
A uniform disk of radius r rolls without slipping with constant angular
speed w inside a fixed cylinder of radius R. A point P is marked on the
disk at a distance ¢ (¢ < r) from the center of the disk. At a general time
t during rolling, find

1. the position of point P,
2. the velocity of point P, and

3. the acceleration of point P

Solution Let the disk be vertically below the center of the cylinder at ¢ = 0s such that
point P is vertically above the center of the disk (Fig. 17.44). At this instant, Q is the
point of contact between the disk and the cylinder. Let the disk roll for time ¢ such that
at instant ¢ the line joining the two centers (line OC) makes an angle ¢ with its vertical
position at ¢ = 0s. Since the disk has rolled for time ¢ at a constant angular speed w, point
P has rotated counter-clockwise by an angle 6 = wt from its original vertical position P’.

y y

(b)

Figure 17.44: Geometry of motion: keeping track of point P while the disk rolls for time
t, rotating by angle 6 = wt inside the cylinder.

1. Position of point P: From Fig. 17.44(b) we can write
Fp=Fo +Fpe = R—1ioe + thg,
where

a unit vector along OC = —sin ¢i — cos ¢ j,

oo
Q
a

1l

Doy
a
b

1]

a unit vector along CP = —sin 01 + cos 6 j.
Thus,
¥p=[-(R—r)sing — ¢sinbJi+ [-(R —r)cos¢ + ¢ cos O] j.

‘We have thus obtained an expression for the position vector of point P as a function
of ¢ and 6. Since we also want to find velocity and acceleration of point P, it will
be nice to express 7, as a function of t. As noted above, 6 = wt; but how do we
find ¢ as a function of ¢? Note that the center of the disk C is going around point O
in circles with angular velocity —¢k. The disk, however, is rotating with angular
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velocity @ = wk about the instantaneous center of rotation, point D. Therefore, we
can calculate the velocity of point C in two ways:

Uc = U¢
or OXFeyy = —kXFep
or wkxr(=doe) = —pkxR—1iy
or — wr(k x ioc) = —¢R-r)(kx ioc)
= L o = 4
R—r

Integrating the last expression with respect to time, we obtain

Let

1=r—r

then, the position vector of point P may now be written as
7p = [-(R —r)sin(qwt) — ¢ sin(wt)]i + [-(R — r) cos(qwt) + ¢ cos(wt)]j. (17.37)
2. Velocity of point P: Differentiating Eqn. (17.37) once with respect to time we get
U, = —w[(R — r)q cos(qwt) + ¢ cos(wt)]i + w[(R — r)g sin(qwt) — € sin(wt)] j.
Substituting (R — r)q = r in U, we get
U, = —wr[{cos(qwt) + g cos(wt)} — {sin(qwt) — ; sin(wt)} ] (17.38)

3. Acceleration of point P: Differentiating Eqn. (17.38) once with respect to time
we get

a, = —w’r[—{g sin(qwt) + ; sin(wt)}t — {q cos(qwt) — g cos(wt)tjl. (17.39)

¥, = [—(R—r)sin(qut)— ¢ sin(wt)]i + [-(R —r) cos(qwt) + ¢ cos(wt)] j
v, = —owrl[{cos(qut)+ é cos(wt)}i — {sin(qwt) — é sin(wt)} j]
a, = -—w’r[-{gsin(quwt)+ é sin(wt)} — {q cos(qwt) — % cos(wt)} j]

Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap
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SAMPLE 17.14 The rolling disk: instantaneous kinematics. For the
rolling disk in Sample 17.13, let R = 4ft, r = 1ft and point P be on the
rim of the disk. Assume that at t = 0, the center of the disk is vertically
below the center of the cylinder and point P is on the vertical line joining
the two centers. If the disk is rolling at a constant speed w = 7 rad/s, find

1. the position of point P and center Catt =15, 3s,and 5.25s5,
2. the velocity of point P and center C at those instants, and

3. the acceleration of point P and center C at the same instants as
above.

Draw the position of the disk at the three instants and show the velocities
and accelerations found above.

Solution The general expressions for position, velocity, and acceleration of point P ob-
tained in Sample 17.13 can be used to find the position, velocity, and acceleration of any
point on the disk by substituting an appropriate value of ¢ in equations (17.37), (17.38),

and (17.39). Since R = 4r,
r
1=~ 3
Now, point P is on the rim of the disk and point C is the center of the disk. Therefore,

for point P: ¢t = r,
for point C: ¢t = 0.

Substituting these values for ¢, and g = 1/3 in equations (17.37), (17.38), and (17.39) we
get the following.

1. Position:
r¥- = =3r [sin(w—t)i+cos<w—t> A]
c = 3 3 )]
¥, = T¥o+r[-sin(wt)i+cos(wt)j].
2. Velocity:
v, = -—wr [cos(w—t)i—sin(w—t) ‘]
c = 3 3 )]
R wt “ . [t . 5
v, = -—wr Hcos (?) + cos (cut)} i— {sm (?) —sin (cot)} J] .
3. Acceleration:
a. = wr sin(w—t>i+cos<w—t) A]
¢ T 73 3 3 )
a, = wr [{%sm(%t) +sin(cot)}i+{% cos<%t) —cos(wt)}j].

‘We can now use these expressions to find the position, velocity, and acceleration of
the two points at the instants of interest by substituting r = 1ft, = 7 rad/s, and
appropriate values of t. These values are shown in Table 17.1.

The velocity and acceleration of the two points are shown in Figures 17.45(a) and (b)
respectively.
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@) (b)
Figure 17.45: (a) Velocity and (b) Acceleration of points Pand Catt = 1s, 3s,and 5.25s.

It is worthwhile to check the directions of velocities and the accelerations by thinking
about the velocity and acceleration of point P as a vector sum of the velocity (same for
acceleration) of the center of the disk and the velocity (same for acceleration) of point P
with respect to the center of the disk. Since the motions involved are circular motions at
constantrate, a visual inspection of the velocities and the accelerations is not very difficult.

Try it.

t 1s 3s 525s

7 NERSIES ; 1, 1
re (ft) S e s ) 3j 3( =i —])
N - . - . I, 1.
rp (ft) re—J re—J 4(—21——21)
_ 1, V3, 1, 1.,
U (ft/s) 71'(—51 + ) i 7r(——21 - —21)
o, (ft/s) n(§i+ @ D) 2mi 0

3 | ZByytly | 25| 2l 1
ac (ft/s%) T (G120 7J Sy )
o 2 9 g P _Ltar Ly
Up (ft/s%) | 11.86(.241i + .97 ) TJ 13.16( \/El + \/5_])

Table 17.1: Position, velocity, and acceleration of point P and point C
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SAMPLE 17.15 The rolling disk: path of a point on the disk. For the
rolling disk in Sample 17.13, take w = 7 rad/s. Draw the path of a point
on the rim of the disk for one complete revolution of the center of the disk
around the cylinder for the following conditions:

1. R = 8r,
2. R =4r,and
3. R=2r.

Solution In Sample 17.13, we obtained a general expression for the position of a point on
the disk as a function of time. By computing the position of the point for various values
of time ¢ up to the time required to go around the cylinder for one complete cycle, we can
draw the path of the point. For the various given conditions, the variable that changes in
Eqn. (17.37) is q. We can write a computer program to generate the path of any point on
the disk for a given set of R and r. Here is a pseudocode to generate the required path on
a computer according to Eqn. (17.37).

A pseudocode to plot the path of a point on the disk:

(pseudo-code) program rollingdisk

% This code plots the path of any point on a disk of radius

% ’r’ rolling with speed ’w’ inside a cylinder of radius ’R’.

% The point of interest is distance ’1’ away from the center of
% the disk. The coordinates x and y of the specified point P are
% calculated according to the relation mentioned above.

phi = pi/50%[1,2,3,...,100] % make a vector phi from O to 2#*pi
x = R*cos(phi) create points on the outer cylinder
y = R¥sin(phi)
plot y vs x
hold this plot
q = r/(R-1)
T = 2*pi/(q*w)

==

plot the outer cylinder

hold to overlay plots of paths
calculate q.

calculate time T for going around-
the cylinder once at speed ’w’.

t = T/100%[1,2,3, ..., 100] % make a time vector t from 0 to T-

RPN

% taking 101 points.
rcx = —(R-r)*(sin(g*w*t)) % find the x coordinates of pt. C.
rcy = —(R-r)*(cos(g*w*t)) % find the y coordinates of pt. C.
rpx = rcx-l*sin(wkt) % find the x coordinates of pt. P.
rpy = rcy + lxcos(g*t) % find the y coordinates of pt. P.
plot rpy vs rpx % plot the path of P and the path

plot rcy vs rcx % of C. For path of C

Once coded, we can use this program to plot the paths of both the center and the point P
on the rim of the disk for the three given situations. Note that for any point on the rim of
the disk [ = r (see Fig 17.44).
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1. Let R = 4 units. Then r = 0.5 for R = 8r. To plot the required path, we run our
program rollingdisk with desired input,

R =4
r =20.5
w = pi
1=0.5

execute rollingdisk

The plot generated is shown in Fig.17.46 with a few graphic elements added for
illustrative purposes.

2. Similarly, for R = 4r we type:

R=14
r=1
w = pi
1=1

execute rollingdisk

to plot the desired paths. The plot generated in this case is shown in Fig.17.47

3. The last one is the most interesting case. The plot obtained in this case by typing:

R=14
r=2
w = pi
1=2

execute rollingdisk

is shown in Fig.17.48. Point P just travels on a straight line! In fact, every point
on the rim of the disk goes back and forth on a straight line. Most people find this
motion odd at first sight. You can roughly verify the result by cutting a hole twice
the diameter of a coin (say a US quarter or dime) in a piece of cardboard and rolling
the coin around inside while watching a marked point on the perimeter.

A curiosity. We just discovered something simple about the path of a point on the edge of
acircle rolling in another circle that is twice as big. The edge point moves in a straightline.
In contrast one might think about the motion of the center G of a straight line segment that
slides against two straight walls as in sample 17.23. A problem couldn’t be more different.
Naturally the path of point G is a circle (as you can check physically by looking at the

middle of a ruler as you hold it sliding against a wall-floor corner).
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Path of point P

Path of 57 \
center C 4

Figure 17.46: Path of point P and the
center C of the disk for R = 8r.

Path of Path of s
pointP  center C

Figure 17.47: Path of point P and the
center C of the disk for R = 4r.

Figure 17.48: Path of point P and the
center C of the disk for R = 2r.
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17.3 Kinematics of
rolling and sliding

17.3.1 A stone in a wheel. A round
wheel rolls to the right. At time ¢t = 0 it
picks up a stone from the road. The stone
is stuck in the edge of the wheel. You
want to know the direction of the rock’s
motion just before and after it next hits
the ground. Here are some candidate an-
SWers:

« When the stone approaches the
ground its motion is tangent to the
ground.

+ The stone approaches the ground
at angle x (you name it).

« When the stone approaches the
ground its motion is perpendicu-
lar to the ground.

« The stone approaches the ground
at various angles depending on
the following conditions(...you list
the conditions.)

Although you could address this
question analytically, you are to try to get
a clear answer by looking at computer
generated plots. In particular, you are to
plot the pebble’s path for a small interval
of time near when the stone next touches
the ground. You should pick the param-
eters that make your case for an answer
the strongest. You may make more than
one plot.

Here are some steps to follow:

a) Assuming the wheel has radius
R, and the pebble is a distance
R, from the center (not necessar-
ily equal to R,). The pebble is
directly below the center of the
wheel at time ¢t = 0. The wheel
spins at constant clockwise rate
w. The x-axis is on the ground
and x(t = 0) = 0. The wheel
rolls without slipping. Using a
clear well labeled drawing (use a
compass and ruler or a computer
drawing program), show that

x(t) = wtR,, — R, sin(wt)
y(t) = R, — R, cos(wt)

b) Using this relation, write a pro-
gram to make a plot of the path
of the pebble as the wheel makes
a little more than one revolution.
Also show the outline of the wheel
and the pebble itself at some in-
termediate time of interest. [Use
any software and computer that
pleases you.]

Introduction to Mechanics for Engineers «

c) Change whatever you need to
change to make a good plot of the
pebble’s path for a small amount
of time as the pebble approaches
and leaves the road. Alsoshow the
wheel and the pebble at some time
in this interval.

d) In this configuration the pebble
moves a very small distance in a
small time so your axes need to be
scaled. But make sure your x- and
y- axes have the same scale so that
the path of the pebble and the out-
line of the wheel will not be dis-
torted.

e) How does your computer output
buttress your claim that the pebble
approaches and leaves the ground
at the angles you claim?

f) Think of something about the peb-
ble in the wheel that was not
explicitly asked in this problem
and explain it using the computer,
and/or hand calculation and/or a
drawing.

17.3.2 A uniform disk of radius r rolls at
a constant rate without slip. A small ball
of mass m is attached to the outside edge
of the disk. What is the force required to
hold the disk in place when the mass is
above the center of the disk?

17.3.3 Rolling at constant rate. A
round disk rolls on the ground at con-

stant rate. It rolls li revolutions over the
time of interest.

a) Particle paths. Accurately plot
the paths of three points: the cen-
ter of the disk C, a point on the
outer edge that is initially on the
ground, and a point that is initially
half way between the former two
points. [Hint: Write a paramet-
ric equation for the position of the
points. First find a relation be-
tween w and v.. Then note that
the position of a point is the posi-
tion of the center plus the position
of the point relative to the center.]
Draw the paths on the computer,
make sure x and y scales are the
same.

b) Velocity of points. Find the ve-

locity of the points at a few in-
stants in the motion: after i, i, 3,

© 2026 Andy Ruina & Rudra Pratap

and 1 revolution. Draw the veloc-
ity vector (by hand) on your plot.
Draw the direction accurately and
draw the lengths of the vectors
in proportion to their magnitude.
You can find the velocity by dif-
ferentiating the position vector or
by using relative motion formulas
appropriately. Draw the disk at
its position after one quarter rev-
olution. Note that the velocity of
the points is perpendicular to the
line connecting the points to the
ground contact.

c) Acceleration of points. Do the
same as above but for accelera-
tion. Note that the acceleration
of the points is parallel to the line
connecting the points to the cen-
ter of the disk.

P

Problem 17.3.3

17.3.4 The concentric wheels are welded
to each other and roll without slip on the
rack and stationary support. The rack
moves to the right at v, = 1m/s. What
is the velocity of point A in the middle of
the wheels shown?
concentric wheels
\0\

2 cm 2
2cm ; ; ‘ Kiﬂiﬁ
stationary support
Problem 17.3.4

17.3.5 Questions (a) - (e) refer to the
cylinders in the configuration shown in
the figure. Question (f) is closely re-
lated. Answer the questions in terms of
the given quantities (and any other quan-
tities you define if needed).

a) What is the speed (magnitude of
velocity) of point ¢?

b) What is the speed of point P?

¢) What is the magnitude of the ac-
celeration of point c?

d) What is the magnitude of the ac-
celeration of point P?

e) What is the radius of curvature of
the path of the particle P at the
point of interest?
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f) In the special case of A = 2b what
is the curve which particle P traces
(for all time)? Sketch the path.

Problem 17.3.5: A little cylinder (with
outer radius b and center at point c) rolls
without slipping inside a bigger fixed
cylinder (with inner radius A and center
at point O). The absolute angular veloc-
ity of the little cylinder w is constant. P
is attached to the outside edge of the lit-
tle cylinder. At the instant of interest, P
is on the line between O and c.

Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap
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17.3.2 A uniform disk of radius r rolls at
a constant rate without slip. A small ball
of mass m is attached to the outside edge
of the disk. What is the force required to
hold the disk in place when the mass is
above the center of the disk?

Foree Aquuired t hold Hhe disk
m»stf N+F = ma
N con ovxba be Pou'/ﬁue
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A0, 16 ?>wu,\{
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 17.3.3

17.3.3 Rolling at constant rate. A
round disk rolls on the ground at con-

stant rate. It rolls li revolutions over the
time of interest.

a) Particle paths. Accurately plot
the paths of three points: the cen-
ter of the disk C, a point on the
outer edge that is initially on the
ground, and a point that is initially
half way between the former two
points. [Hint: Write a paramet-
ric equation for the position of the
points. First find a relation be-
tween w and v.. Then note that
the position of a point is the posi-
tion of the center plus the position
of the point relative to the center.]
Draw the paths on the computer,

Draw the direction accurately and
draw the lengths of the vectors
in proportion to their magnitude.
You can find the velocity by dif-
ferentiating the position vector or
by using relative motion formulas
appropriately. Draw the disk at
its position after one quarter rev-
olution. Note that the velocity of
the points is perpendicular to the
line connecting the points to the
ground contact.

¢) Acceleration of points. Do the
same as above but for accelera-
tion. Note that the acceleration
of the points is parallel to the line
connecting the points to the cen-
ter of the disk.

make sure x and y scales are the P
same.
b) Velocity of points. Find the ve-
locity of the points at a few in-
. . 1 1 3
stants in the motion: after PO
fmd 1 revolution. Draw the veloc- Problem 17.3
ity vector (by hand) on your plot.
For this problem , I looked at 4he sample
derivation dene sk page 670 tn fex baok.
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Problem...

3/26/09 10:01 AM F:\TAM 2030\HW17\probl431.m

1 of 1

o o

R =

o

re x
rce_y

[

ra_x
ra_y

rb_x
rb_y

o

hold

end

function probl43l
You Won Park's solution to problem 14.31 in HW 17
Due Mar. 26, 2009

% Constants, initial conditions
1; % Radius of disk [m]

% Angle interval
angspan = linspace(0,5*pi/2,1001);

% Point C coordinates (center of digk)

9

= R*angspan; x coord. of C

= R; % y coord. of C

% Point A coordinates (ground contact

)
= R*(angspan-sin (angspan)) ; % x coord. of A

2

= R*{(l-cos(angspan)) ; % vy coord. of A

% Point B coordinateg (halfway)

= R* (angspan-.5*sin(angspan)) ; % x coord. of B
= R*(1-.5*cos (angspan)) ; % y coord. of B

% Plot positions of A,B,C
figure (1)
subplot(3,1,1)

on

plot(ra_x,ra vy, 'k') % Position of A

title('You Won Park''s Plot of Position of Point AY)
xlabel ('unit length [m]')

ylabel ('unit length [m]')

subplot (3,1,2)

plot (rb_x,rb vy, 'k") % Position of B

title('You Won Park''s Plot of Position of Point B')
xlabel ('unit length [m]')

yvlabel ('unit length [m]')

subplot(3,1,3)

plot(rc_x,rc_y, 'k") % Position of C

title('You Won Park''s Plot of Position of Point C')
xlabel ('unit length [m]')

ylabel (‘unit length [m]')

o

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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You Won Park's Plot of Position of Point A
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16.3.3

Saturday, April 20, 2019 12:48 PM
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Problem 16.3.3
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clc;

close all;

clear;

dbstop if error

% Initial conditions

R =1; % Radius of disk [m]

omega = 1; % Angular velocity [rad/s]

% Angle interval
npoints = 1001;
angspan = linspace(0,5%pi/2,npoints); % 5/4 revolution in total

% Point C path coordinates (center of disk)
rc_x = R*angspanj;
rc_y = R*ones(1l,npoints);

% Point A path coordinates (ground contact)
ra_x = R*(angspan-sin(angspan));
ra_ y = R*(l-cos(angspan));

% point B path coordinates (halfway of A and C)
rb x = 0.5*(ra_x+rc_x);
rb y = 0.5*(ra_y+rc_y);

% Positions of A,B,C at 1/4 revolution
theta = pi/2;

ra = R*[theta-sin(theta) l-cos(theta)]';
rc = R*[theta 1]';

rb = 0.5*(ra+rc);

% Velocities of A,B,C at 1/4 revolution
va = R*omega*[1l 1]';

ve R*omega*[1l 0]"';

vb = 0.5*%(vatvc);

% Accelerations of A,B,C at 1/4 revolution
aa = R*omega”2*[1 0]';

ac = [0 0]";

ab = 0.5*(aatac);

% Plot paths of A,B,C

% Draw position of the circle and vectors of velocites at 1/4
revolution

figure

subplot(3,1,1)

axis equal

axis([0 8 0 2])

hold on

plot(ra_x,ra y,'k'"); % path of A

title('Position of point A');

xlabel('unit length (m)');

ylabel('unit length (m)');

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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% line w.r.t the contact point with the groud, perpendicular to
velocity
plot([ra(l) re(l)],[ra(2) 0],'--")

% position of the circle and vectors of velocites
drawCircleAndVector (rc,R,ra,va);

subplot(3,1,2)

axis equal

axis([0 8 0 2])

hold on

plot(rb_x,rb y,'k");

title('Position of point B');

xlabel('unit length (m)');

ylabel('unit length (m)"');

% line w.r.t the contact point with the groud, perpendicular to
velocity

plot([rb(1l) rc(l)],[rb(2) 0], --")

% position of the circle and vectors of velocites
drawCircleAndVector(rc,R,rb,vb);

subplot(3,1,3)

axis equal

axis([0 8 0 2])

hold on

plot(rc_x,rc_y, 'k');

title('Position of point C');

xlabel('unit length (m)');

ylabel('unit length (m)');

% line w.r.t the contact point with the groud, perpendicular to
velocity

plot([rc(l) re(l)],[rc(2) 01,'--")

% position of the circle and vectors of velocites
drawCircleAndVector(rc,R,rc,vc);

% Plot paths of A,B,C

% Draw position of the circle and vectors of accelerations at 1/4
revolution

figure

subplot(3,1,1)

axis equal

axis([0 8 0 2])

hold on

plot(ra_x,ra y,'k");

title('Position of point A');

xlabel('unit length (m)');

ylabel('unit length (m)');

% line w.r.t the center of the circle, parallel to the corresponding
acc

plot([ra(l) rc(l)],[ra(2) rc(2)],'--")

drawCircleAndVector(rc,R,ra,aa);

subplot(3,1,2)
axis equal
axis([0 8 0 2])

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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hold on

plot(rb_x,rb y,'k");

title('Position of point B');

xlabel('unit length (m)');

ylabel('unit length (m)');

% line w.r.t the center of the circle, parallel to the corresponding
acc

plot([rb(1l) rc(1l)],[rb(2) re(2)],'--")

drawCircleAndVector(rc,R,rb,ab);

subplot(3,1,3)

axis equal

axis([0 8 0 2])

hold on

plot(rc_x,rc_y,'k');

title('Position of point C');

xlabel('unit length (m)');

ylabel('unit length (m)');

% line w.r.t the center of the circle, parallel to the corresponding
acc

plot([rc(l) re(l)],[rc(2) re(2)], --")

drawCircleAndVector(rc,R,rc,ac);

function drawCircleAndVector(rc,R,r,comp)
% Draw a circle with center rc and radius R
% Also draws the vector with acting point r and components comp
angle = 0:pi/50:2%pi;
circle x = rc(l) + R*cos(angle);
circle y = rc(2) + R*sin(angle);
plot(circle_x,circle y,'b");
hold on
scale = 0.5;
quiver(r(l),r(2),comp(l),comp(2),scale,'r');
end

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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% Initial conditions
R =1; % Radius of disk [m]

% Angle interval
npoints = 1001;
angspan = linspace(0,5*pi/2,npoints); % 5/4 revolution in total

% Point C coordinates (center of disk)
rc_x = R*angspan;
rc_y = R*ones(npoints);

% Point A coordinates (ground contact)
ra_x = R*(angspan-sin(angspan));
ra_y = R*(l-cos(angspan));

% point B coordinates (halfway of A and C)
rb x = R*(angspan-0.5*sin(angspan));
rb y = R*(1-0.5*cos(angspan));

% Plot positions of A,B,C
figure(1l)

subplot(3,1,1)

hold on

plot(ra_x,ra y,'k'");
title('Position of point A');
xlabel('unit length (m)');
ylabel('unit length (m)');

subplot(3,1,2)

hold on

plot(rb_x,rb y,'k");
title('Position of point B');
xlabel('unit length (m)');
ylabel('unit length (m)');

subplot(3,1,3)

hold on

plot(rc_x,rc_y, 'k");
title('Position of point C');
xlabel('unit length (m)');
ylabel('unit length (m)');

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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They are not official and have not been reviewed by the authors for correctness.
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Position of points A, B, and C
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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concentric wheels
17.3.4 The concentric wheels are welded A
to each other and roll without slip on the
rack and stationary support. The rack 2 cm]
. T
moves to the right atv, = 1m / s. What 2 cm -
is the velocity of point A in the middle of M
the wheels shown? stationary support
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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