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1 The body never has to pass through

this reference position, however. For

example, the position of an airplane

�ying from New York to Mumbai is

measured relative to a point in theGulf

of Guinea 1000 miles west of Gabon (

the location ofO
ý

longitude andO
ý

lat-

itude) even though the airplane never

goes there (nor does anyone want it

to).
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Figure 17.4: Rotation of object B is

measured by the rotation of real or

imagined lines marked on the object.

The lines make di�erent angles: �1 �

�2, �2 � �3 etc, but
��1 =

��2 =
��3 = § .

Angular velocity is de�ned as Ç! = !�k

with ! � ��1 =
��2 =

��3 = § .
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Figure 17.5: The displacement and ro-

tation of a planar object relative to a

reference con�guration.

17.1 Description of motion: planar
rigid-object kinematics

As a rigid object moves, how do the points on it move? There are two

reasons to ask this question. First, velocities and accelerations of mass

points are needed to apply the momentum-balance equations. Second,

formulas for positions, velocities and accelerations of points are useful to

understandmechanisms, machines where various parts (each one usually

idealized as a rigid object) are connected to each other with hinges and

bearings of one type or another.

The central observation in all rigid-object kinematics is the de�nition

of a rigid object:

All pairs of points on a single rigid object keep constant distance

from each other as the object moves.

In this section you will learn how to use rigidity to calculate positions,

velocities and accelerations of all points (millions and billions of them) on

a rigid object given only a few numbers (9 of them). This goal is achieved

by putting together the ideas from Chapter 11 (arbitrary motion of one

particle), Chapter 14 (straight-line motion), and Chapter chapter 15 (cir-

cular motion of a rigid object in a plane).

Displacement and rotation

When a planar object (say a machine part) B moves from one con�gu-

ration in the plane to another it has a displacement and a rotation. It

starts in some reference con�guration *. We mark a reference point on

the body that, in the reference con�guration, coincides with a �xed ref-

erence point, say 0 1 . We also mark a (directed) line on the body that, in

the reference con�guration, coincides with a �xed reference line, say the

positive x axis.

We could measure rotation by measuring the rotation of any line seg-

ment connecting any pair of points �xed to the object. For each line we

keep track of the angle that line makes with a line �xed in space, say the

positive x or y axis. It's simplest to stick to the convention that counter-

clockwise rotations are positive (�g. 17.4). The angles �1, �2§ , all change

with time and are all di�erent from each other. But all the angles change

the same amount, just like in section 16.1. We can pick any one line we

like for de�niteness andmeasure the object rotation by the rotation of that

line. So

The net motion of a rigid planar object is described by translation,

the vector displacement of a reference point from a reference posi-

Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap 1



Introduction to Mechanics for Engineers � Ruina & Pratap Ch 17 Section 17.1

tion
Ç

ro¨_o =
Ç

roo¨ , and a scalar rotation � of the reference line from its

reference orientation.

The position of a point on a moving rigid object.

Given that P on the object is at
Ç

rP_0
<
in the reference (*) con�guration,

where is it (What is
Ç

rP_0?) after the object has been displaced by
Ç

r0¨_0 and

rotated an angle �?

The base-independent or direct vector notation. An easy way to

treat this is to write the new position of P as (see �g. 17.5), in the base-

independent or direct vector representation of the position of P,

Ç

rP_0 =
Ç

r0¨_0 +
Ç

rP_0¨ : (17.1)

The vector
Ç

r0¨_0 describes translation, that's half the story. The other

term
Ç

rP_0¨ we �nd by rotating
Ç

rP_0
<
as we did in Section 16.2. This `base-

independent' formula is correct no matter what base vectors are used to

represent the vectors in the formula (e.g., �{ and �| or �{¨ and �|¨).

Fixed basis or component representation. For a given basis, say �{

and �| associated with x and y, we can write the coordinates of a point as,�
Ç

rP_0

�
xy

=
�
Ç

r0¨_0

�
xy

«­¯­¬
displacement

+
�
R.�/

� �
Ç

rP_0¨
�
x¨y¨

«­­­­¯­­­­¬
rotation

(17.2)

or, writing out all the components of the vectors and matrices, We get the

�xed basis or component representation of the motion:

L xP
yP

M = L x0¨_0
y0¨_0

M + L cos � *sin �

sin � cos �
M L x<

P_0

y<
P_0

M : (17.3)

As themotion progresses the displacement L x0¨_0
y0¨_0

M changeswith time as

does the rotation angle �. In this �xed basis or component representation

of themotion of eqn. (17.3)we get the components of the position in terms

of base vectors that are �xed in space.

Example:

If in the reference position a particle on a rigid object is at ÇrP_0 = .1�{ + 2 �|/m

and the object displaces by Çr0¨_0 = .3�{+4 �|/m and rotates by � = �_3 rad = 60ý
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B
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Figure 17.6: It is generally best to

take positive ! to be counterclockwise

when viewed from the positive z axis.

relative to that con�guration, then its new position is:�
ÇrP_0

�
xy

=
�
Çr0¨_0

�
xy
+
�
R.�/

� �
ÇrP_0¨

�
x¨y¨

=

bffd
x0¨_0

y0¨_0

cgge
+

bffd
cos � *sin �

sin � cos �

cgge
bffd

x<
P_0

y<
P_0

cgge
=

h
lj
bffd

3

4

cgge
+

bffd
cos�_3 * sin�_3

sin�_3 cos�_3

cgge
bffd

1

2

cgge
i
mk
m

=

bffd
3:5 *

ù
3

5 +
ù
3_2

cgge
m

Ù
ÇrP_0 =

�
.3:5 *

ù
3/�{ + .5 +

ù
3_2/ �|

�
m

Changing-base representation. Finally, the changing base represen-

tation uses base vectors �{¨; �|¨ that are aligned with �{; �| in the reference

con�guration but which are glued to the rotating object. If we de�ne x¨

and y¨ as the x and y components of P in the reference (*) con�guration

we have that �
Ç

rP_0
<
�
xy

=
�
Ç

rP_0¨
<
�
x¨y¨

= L x¨

y¨
M

so
Ç

rP_0 =
�
x0¨_0�{ + y0¨_0 �|

�
+

�
x¨�{¨ + y¨ �|¨

�
: (17.4)

The second equation above is the changing base representation.

Although all three notations are in some sense equivalent, they have

their best uses depending on context. The base-independent or direct-

vector notation eqn. (17.1) is the most direct, least ornate and shortest to

write. The component or �xed base representation eqn. (17.3) is the best

for computer calculations. And the changing-base notation eqn. (17.4) is

the most explicit for pencil and paper work.

Angular velocity

Because all lines on object B rotate at the same rate (at a given instant)

B's rotation rate is the single number we call !
B
(`omega b'). As for the

case of pure rotation, we de�ne a vector angular velocity with magnitude

!
B
which is perpendicular to the xy plane:

Ç

!
B
= !

B
«̄ ¬

��

�k

where �� is the rate of change of the angle of any line marked on objectB.

So long as you are careful to de�ne angular velocity by the rotation of

line segments and not by the motion of individual particles, the concept

of angular velocity in general motion is de�ned exactly as for an object

rotating about a �xed axis. The key kinematic fact is, in words:
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Figure 17.7: The relative velocity of

points A and B is in the xy plane and

perpendicular to the line segment AB.

On a rigid object in 2D any given point ismoving in circles about any

other given point (relative to that point).

So you can think of the general planar motion of a rigid object as the

general motion of a point plus uniform circular motion about that point.

When a rigid object moves it always has an angular velocity (possibly

zero). If we call the object B (script B for body), we then call the object's

angular velocity
Ç

!
B
. Again, it is generally best to use the CCW sign con-

vention that when !
B
> 0 the object is rotating counterclockwise when

viewed looking in from a point outside the object on the positive z axis

(that is, `looking down', see �g. 17.6).

The angular velocity vector
Ç

!
B
of an object B describes its rate and

direction of rotation. For planar motions
Ç

!
B
= !

B
�k.

Relative velocity of two points on a rigid object

For any two points A and B glued to a rigid object B the relative velocity
Ç

vB_A of the points (`the velocity of B relative to A') is given by the cross

product of the angular velocity of the object with the relative position of

the two points (�g. 17.7):

Ç

vB_A �
Ç

vB *
Ç

vA =
Ç

!
B
�
Ç

rB_A: (17.5)

That is, the relative velocity of two points on a rigid object is the same as

would be predicted for one of the points if the other were stationary. The

derivation of this formula is the same as for planar circular motion.

Note thatwe use three-dimensional cross products even thoughwe are

doing planar 2Dkinematics. Generally the plane ofmotion is thexy plane

and
Ç

! will be in the z direction. Because
Ç

! �
Ç

rmust be perpendicular to
Ç

! it is perpendicular to the z axis. So the three-dimensional cross product
Ç

! �
Ç

r gives a vector that is perpendicular to
Ç

r and is in the xy plane .

We can also represent the relative velocity in the changing base nota-

tion as

Ç

vB_A =
d

dt

�
x¨
B/A

�{¨ + y¨
B/A

�|¨
�

= x¨
B/A

d

dt
�{¨ + y¨

B/A

d

dt
�|¨

= x¨
B/A

�
Ç

!
B
� �{¨

�
+ y¨

B/A

�
Ç

!
B
� �|¨

�
:
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Figure 17.8: Absolute velocity of a

point on a rigid object: ÇvB =
ÇvA + ! �

ÇrB_A

C

r A

v

C/A

A

⇀ω

⇀

⇀

Figure 17.9: The center of rotation C is

that point `on' the object that has zero

velocity. So long as ! � 0 there always

is such a point.

That is, the relative velocity is the same as the relative position, but with

the base vectors substituted with their rates of change.

Finally, we can use the �xed-base or component notation for position

and di�erentiate the terms (see box 16.5 on page 773):

�
Ç

vB_A

�
xy

=
d

dt
L xB_A
yB_A

M
=

d

dt
TL cos � *sin �

sin � cos �
M L x<

B_A

y<
B_A

MU
= L * �� sin � * �� cos �

�� cos � * �� sin �
M L x<

B_A

y<
B_A

M
= L 0 *!

! 0
M L cos � *sin �

sin � cos �
M L x<

B_A

y<
B_A

M
where x<

B_A
and y<

B_A
are the components of the position of B with respect

to A in the reference con�guration and hence do not change with time.

Absolute velocity of a point on a rigid object

If one knows the velocity of one point on a rigid object and one also knows

the angular velocity of the object, then one can �nd the velocity of any

other point. How? By addition. Say we know the velocity of point A, the

angular velocity of the object, and the relative position of A and B, then

Ç

vB =
Ç

vA + .
Ç

vB *
Ç

vA/

=
Ç

vA +
Ç

vB_A

=
Ç

vA +
Ç

!
B
�
Ç

rB_A
«̄ ¬
Ç

rB*
Ç

rA

: (17.6)

That is, the absolute velocity of the point B is the absolute velocity of the

point A plus the velocity of the point B relative to the point A (�g. 17.8).

Equation (17.6) is a 2D vector equation, and thus equivalent to 2 scalar

equations, in 4 vectors which have 7 independent components (
Ç

! only

has one independent component). Generally one could use eqn. (17.6) to

solve for any 2 components in terms of the other 5.

Instantaneous Center of Rotation. Interestingly, for any planar ob-

ject with non-zero ! there is some point C `on' the object that has exactly

zero velocity (�g. 17.9). By `on' the objectwemean a point thatmoveswith

the object in a rigid way. Imagine a giant sheet of clear plexiglass glued

to the object and extending way beyond the object. By `on' the object we
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mean a point on the plexiglass. Why must there be such a point? Con-

sider a point A on the object with some velocity. Relative to A the other

points are going in circles. Each radial line extending from A has a rel-

ative velocity orthogonal to that line. Thus, considering all radial lines,

every velocity direction is represented. And the relative velocities have

magnitudes from 0 to in�nity as points on a radial line are scanned from

A outwards. Thus each possible relative velocity is had by some point `on'

the body. And one of those exactly cancels the velocity of A. Thus some

point C has no velocity and all other points on the body rotate around it.

This point is called the center of rotation. For other than purely circular

motion, as an object moves, its center of rotation changes with time. See

Sample 17.2 on page 850 for more details.

When trying to understand a mechanism it is often useful to think

about the locus of locations of the center of rotation of each of the parts.

Angular acceleration

The angular acceleration
Ç

� (`alpha') of a rigid object is the rate of change

of angular velocity,
Ç

� = �Ç!. The angular acceleration of a object B is
Ç

�
B
.

As for angular velocity, in 2D angular acceleration is perpendicular to the

plane of motion:

Ç

! = !�k and
Ç

� = � �k = �! �k:

In 2D the angular acceleration is only due to the speeding up or slowing

down of the rotation rate; i.e., � = �! = ��.

Relative acceleration of two points on a rigid object

For any two points A and B glued to a rigid object B, the acceleration of

B relative to A is

Ç

aB_A =
d

dt

Ç

vB_A

=
d

dt

$
Ç

!
B
�
Ç

rB_A

%
= �Ç!

B
�
Ç

rB_A +
Ç

!
B
� .

Ç

vB_A/;

= �Ç!
B
�
Ç

rB_A +
Ç

!
B
� .

Ç

!
B
�
Ç

rB_A/;

= �
B
�k �

Ç

rB_A + .*!2
B

Ç

rB_A/; (17.7)

This is the base-independent or direct-vector expression for relative ac-

celeration. If point A has no acceleration, this formula for relative ac-

celeration reduces to the total acceleration of a point undergoing circular

motion from Chapter 15.

Equation (17.7) could also be derived, with some algebra, by taking

two time derivatives of the relative position coordinate expression�
Ç

rB_A

�
xy

=
�
R.�/

� �
Ç

rB_A
<
�
x¨y¨
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Figure 17.10: A two link robot arm.

or by taking two time derivatives of the changing base vector expression

Ç

rB_A = x¨
B_A

�{¨ + y¨
B_A

�|¨:

Absolute acceleration of a point on a rigid object

If one knows the acceleration of one point on a rigid body and the angular

velocity and acceleration of the body, then one can �nd the acceleration

of any other point. How? Add the absolute acceleration of one point to

the acceleration of the second relative to the �rst.

Ç

aB =
Ç

aA + .
Ç

aB *
Ç

aA/ =
Ç

aA +
Ç

aB_A

=
Ç

aA +
Ç

!
B
� .

Ç

!
B
�
Ç

rB_A/ +
�Ç!
B
�
Ç

rB_A

=
Ç

aA * !2
B

Ç

rB_A + �
B
�k �

Ç

rB_A (17.8)

This is the base-independent or direct-vector expression for acceleration.

The �xed-base (component) and changing-base notations are somewhat

more complex.

Equation 17.8 is often called `the three term acceleration formula' be-

cause the acceleration of B is the sum of three terms. First is
Ç

aA, the ac-

celeration of some point A on the object. Second is
Ç

!
B
� .

Ç

!
B
�
Ç

rB_A), the

centripetal acceleration of B going in circles relative to A. It is directed

from B towards A. Third is �Ç!
B
�
Ç

rB_A, due to the change in themagnitude

of the angular velocity. The third term is in the direction normal to the

line from A to B (tangent to the circle of B going around A).

Example: Robot arm

Given the con�guration shown in �g. 17.10 the acceleration of point B can be

found by thinking of link AB as the object B in eqn. (17.8) and using what you

know about circular motion to �nd the acceleration of A:

ÇaB = ÇaA * !2
B

ÇrB_A + �
B
�k � ÇrB_A

=
�
*!2

OA
l �| * �!OAl�{

�
*
�
!2
AB
l�{
�
+
�
�!AB

�k � .l�{/
�

= *
�
�!OAl + !2

AB
l
�
�{ +

�
*!2

OA
l + �!ABl

�
�|

[Note that !AB �
�� where � is the angle between the links. Rather !AB = !0A +

��.]

Computer graphics

Given one point given by the xy pair L x0
y0

Mwe can �nd outwhat happens
to it by rotation [R] as

L x

y
M = [R] L x0

y0
M :
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Figure 17.11: (a) A house drawn as 6

dots connected by line segments. The

�rst and last point are the same. (b)

The same house but rigidly rotated

and translated.

For example the point L 0

2
M gets changed by a 45 deg rotation to

L x

y
M = [R] L x0

y0
M = L cos

�

4
*sin

�

4

sin
�

4
cos

�

4

M L 0

2
M

ù L :7 *:7

:7 :7
M L 0

2
M ù L *1:4

1:4
M :

A translation is just a vector addition. For example the point L *1:4

1:4
M gets

translated a distance 2 in the y direction by the addition of L xt
yt

M = L 0

2
M

like this

L x

y
M
translated

= L x

y
M + L xt

yt
M = L *1:4

1:4
M + L 0

2
M = L *1:4

3:4
M :

Putting these together the point L x0
y0

M gets rotated and translated by �rst
multiplying by the rotation matrix and then adding the translation:

L x

y
M = [R] L x0

y0
M + L xt

yt
M ù L :7 *:7

:7 :7
M L 0

2
M + L 0

2
M ù L *1:4

3:4
M :

A collection of points all rotated the same amount and then all translated

the same amount keep their relative distances.

A picture is a set of points on a plane. If all the points are rotated and

translated the same amount the picture is rotated and translated. Thus a

picture of a rigid object described by points is rigidly rotated and trans-

lated. On a computer line drawings are often represented as a connect-

the-dots picture. The picture is represented by the x and y coordinates of

the reference dots at the corners. These can be stored in an array with the

�rst row being the x coordinates and the second row the y coordinates as

explained on page 762. Each column of this matrix represents one point

of the connect-the-dots picture. Thus a primitive picture of a house at the

origin is given by the array

[P0] � [xy points originally] = L 0 2 2 1 0 0

0 0 2 3 2 1
M

with the lower left corner of the house at the origin.

To rotate this picture we rotate each of the columns of the matrix

P0]. But this is exactly what is accomplished by the matrix multiplication

[R][P0]. To translate the points you add the translation vector to each of

the columns of the resulting matrix. Thus the whole picture rotated by

45
ý

and translated up by 1 is given by
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2 In 1D it takes just 3 numbers and

in 3D just 18. The unusual pat-

tern (3,9,18) comes from rotation be-

ing characterized by 0, 1, and 3 num-

bers in 1, 2, and 3 dimensions, respec-

tively.

[Pnew] = [R][P0] + L xt
yt

M ù L :7 *:7

:7 :7
M [P0] + L 0

1
M

which gives a new array of points that, when connected give the picture

shown. Wehave allowed the informal notation of adding a columnmatrix

to a rectangular matrix, by which we mean adding to each column of the

rectangular matrix.

To animate the motion of a house �ying in, say, the Wizard of Oz, you

would �rst de�ne the house as the set of points [P0]. Then de�ne, maybe

bymeans of numerical solution of di�erential equations, a set of rotations

and translations. Then for each rotation and translation the picture of the

house should be drawn, one after the other. The sequence of such pictures

is an animation of a �ying and spinning house.

Summary of the kinematics of one rigid object in
general 2D motion

You can use the position of one reference point and the rotation of the

object as simple kinematic measures of the entire motion of the object. If

you know the position, velocity, and acceleration of one point on a rigid

object (represented by 6 scalars, say) , and you know the angular rate and

angular acceleration (3 scalars) then you can �nd the position, velocity

and acceleration of any point on the object (also given its initial position).

In 2D, just 9 numbers tell you the position, velocity, and acceleration of

any of the billions of points whose initial positions you know 2 .
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A

C

B


vB

0.2 m

ı̂

̂

Figure 17.12: The rigid triangular

plate ABC rotates counterclockwise at

5 rad_s. Velocity of point B is given.

We have to �nd the velocity of points

A and C.

A

C

B0.2 m

ı̂

ĵ

x

y

y
′

x
′

π/3

Figure 17.13: Velocity of point A is

known. The axes xy are �xed in

space and the axes x¨y¨ are �xed to

the rotating plate in the orientation

shown. Thus in thex¨y¨ axes, the coor-

dinates of point C will always be x¨
C
=

0:2m; y¨
C
= 0.

SAMPLE 17.1 Velocity of a point on a rigid body in planar motion.

An equilateral triangular plate ABC is in motion in the x-y plane. At the

instant shown in the �gure, point B has velocity
Ç

v
B
= 0:3m_s�{+0:6m_s �|

and the plate has angular velocity
Ç

! = 2 rad_s �k.

1. Find the velocity of point A using vector calculations.

2. Find the velocity of point C using matrix calculations.

Solution

1. We are given ÇvB and !, and we need to �nd
ÇvA, the velocity of point A on the same

rigid body. We know that,
ÇvA = ÇvB +

Ç! � ÇrA_B

Thus, to �nd ÇvA, we need to �nd
ÇrA_B. Let us take an x-y coordinate system whose

origin coincides with point A of the plate at the instant of interest and the x-axis is

along AB. Then,

ÇrA_B = ÇrA * ÇrB =
Ç

0 * .0:2m�{/ = *0:2m�{

Thus,

ÇvA = ÇvB +
Ç! � ÇrA_B

= .0:3�{ + 0:6 �|/m_s + 2 rad_s �k � .*0:2�{/m

= .0:3�{ + 0:2 �|/m_s:

ÇvA = .0:3�{ + 0:2 �|/m_s

2. Let xy axes with origin at A be �xed in space with x-axis along AB at the instant

of interest. Let x¨y¨ axes be �xed to the plate with origin at O and the x¨-axis along

AC as shown in �g. 17.13. Thus the coordinates of point C in the rotating axes are

L x¨
C

y¨
C

M = L 0:2m

0
M

Clearly, at the instant of interest, the rotating axes make an angle of � = �_3 with

the �xed axes. Now, we can calculate the velocity of point C as follows.�
ÇvC
�
xy

=
�
ÇvA
�
xy

+ L 0 *!

! 0
M L cos � *sin �

sin � cos �
M L x¨

C_A

y¨
C_A

M :
Using � = �_3, the angle that the rotating axes make with the �xed axes at the

instant of interest, and ! = 2 rad_s, we get

�
ÇvC
�
xy

= L 0:3m_s

0:2m_s
M + L 0 *2 rad_s

2 rad_s 0
M bffd

1

2
*

ù
3

2ù
3

2

1

2

cgge L
0:2m

0
M

= L 0:3m_s

0:2m_s
M + L *0:35m_s

0:2m_s
M = L *0:05m_s

0:4m_s
M :

Thus, ÇvC = *0:05m_s�{ + 0:4m_s �|. We can also verify this answer by computing
ÇvC = ÇvB +

Ç! � ÇrC_B.

ÇvC = *0:05m_s�{ + 0:4m_s �|
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SAMPLE 17.2 The instantaneous center of rotation. A rigid body is

in planar motion. At some instant t, the angular velocity of the body is
Ç

! = 5 rad_s �k and the linear velocity of a point C on the body is
Ç

v
C

=

2m_s�{ * 5m_s �|. Find the instantaneous center of rotation.

Solution Let a point O be the instantaneous center of rotation. We need to �nd the

location of O using the given information. Whether O lies inside the object or outside is

irrelevant here since the object boundary is not speci�ed. So, let us consider an abstract

rigid object as shown in �g. 17.14. Whatwe know aboutO is that it has zero velocity (since

it is the center of rotation). Let point O be a distance r away from C in some unknown

direction �n (to be found). Thus, ÇrO_C = r �n is the position vector of point O with respect

to point C. Now,

ÇvC = ÇvO
«̄ ¬
Ç

0

+ Ç! � ÇrC_O
«̄ ¬
*ÇrO_C

= *!�k � r �n = *!r. �k � �n/:

Thus, �k � �nmust be parallel to and in the opposite direction of ÇvC. Let
ÇvC = vC

��. Then,

we must have �k � �n = * ��, which says that �n must be normal to ��. Since �� = ÇrC_ðÇrCð =
.2m_s�{*5m_s �|/_.

ù
22 + 52 m_s/ = 0:37�{*0:93 �|, we can immediately write �n = 0:93�{+

0:37 �|. So, now,

vC
�� = *!r.

* ��
©®ª
�k � �n/

Ù vC = !r

Ù r = vC_!

=
ù
29m_s_.5 rad_s/ = 1:08m:

Thus
ÇrO_C = r �n = 1:08m.0:93�{ + 0:37 �|/ = 1m�{ + 0:4m �|:

ÇrO_C = 1m�{ + 0:4m �|

Alternatively,

We can �nd ÇrO_C purely by vector algebra. Let
ÇrO_C = .x�{ + y �|/m. So,

ÇvO = ÇvC + Ç! � ÇrO_C

or
Ç

0 = 2m_s�{ * 5m_s �| + .5 rad_s/ �k � .x�{ + y �|/m

= .2 * 5y/m_s�{ + .*5 + 5x/m_s �|:

Dotting this equation with �{ and �| respectively, we get

2 * 5y = 0

*5 + 5x = 0:

Solving these two equations simultaneously, we get, x = 1 and y = 0:4. Thus,

ÇrO_C = 1m�{ + 0:4m �|

as obtained above.
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SAMPLE 17.3 A cheerleader throws her baton up in the air in the ver-

tical xy-plane. At an instant when the baton axis is at � = 60
ý

from the

horizontal, the velocity of end A of the baton is
Ç

v
A
= 2m_s�{ +

ù
3m_s �|.

At the same instant, end B of the baton has velocity in the negative x-

direction (but ðÇv
B
ð is not known). If the length of the baton is l =

1

2
m

and the center-of-mass is in the middle of the baton, �nd the velocity of

the center-of-mass.

Solution

We are given: ÇvA = .2�{ +
ù
3 �|/m_s

and ÇvB = *vB �{

where vB = ðÇvBð is unknown. We need to �nd ÇvG : Using the relative velocity formula for

two points on a rigid body, we can write:

ÇvG = ÇvA + Ç! � ÇrG_A (17.9)

Here, ÇvA and ÇrG_A are known. Thus, to �nd ÇvG , we need to �nd Ç!, the angular velocity

of the baton. Since the motion is in the vertical xy-plane, let Ç! = !�k. Then,

ÇvB = ÇvA + Ç! � ÇrB_A = ÇvA + !�k � l.cos ��{ * sin � �|/
«­­­­¯­­­­¬

Ç

r
B_A

or * vB �{ = .2�{ +
ù
3 �|/m_s + !l.cos � �| + sin ��{/

= .2�{ +
ù
3 �|/m_s + !�

1

2
m� H1

2
�| +

ù
3

2
�{I

Dotting both sides of this equation with �| we get:

0 =
ù
3m_s +

!

2
m�

1

2

Ù ! = *
ù
3
¡m

s
�
4

1¡m
= *4

ù
3 rad_s:

Now substituting the appropriate values in Eqn (17.9) we get:

ÇvG = ÇvA + !�k �
l

2
.cos ��{ * sin � �|/

«­­­­­¯­­­­­¬
Ç

r
G_A

= ÇvA +
!l

2
.cos � �| + sin ��{/

= .2�{ +
ù
3 �|/m_s *

ù
3m_s� H1

2
�| +

ù
3

2
�{I

= 02 * 3

2
1 m_s�{ + Hù3 * ù

3

2
I m_s �|

=
1

2
m_s�{ +

ù
3

2
m_s �|

ÇvG = .0:5�{ + 0:87 �|/m_s
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Figure 17.18: Aboard in the back of an

accelerating truck.

SAMPLE 17.4 A board in the back of an accelerating truck. A 10 f t

long uniform board AB rests in the back of a �at-bed truck as shown in

Fig. 17.18. End A of the board is hinged to the bed of the truck. The

truck is going on a level road at 55 mph. In preparation for overtaking

a vehicle in the front, the trucker accelerates at a rate of 3 mph_s. At

the instant when the speed of the truck is 60 mph, the magnitude of the

relative velocity and relative acceleration of end B with respect to the bed

of the truck are 10 f t_s and 12 f t_s2, respectively. There is wind and at this

instant, the board has lost contact with point C. If the angle � between the

board and the bed is 45
ý

at the instant mentioned, �nd

1. the angular velocity and angular acceleration of the board,

2. the absolute velocity and absolute acceleration of point B, and

3. the acceleration of the center-of-mass G of the board.

Solution At the instant of interest, the quantities given are:

ÇvA = velocity of the truck = 60mph �{ = 88 f t_s �{
ÇaA = acceleration of the truck = 3mph_s = 4:4 f t_s2 �{ðÇvB_Að = vB_A = magnitude of relative velocity of B = 10 f t_sðÇaB_Að = aB_A = magnitude of relative acceleration of B = 12 f t_s2:

Let Ç! = !�k be the angular velocity and �Ç! = �! �k be the angular acceleration of the board.

1. The relative velocity of end B of the board with respect to end A is

ÇvB_A = Ç! � ÇrB_A = !�k � l.cos ��{ + sin � �|/

= !l.cos � �| * sin ��{/

Ù ! =
ðÇvB_Að

l
=

vB_A

l
=

10 f t_s

10 f t
= 1 rad_s:

Note that we have taken the positive value for! because the board is rotating coun-

terclockwise at the instant of interest (since it is given that the boardhas lost contact

with point C).

Similarly, we can compute the angular acceleration:

ÇaB_A = �Ç! � ÇrB_A * !2ÇrB_A

= �! �k � l.cos ��{ + sin � �|/ * !2l.cos ��{ + sin � �|/

= �!l.cos � �| * sin ��{/ * !2l.cos ��{ + sin � �|/

Ù ðÇaB_Að =
ù
. �!l/2 + .!2l/2 = aB_A (given)

Ù a2
B_A

= . �!l/2 + .!2l/2

Ù �! =

v
a2
B_A

l2
* !4 =

yxxxwH12 f t_s2
10 f t

I2 * .1 rad_s/4

= ,0:663 rad_s2:

Once again, we select the positive value for �! since we assume that the board ac-

celerates counterclockwise.

Ç! = 1 rad_s �k; �Ç! = 0:663 rad_s2 �k
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2. The absolute velocity and the absolute acceleration of the end point B can be found

as follows.

ÇvB = ÇvA + ÇvB_A

= vA �{ + vB_A.cos � �| * sin ��{/

= 88 f t_s�{ + 10 f t_s.
1ù
2
�| *

1ù
2
�{/

= 80:93 f t_s�{ + 7:07 f t_s �|:

ÇaB = ÇaA + ÇaB_A

= ÇaA + �Ç! � ÇrB_A * !2ÇrB_A

= aA �{ + �! �k � l.cos ��{ + sin � �|/ * !2l.cos ��{ + sin � �|/

= .aA * �!l sin � * !2l cos �/�{ + . �!l cos � * !2l sin �/ �|

= H4:4 f t_s2 * 0:66

s2
� 10 f t �

1ù
2
*

1

s2
� 10 f t �

1ù
2
I �{

+ H0:66
s2

� 10 f t �
1ù
2
*

1

s2
� 10 f t �

1ù
2
I �|

= *7:34 f t_s2 �{ * 2:40 f t_s2 �|:

ÇvB = .80:93�{ + 7:07 �|/ f t_s; ÇaB = *.7:34�{ + 2:40 �|/ f t_s2:

3. Now, we can easily calculate the acceleration of the center-of-mass as follows.

ÇaG = ÇaA + ÇaG_A

= aA �{ +
�Ç! � ÇrG_A * !2ÇrG_A

= aA �{ + �! �k �
l

2
.cos ��{ + sin � �|/ * !2 l

2
.cos ��{ + sin � �|/

= aA �{ + �!
l

2
.cos � �| * sin ��{/ * !2 l

2
.cos ��{ + sin � �|/

= 4:4 f t_s2 �{ + 0:663 rad_s2 �
10 f t

2
� .

1ù
2
�| *

1ù
2
�{/

*.1 rad_s/2 �
10 f t

2
� .

1ù
2
�{ +

1ù
2
�|/

= *1:48 f t_s2 �{ * 1:19 f t_s2 �|:

ÇaG = *.1:48�{ + 1:19 �|/ f t_s2

Comments: This problem is admittedly arti�cial. We, however, solve this problem to

show kinematic calculations.
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SAMPLE 17.5 Tracking motion. A cart moves along a suspended

curved path. A rod AB of length l = 1m hangs from the cart. End A of

the rod is attached to a motor on the cart. The other end, B, hangs freely.

The motor rotates the rod such that �.t/ = �
0
sin.�t/ (� is measured with

respect to a �xed vertical line) while the cart moves along the path such

that
Ç

r
A
= t�{ +

t
3

18
�|, where all variables (r, t, etc.) are nondimensional.

1. Find the velocity and acceleration of point B as a function of nondi-

mensional time t.

2. Take �
0
= �_3 and � = 6. Find and plot the position of the bar at

t = 0; 0:1; 0:3; 0:9; 1; 1:1; 1:2, and 1:5. Find and draw
Ç

v
B
and

Ç

a
B
at

the speci�ed t.

Solution

1. The velocity and acceleration of point B are given by

ÇvB = ÇvA + ÇvB_A = ÇvA + Ç! � ÇrB_A
ÇaB = ÇaA + �Ç! � ÇrB_A * !2ÇrB_A:

Thus, in order to �nd the velocity and acceleration of point B, we need to �nd the

velocity and acceleration of point A and the angular velocity and angular acceler-

ation of the bar. We are given the position of point A and the angular position of

the bar as functions of t. We can, therefore, �nd ÇvA,
ÇaA,

Ç!, and �Ç! by di�erentiating

the given functions with respect to t.

ÇrA = t�{ +
t3

18
�|

Ù
ÇvA �

�ÇrA = �{ + .t2_6/ �| (17.10)

Ù
ÇaA �

�ÇvA = .t_3/ �| (17.11)

and

� �k = �0 sin.�t/
�k

Ù
Ç! �

�� �k = �0� cos.�t/
�k (17.12)

Ù �Ç! �
�� �k = *�0�

2 sin.�t/ �k: (17.13)

So,

ÇvB = ÇvA + Ç! � l.sin ��{ * cos � �|/

= �{ + .t2_6/ �| + l ��.sin � �| + cos ��{/

= .1 + l �� cos �/�{ + .t2_6 + l �� sin �/ �| (17.14)
ÇaB = ÇaA + �� �k � l.sin ��{ * cos � �|/ * ��2l.sin ��{ * cos � �|/

= .t_3/ �| + l �� sin � �| + l �� cos ��{ * l ��2 sin ��{ + l ��2 cos � �|

= l. �� cos � * ��2 sin �/�{ + [t_3 + l. �� sin � + ��2 cos �/] �|

(17.15)

where � = �0 sin.�t/;
�� = �0� cos.�t/, and

�� = *�0�
2 sin.�t/ = *�2�: Thus ÇvB

and ÇaB are functions of t.

2. The position of the rod at any time t is speci�ed by the position of the two end

points A and B (or alternatively, the position of A and the angle of the rod �). The
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1 We can take several values of t, say

400 equally spaced values between t =

0 and t = 4, and draw the bar at each

t to see its motion and the trajectory of

its end points. �g. 17.21 shows such a

graph.
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x
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Figure 17.21: Graph of closely spaced

con�guration of the bar between t = 0

to t = 4.

position of point A is easily determined by substituting the value of t in the given

expression for ÇrA. The position of end B is given by

ÇrB = ÇrA + ÇrB_A = t�{ + .t3_18/ �| + l.sin ��{ * cos � �|/

= .t + l sin �/�{ + .t3_18 * l cos �/ �|:

To compute the positions, velocities, and accelerations of end points A and B at

the given instants, we �rst compute �, ��, and ��, and then substitute them in the

expressions for ÇrA;
ÇrB;

ÇvA;
ÇvB;

ÇaA, and
ÇaB. A pseudocode for computer calculation

is given below.

t = [0 0.1 0.3 0.9 1.0 1.1 1.2 1.5]
theta0=pi/3, L=.5, lam=6
for each t, compute

theta = theta0*sin(lam*t)
w = lam*theta0*cos(lam*t)
wdot = -lam^2*theta

% Position of A and B
xA=t, yA=t^3/18
xB = xA + L*sin(theta)
yB = yA - L*cos(theta)

% Velocity of A and B
uA = 1, vA = t^2/6
uB = uA + L*w.*cos(theta)
vB = vA + L*w.*sin(theta)

% Acceleration of A and B
axA = 0, ayA = t/3
axB = L*wdot*cos(theta) - L*w^2*sin(theta)
ayB = ayA + L*wdot*sin(theta) + L*w^2*cos(theta)

From the above calculation, we get the desired quantities at each t. For example,

at t = 0 we get,

xA = 0, yA = 0, xB = 0, yB = -0.5
uA = 1, vA = 0, uB = 4.14, vB = 0, axB = 0, ayB = 19.74

which means,

ÇrA =
Ç

0; ÇrB = *0:5 �|; ÇvA = �{; ÇvB = 4:14�{; ÇaB = 19:74 �|:

The position of the bar, the velocity vectors at points A and B, and the acceleration

vector at B, thus obtained, are shown in �g. 17.20 graphically. 1
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⇀
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⇀
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Figure 17.20: Position, velocity of the end points A and B, and acceleration of point B at

various time instants.

Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap



Introduction to Mechanics for Engineers � Ruina & Pratap Ch 17 Section 17.1

17.1 Rigid object
kinematics

Preparatory Problems
17.1.1 A disk of radius R is hinged at
point O at the edge of the disk, approxi-
mately as shown. It rotates counterclock-

wise with angular velocity �� = Ç!. A bolt
is �xed on the disk at point P at a distance
r from the center of the disk. A frame
x¨y¨ is �xed to the disk with its origin at
the center C of the disk. The bolt posi-
tion P makes an angle � with the x¨-axis.
At the instant of interest, the disk has ro-
tated by an angle �.

a) Write the position vector of point
P relative to C in the x¨y¨ coordi-
nates in terms of given quantities.

b) Write the position vector of point
P relative to O in the xy coordi-
nates in terms of given quantities.

c) Write the expressions for the rota-
tion matrix R.�/ and the angular
velocity matrix S.Ç!/.

d) Find the velocity of point P rela-
tive to C using R.�/ and the angu-
lar velocity matrix S.Ç!/.

e) Using R = 30 cm, r = 25 cm, � =
60ý, and� = 45ý, �nd [ÇrC_0]xy , and

[ÇrP_0]xy at the instant shown.

f) Assuming that the angular speed
is ! = 10 rad_s at the instant
shown, �nd [ÇvC_0]xy and [ÇvP_0]xy
taking other quantities as speci-
�ed above.

O

C

P

θ
x

y

y
′

x
′

φ

R

r

ω

Problem 17.1.1

17.1.2 A uniform rigid rod AB of length
l = 1m rotates at a constant angular
speed ! about an unknown �xed point.
At the instant shown, the velocities of the
two ends of the rod are ÇvA = *1m_s�{
and ÇvB = 1m_s �|.

a) Find the angular velocity of the
rod.

b) Find the center of rotation of the
rod.

A

B

� = 1.0 m

θ = 45o

ı̂

ĵ

Problem 17.1.2

17.1.3 A square plate ABCD rotates at
a constant angular speed about an un-
known point in its plane. At the instant
shown, the velocities of the two corner
points A and D are ÇvA = *2 f t_s.�{ + �|/
and ÇvD = *.2 f t_s/�{, respectively.

a) Find the center of rotation of the
plate.

b) Find the acceleration of the center
of mass of the plate.

G

C

DA

B

ı̂

ĵ

�

Problem 17.1.3

More-Involved
Problems
17.1.4 A ten foot ladder is leaning be-
tween a �oor and a wall. The top of the
ladder is sliding down thewall at one foot
per second. (The foot is simultaneously
sliding out on the �oor). When the lad-
dermakes a 45 degree angle with the ver-
tical what is the speed of the midpoint of
the ladder?

17.1.5 The slender rod AB rests against
the step of height h, while end �A� is

moved along the ground at a constant ve-

locity vo. Find
�� and �� in terms of x, h,

and vo. Is
�� positive or negative? Is �� pos-

itive or negative?

A

B

h

x

φ vo

Problem 17.1.5

17.1.6 Consider themotion of a rigid lad-
der which can slide on a wall and on the
�oor as shown in the �gure. The point A
on the ladder moves parallel to the wall.
The point B moves parallel to the �oor.
Yet, at a given instant, both have veloci-
ties that are consistentwith the ladder ro-
tating about some special point, the cen-
ter of rotation (COR). De�ne appropriate
dimensions for the problem.

a) Find the COR for the ladder when
it is at some given position (and
moving, of course). [Hint: if a
point A is `going in circles' about
another point C, that other point
Cmust be in the direction perpen-
dicular to the motion of A.

b) As the ladder moves, the COR
changes with time. What is the set
of points on the plane that are the
COR's for the ladder as it falls from
straight up to lying on the �oor?

wall

floor

A

B

ladder

Problem 17.1.6

17.1.7 A car driver on a very boring high-
way is carefully monitoring her speed.
Over a one hour period, the car travels
on a curve with constant radius of curva-
ture, � = 25mi, and its speed increases
uniformly from 50mph to 60mph. What

Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap 1
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is the acceleration of the car half-way
through this one hour period, in path co-
ordinates?

17.1.8 The bar AB shown in the �gure is
1 m long. The end A of the bar is dragged
to the left on the horizontal �oor at a con-
stant speed v0 = 0:2m_s. The other end
of the bar drags along the inclined plane
that makes an angle � = 60ý with the
horizontal.

a) Does the endB of the rod also have
a constant speed? Does it imply
that the rod has a constant angular
velocity? Guess your answer and
write down your reasoning. No
calculations.

b) Find an expression for the angular
velocity of the rod in terms of �, �,
l, and v0.

<

c) Find the velocity of end B when
� = 30ý.

A

B

θ

�

⇀
vA φ

Problem 17.1.8

17.1.9 The disk shown in the �gure
drives the slider AB. The disk rotates
clockwise at a constant angular speed
!D = 60 rpm. The radius of the disk is
R = 0:25m.

a) Find the velocity of collar A when
� = 30ý.

b) Find the acceleration of collar A
when � = 30ý.

c) Find themaximumandminimum
velocity of the collar and the corre-
sponding angle � of the slider.

A

B

   = 30O

R
O

ωD

θ

 = 4R
�

Problem 17.1.9

17.1.10 A rod AC of length l = 2m is
mounted on a cart at point C. The cart
slides down under gravity on a friction-
less surface inclined at � = 45ý from
the horizontal. Assume that bar has
negligible mass compared to that of the
cart. The cart is released from rest and it
reaches the position shown in t = 2 s. At
the instant shown, � = 60ý, and rod AC
has an angular velocity Ç! = 0:5 rad_s �k

and angular acceleration Ç� = 1 rad_s2 �k.
Find the velocity and acceleration of the
center of mass of the rod at the instant
shown.

C

A

M

μ=ο
�

φ

θ

Problem 17.1.10

17.1.11 A vertical bar pendulum AB of
length l = 4 f t is mounted on a cart at
point A. The cart has a motor that drives
the bar pendulum back and forth about
the vertical position such that �.t/ =
�0 sin!t where �0 = �_6 and ! =
� rad_s. The cart moves at a constant
speed v0 = 2 f t_s on a sinusoidal track
represented by y.x/ = y0 sin �x where
y0 = 0:5 f t and � = �_4_ f t.

a) Find the velocity of point B when
� = 0.

b) Find and plot the position of point
B for one full oscillation of the bar,
assuming the bar starts from its
leftmost angular position (that is,
� = *�0) when the cart is on one
of the crests of the track.

A

B

x

y
θ

�

Problem 17.1.11

17.1.12 The center of mass of a javelin
travels on a more or less parabolic path
while the javelin rotates during its �ight.
In a particular throw, the velocity of the
center of mass of a javelin is measured to

be ÇvC = 10m_s�{when the center ofmass
is at its highest point h = 6m. As the
javelin lands on the ground, its nose hits
the ground at G such that the javelin is
almost tangent to the path of the center
of mass at G. Neglect the air drag and lift
on the javelin.

a) Given that the javelin is at an an-
gle � = 45ý at the highest point,
�nd the angular velocity of the
javelin. Assume the angular ve-
locity is constant during the �ight
and that the javelin makes less
than a full revolution.

θ

⇀
vC

C

G

h

ı̂

ĵ

φ

�

Problem 17.1.12
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17.1.1 A disk of radius R is hinged at
point O at the edge of the disk, approxi-
mately as shown. It rotates counterclock-

wise with angular velocity �� = Ç!. A bolt
is �xed on the disk at point P at a distance
r from the center of the disk. A frame
x¨y¨ is �xed to the disk with its origin at
the center C of the disk. The bolt posi-
tion P makes an angle � with the x¨-axis.
At the instant of interest, the disk has ro-
tated by an angle �.

a) Write the position vector of point
P relative to C in the x¨y¨ coordi-
nates in terms of given quantities.

b) Write the position vector of point
P relative to O in the xy coordi-
nates in terms of given quantities.

c) Write the expressions for the rota-
tion matrix R.�/ and the angular
velocity matrix S.Ç!/.

d) Find the velocity of point P rela-

tive to C using R.�/ and the angu-
lar velocity matrix S.Ç!/.

e) Using R = 30 cm, r = 25 cm, � =
60ý, and� = 45ý, �nd [ÇrC_0]xy , and

[ÇrP_0]xy at the instant shown.

f) Assuming that the angular speed
is ! = 10 rad_s at the instant
shown, �nd [ÇvC_0]xy and [ÇvP_0]xy
taking other quantities as speci-
�ed above.

O

C

P

θ
x

y

y
′

x
′

φ

R

r

ω

Problem 17.1

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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Disclaimer:We have lost track of the many people who wrote these solutions.
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17.1.2 A uniform rigid rod AB of length
l = 1m rotates at a constant angular
speed ! about an unknown �xed point.
At the instant shown, the velocities of the
two ends of the rod are ÇvA = *1m_s�{
and ÇvB = 1m_s �|.

a) Find the angular velocity of the
rod.

b) Find the center of rotation of the
rod.

A

B

� = 1.0 m

θ = 45
o

ı̂

ĵ

Problem 17.2

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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17.1.3 A square plate ABCD rotates at
a constant angular speed about an un-
known point in its plane. At the instant
shown, the velocities of the two corner
points A and D are ÇvA = *2 f t_s.�{ + �|/
and ÇvD = *.2 f t_s/�{, respectively.

a) Find the center of rotation of the
plate.

b) Find the acceleration of the center
of mass of the plate.

G

C

DA

B

ı̂

ĵ

�

Problem 17.3

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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Disclaimer:We have lost track of the many people who wrote these solutions.
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17.1.4 A ten foot ladder is leaning be-
tween a �oor and a wall. The top of the
ladder is sliding down thewall at one foot
per second. (The foot is simultaneously
sliding out on the �oor). When the lad-
dermakes a 45 degree angle with the ver-
tical what is the speed of the midpoint of
the ladder?

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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17.1.5 The slender rod AB rests against
the step of height h, while end �A� is
moved along the ground at a constant ve-

locity vo. Find
�� and �� in terms of x, h,

and vo. Is
�� positive or negative? Is �� pos-

itive or negative?

A

B

h

x

φ vo

Problem 17.5

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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17.1.6 Consider the motion of a rigid
ladder which can slide on a wall and on
the �oor as shown in the �gure. The
point A on the ladder moves parallel to
the wall. The point B moves parallel to
the �oor. Yet, at a given instant, both
have velocities that are consistent with
the ladder rotating about some special
point, the center of rotation (COR). De-
�ne appropriate dimensions for the prob-
lem.

a) Find the COR for the ladder when
it is at some given position (and
moving, of course). [Hint: if a
point A is `going in circles' about
another point C, that other point
Cmust be in the direction perpen-
dicular to the motion of A.

b) As the ladder moves, the COR
changes with time. What is the set
of points on the plane that are the
COR's for the ladder as it falls from
straight up to lying on the �oor?

wall

floor

A

B

ladder

Problem 17.6

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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17.1.7 A car driver on a very boring high-
way is carefully monitoring her speed.
Over a one hour period, the car travels
on a curve with constant radius of curva-
ture, � = 25mi, and its speed increases
uniformly from 50mph to 60mph. What
is the acceleration of the car half-way
through this one hour period, in path co-
ordinates?

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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17.1.8 The bar AB shown in the �gure is
1 m long. The end A of the bar is dragged
to the left on the horizontal �oor at a con-
stant speed v0 = 0:2m_s. The other end
of the bar drags along the inclined plane
that makes an angle � = 60ý with the
horizontal.

a) Does the endB of the rod also have
a constant speed? Does it imply
that the rod has a constant angular
velocity? Guess your answer and
write down your reasoning. No
calculations.

b) Find an expression for the angular
velocity of the rod in terms of �, �,

l, and v0.

c) Find the velocity of end B when
� = 30ý.

A

B

θ

�

⇀
v
A φ

Problem 17.8

Answer:

(b) Ç! = *
v
0
sin�

l cos.�*�/

�k

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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17.1.10 A rod AC of length l = 2m is
mounted on a cart at point C. The cart
slides down under gravity on a friction-
less surface inclined at � = 45ý from
the horizontal. Assume that bar has
negligible mass compared to that of the
cart. The cart is released from rest and it
reaches the position shown in t = 2 s. At
the instant shown, � = 60ý, and rod AC
has an angular velocity Ç! = 0:5 rad_s �k

and angular acceleration Ç� = 1 rad_s2 �k.

Find the velocity and acceleration of the
center of mass of the rod at the instant
shown.

C

A

M

μ=ο
�

φ

θ

Problem 17.10

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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17.1.11 A vertical bar pendulum AB of
length l = 4 f t is mounted on a cart at
point A. The cart has a motor that drives
the bar pendulum back and forth about
the vertical position such that �.t/ =
�0 sin!t where �0 = �_6 and ! =
� rad_s. The cart moves at a constant
speed v0 = 2 f t_s on a sinusoidal track
represented by y.x/ = y0 sin �x where
y0 = 0:5 f t and � = �_4_ f t.

a) Find the velocity of point B when
� = 0.

b) Find and plot the position of point
B for one full oscillation of the bar,

assuming the bar starts from its
leftmost angular position (that is,
� = *�0) when the cart is on one
of the crests of the track.

A

B

x

y
θ

�

Problem 17.11

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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17.1.12 The center of mass of a javelin
travels on a more or less parabolic path
while the javelin rotates during its �ight.
In a particular throw, the velocity of the
center of mass of a javelin is measured to
be ÇvC = 10m_s�{when the center ofmass
is at its highest point h = 6m. As the
javelin lands on the ground, its nose hits
the ground at G such that the javelin is
almost tangent to the path of the center
of mass at G. Neglect the air drag and lift
on the javelin.

a) Given that the javelin is at an an-
gle � = 45ý at the highest point,

�nd the angular velocity of the
javelin. Assume the angular ve-
locity is constant during the �ight
and that the javelin makes less
than a full revolution.

θ

⇀
v
C

C

G

h

ı̂

ĵ

φ

�

Problem 17.12

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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Free	body	diagram:	

	
	

Linear	momentum	balance:	 	!" = $ = −!&'	

	

Take	the	moment	that	the	center	of	mass	is	at	its	highest	point	(point	C)	as	t=0	and	

integrate	the	LMB,	we	get	

	 () = *+,-.. = () 0 = (1 ∙ 3 = 10	!/-		

	 (7 = −&8. = −&. + (7 0 = −&. + (1 ∙ ' = −&.		

	

	 : = −(7 8. = −
;

<
&.< + : 0 = −

;

<
&.< + ℎ		

	

The	time	the	javelin	gets	to	point	G	is	

	 : = −
;

<
&.< + ℎ = 0		à	.> =

<?

@
= 1.106	-	

	

At	.> ,	 () = 10	!/-,	(7 = −&. = − 2&ℎ = −10.84	!/-		

	 E = ".",2 () , (7 = 0.7451	I"8			

	

We	are	given	that	the	angular	velocity	of	the	javelin	is	constant,	so	the	angular	velocity	is	

J =
KL(NOP)

RS
= 1.456	I"8/-	(clockwise)	or	

J =
NOP

RS
= 1.383	I"8/-	(counterclockwise)	

	

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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MAE2030 HW P54 (17.1.12) Solution Duan Li

        

Given:  𝑣⃑𝐶(𝑡 = 0), ℎ, 𝜃(𝑡 = 0), constant angular velocity

  Define time 𝑡 = 0 to be when the center of mass is at point C

Find:      angular velocity

Free body diagram

Define point P to be the center of mass of the javelin

Linear momentum balance𝑚𝑎⃑ = ∑ 𝐹⃑ = −𝑚𝑔𝑗̂
Initial conditions𝑣𝑥(0) = 𝑣⃑𝐶 ∙ 𝑖̂ = 10 m/s𝑣𝑦(0) = 𝑣⃑𝐶 ∙ 𝑗̂ = 0 m/s𝑦(0) = ℎ = 6 m
Solve the LMB{𝑚𝑎⃑ = −𝑚𝑔𝑗}̂ ∙ 𝑖̂ → 𝑚𝑎𝑥 = 0𝑣𝑥 = ∫ 𝑎𝑥 𝑑𝑡 = ∫ 0 𝑑𝑡 = 𝐶1𝑣𝑥(0) = 𝐶1 = 10 m/s

→ 𝑣𝑥 = 10 m/s{𝑚𝑎⃑ = −𝑚𝑔𝑗}̂ ∙ 𝑗̂ → 𝑚𝑎𝑦 = −𝑚𝑔𝑣𝑦 = ∫ 𝑎𝑦 𝑑𝑡 = ∫ −𝑔 𝑑𝑡 = −𝑔𝑡 + 𝐶2𝑣𝑦(0) = 𝐶2 = 0 m/s

→ 𝑣𝑦 = −𝑔𝑡𝑦 = ∫ 𝑣𝑦 𝑑𝑡 = − 12 𝑔𝑡2 + 𝐶3

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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MAE2030 HW P54 (17.1.12) Solution Duan Li

𝑦(0) = 𝐶3 = ℎ
→ 𝑦 = − 12 𝑔𝑡2 + ℎ

The time the javelin gets to point G is𝑦 = − 12 𝑔𝑡𝐺2 + ℎ = 0 𝑚  

→ 𝑡𝐺 = 1.11 s

The velocity at point G𝑣𝑥(𝑡𝐺) = 10 m/s = 𝑣𝐺𝑥𝑣𝑦(𝑡𝐺) = −𝑔𝑡𝐺 = −10.8 m/s = 𝑣𝐺𝑦
→ 𝑣⃗𝐺 = 𝑣𝐺𝑥𝑖̂ + 𝑣𝐺𝑦𝑗̂

Directions of the javelin and of the path at point G

The direction of the javelin at point G𝑒̂𝑟 = sin 𝜙 𝑖̂ − cos 𝜙 𝑗̂
The tangent direction of the path at point G is 

𝑣⃗⃗𝐺|𝑣⃗⃗𝐺|
(Velocity is always tangent to the path.)

According to the problem, at point G, the javelin is tangent to the path, so𝑒̂𝑟 × 𝑣⃗𝐺 = 0⃗⃗sin 𝜙 𝑣𝐺𝑦𝑘̂ + cos 𝜙 𝑣𝐺𝑥𝑘̂ = 0⃗⃗
→ 𝜙 = arctan(− 𝑣𝐺𝑥𝑣𝐺𝑦) = 0.745 rad

Examples of possible javelin motion

According to the problem, the angular velocity of the javelin is constant and the javelin 

makes less than a full revolution, so there are 4 possible cases (shown below).

The javelin motion is drawn by denoting the two ends 𝐴 and 𝐵 moving to new locations 𝐴’
and 𝐵’.
Case 1. the javelin rotates CCW by a small angle

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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MAE2030 HW P54 (17.1.12) Solution Duan Li

𝜔⃗⃗⃗1 = 𝜙+𝜃𝑡𝐺 𝑘̂ = 1.38 rad/s 𝑘̂
Case 2. the javelin rotates CCW by a large angle

𝜔⃗⃗⃗2 = 𝜙+𝜃+𝜋𝑡𝐺 𝑘̂ = 4.21 rad/s 𝑘̂
Case 3. the javelin rotates CW by a small angle

𝜔⃗⃗⃗3 = 𝜋−𝜙−𝜃𝑡𝐺 (−𝑘̂) = −1.45 rad/s 𝑘̂
Case 4. the javelin rotates CW by a large angle

𝜔⃗⃗⃗4 = 2𝜋−𝜙−𝜃𝑡𝐺 (−𝑘̂) = −4.28 rad/s 𝑘̂

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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