Introduction to Mechanics for Engineers — Ruina & Pratap Ch 15 Section 15.1

15.1 Kinematics of a particle in planar
circular motion

This section concerns the position, velocity and accelerations of one point
going in circles. The essence of the content here is this:

If é, is a unit vector in the plane that is rotating counter-clockwise
(CCW) at a rate of  its rate of change is

= 6e
where &, is a unit vector given by rotating &, 90° CCW.

If you learn this idea inside and out then either you will have picked up
all the other key facts on the way, or you will be able to learn them in a
flash. Note, we use R and ¥ interchangeably. Likewise for e, and é,.

Circular motion

The position of a particle going in circles around the origin on the xy
plane is
¥ = RcosBi+ Rsinfj,

with the radius R a constant. Or, in terms of components,

X =Rcosf and y = Rsin®.

A natural graphical representation of this motion is a circle (fig. 15.1).
Unfortunately, a picture of the circular trajectory doesn’t give any infor-
mation about the speed of the particle on the circle. A plot of a particle
moving in circles slowly looks just like a plot of a particle moving quickly.

To get a sense of how position changes in time one can plot the func-
tions x(¢) and y(t) (fig. 15.2). Unfortunately this figure only indirectly
conveys that the particle is going in circles.

If you want to see both the trajectory and the time history of both vari-
ables one can make a 3-D plot of xy position versus time (fig. 15.3). The
shadows of this helix on the three coordinate planes are the three graphs
just discussed.

Finally, rather than representing time as a spatial coordinate, one can
represent time with time itself. How? Make an animated movie showing a
particle on the xy plane as it moves. Move your finger around in circles on
the table. That’s it. Similarly, you can make a dot move in circles on your
screen. How do you make all these plots? Using a calculator or computer
you can evaluate x and y for a range of values of t. Then, using pencil and
paper, a plotting calculator, or a computer, plot x vst, y vs t, and y vs x.
For animations plot x and y over and over again for a sequence of values
of t, and show these on your screen at a sequence of times.
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Circular trajectory

o

Figure 15.1: Trajectory of particle for
circular motion.
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Figure 15.2: Plots of x versus ¢ and y
versus ¢ for a particle going in a cir-
cle of radius R at constant rate. For
simplicity we assumed constant 6 with
© = 6t. So both x and y vary as sinu-
soidal functions of time: x = R cos(8t)
and y = Rsin(6t).
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Circular path
of particle A] xl

™x = Rcosfr

Figure 15.3: Plot of x and y versus time
for a particle going in circles at con-
stant rate. x versus ¢ is a cosine curve,
y versus ¢ is a sine curve. Together
they make up the 3D helix.
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Figure 15.4: The position vector ¥ of
the particle relative to the center of the
circle is 7 (or R) which is both

¥ =xi+yjand

¥ =Re, (orre,).
¥ makes an angle 6 measured counter-
clockwise from the positive x-axis.
The unit vectors &, and &, are in the ra-
dial and tangential directions, the di-
rections of increasing R and increasing

Figure 15.5: You can think of the unit
vectors &, and &, as the set i and j ro-

tated counter-clockwise by the angle
0.
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Polar coordinates R and 6 and unit vectors &, and é,

Especially for circular motion, it is convenient to represent position, ve-
locity and acceleration with polar, rather than rectangular, coordinates.
With polar coordinates we use polar base vectors which, unlike the fixed
iand j, rotate as the particle goes around. Let’s redraw fig. 15.1 and show
the unit base vectors

¢, (‘eR’)and ¢, (‘e theta’).

The radial unit vector &, is directed from the center of the circle towards
the point of interest and the transverse vector é,, perpendicular to &, is
tangent to the circle at that point in the direction of increasing 6. As the
particle goes around, its &, and &, unit vectors change accordingly. Two
different particles both going in circles with the same center at the same
rate each have their own &, and &, vectors. To be precise we can define &,
and e, as

(15.1)

and é,=kxe,.

The velocity and acceleration of a point going in
circles, using polar coordinates

In dynamics we are interested in velocity and acceleration so we need to
know how to represent these in polar coordinates. First, observe that the
position of the particle is (see fig. 15.4)

=

R=Re. (15.2)

R

That is, the position vector is the distance from the origin times a unit vec-
tor in the direction of the particle’s position. Given the position, it is just a
matter of careful differentiation to find velocity and acceleration. Here is
one of many possible ways to derive the polar-coordinate expressions for
velocity and acceleration. First, velocity is the time derivative of position,

SO
_ d- d . .
v=—R=—(Ré)= R & +Ré,.
N—_——

i 3 Ré (15.3)

0

Because a circle has constant radius R, R is zero. But how do we calculate
the rate of change of &, with respect to time, &,,?

Derivatives of &, and of ¢,

To find the velocity in polar coordinates we were just confronted with the
problem of finding é,.
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Method 1: One way to find dé,/dt = &, uses the geometry of fig. 15.7
and the informal calculus of finite differences (represented by A). Aé,
is evidently (about) in the direction & and has magnitude A0 so Aé, ~
(Af)e,. Dividing by At, we have Ae /At ~ (Af/At)e,. So, using this
sloppy calculus, we get éR = éée. Similarly, and we will need this shortly,
we could get &, = —0é,.

Method 2 This method is a little less geometric and a little more alge-
braic. We start with the decomposition of &, and é, into cartesian coordi-
nates. These decompositions are found by looking at the projections of &,
and é, in the x and y-directions (see fig. 15.6).

= cosOi +sin 6 j (15.4)

(D&> = »
I

—sin6i + cos 6

We can find &, by differentiating, taking into account that 0 is changing
with time but that the unit vectors i and j are fixed (so they don’t change
with time).

%(cos i +sinfj) = —Osinbi+ Hcosbj = éés
%(— sin 61 + cos 0 j) = —ééR

‘We had to use the chain rule, that is
dsinO(t) dsin6do(t)

6 cos 6.
dt e dr o
Now, two different ways, we know
é, =06e, and & =—0e,. (15.5)

Continuing the quest for velocity and acceleration

Now that we know how &, changes in time we can continue our quest for
v. Continuing from eqn. (15.3) we now have

A

U=R=Ré =ROe

R Ch

(15.6)

Similarly we can find the acceleration R by differentiating once again,

N o . d . Ca o -
a=R=v= E(Reee) = ROé, +R6é, + Rbe, (15.7)
N——
0
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cos@j

-sin 67 cos 01
Figure 15.6: Projections of &, and &, in
the x and y directions. From this pic-
ture you can immediately extract that

é, = cosfi+sinfjand that

é = —sin0i +cosfj.
A similar picture showing the projec-
tions of i and j in the &, and &, d direc-
tions would show that

i = cos6é, —sin 6¢, and that

J =sin6é, + cos fé,.

Figure 15.7: A close up view of the unit
vectors &, and é,. They make an an-
gle 6 with the positive x and y-axis, re-
spectively. As the particle advances an
amount A6 both &, and é, change. In
particular, for small A8, Aé, is approx-
imately in the &, direction and Ag, is
approximately in the —&, direction.



Figure 15.8: The directions of veloc-
ity 0 and acceleration a are shown for
a particle going in circles at constant
rate. The velocity is tangent to the cir-
cle and the acceleration is directed to-
wards the center of the circle.

0 =1 rev/day

Figure 15.9

®Caution: Note that the rate of
change of speed is not the magnitude
of the acceleration: U # |a| or in other
words: %|ﬁ| # |%T)|. Consider the
case of a car driving in circles at con-
stant rate. Its rate of change of speed
is zero, yet it has an acceleration.
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The first term on the right hand side is zero because R is 0 for circular
motion. The third term is evaluated using the formula we just found for
the rate of change of &: & = —0é,. So, using that R = Ré,,

a = —6’R + RBé, = —RG%¢, + Rbe, (15.8)

The velocity ¥ and acceleration a for a particle going in circles at con-
stant rate are shown in fig. 15.8.

Example: A person standing on the earth’s equator
A person standing on the equator has velocity

N A 27 rad n
U =6Reé, ( e )4000 mie,
~ 1050 mphé, ~ 1535ft/sé,
and acceleration
_ S 2rrrad\’ i
a=-0’Re, ~ -— ( >4t ) 4000 mié,

Q

—274mi/ hr'e, ~ —0.11ft/s’e,.

The velocity of a person standing on the equator, due to the earth’s rotation,
is about 1000 mph tangent to the earth. Her acceleration is about 0.11 ft/s* ~
0.03m/s? towards the center of the earth, about 1/300 of g, about 1/300 the
acceleration of an object in near-earth-surface frictionless free-fall.

Alternate expressions for the velocity and
acceleration formulas

Note that we can define a scalar velocity v = R8. We informally call this
scalar the speed even though it can be positive or negative. So

U = ROe, = ve,

Similarly the acceleration is

2
- 29 A S O
a = —R0°¢, + ROe, = —g & tve.

where U is the rate of change of tangential speed®. Thus the acceleration
is made of two terms. One proportional to the speed squared and directed
towards the center of the circle, and one proportional to the rate of change

of speed and directed tangent to the circle.

Centripetal acceleration

The term
—R6%¢, = —6°R
is called the centripetal acceleration. Why, intuitively, is the centripetal

acceleration proportional to the speed squared? Well, the acceleration is
the change in the velocity vector per unit time. There are two effects
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1. If the speed is twice as big then the velocity is twice as big.

2. And, for a given radius, the angle it rotates per unit time is twice as

big.

These two proportionalities with speed, the size of the velocity vector
which rotates and the rate at which it rotates both apply. So if the speed
is twice as big the acceleration is 4 times as big. Hence the v?.

15.1 Summary: the motion quantities

We can use our results for velocity and acceleration to better
evaluate the momenta and energy quantities. These results will
allow us to do mechanics problems associated with circular mo-
tion. For one particle in circular motion we have:

Linear momentum:

I= om = Rée.m,

Rate of change of linear momentum:

L= am = (—6°R + R8e)m,

Angular momentum:

H/O = ?/0 Xom = R%6mk,

Rate of change of angular momentum:

H/O: r/oxamz

Kinetic energy:

1
[ = zvzm =

Rate of change of kinetic energy:

EK= v-am =

R26mk,

1 ..
§R292m,and

mR266
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15.2 d’Alembert’s mechanics: beginners beware

This box is an aside. It will not help you do dynamics problems.
As warned on page 167,it’s worse than that. The material in this
box usually harms more than it helps. The d’Alembert approach
to mechanics, described here, cannot be well-absorbed by begin-
ners. Students attempting to use d’Alembert methods make fre-
quent mistakes. We advise against the use of d’Alembert mechan-
ics for beginners. We don’t allow its use in homework and exams.

But you might be curious about this forbidden fruit. To de-
mystify the taboo, we briefly describe the approach. You might as
well learn it here instead of somewhere else.

The d’Alembert approach has an intuitive appeal to experts.
And the d’Alembert equations are the first step in deriving the
more advanced (e.g., Lagrangian, Hamiltonian, ‘method of virtual
speed’, and ‘Kane’) approaches to dynamics.

How does it go?

First, label the free-body diagram: ‘free-body diagram includ-
ing inertial forces.” Then, in addition to the applied forces draw
pseudo-forces equal to —ma for every mass particle m. These
pseudo-forces are shown in the ‘FBD’ of a falling ball. The pseudo-
forces are sometimes called ‘inertial’ forces or ‘d’Alembert forces.

Free body diagram including
inertial forces

-ma

mg

d'Alembert FBD
(NOT RECOMMENDED!!!)

For the d’Alembert approach, instead of momentum balance
equations you write ‘pseudo-statics’ equations of ‘force’ balance
and ‘moment’ balance

pseudo-statics force balance
SF ~0
SN——

including inertial forces

pseudo-statics moment balance
oM, =0
———

including torques from inertial forces

These equations include the actual forces as well as the ‘inertial’
forces shown on the ‘d’Alembert free-body diagram’.

By these means, the dynamics equations have been reduced
to statics equations. Linear momentum balance is replaced by

pseudo-statics force balance. Angular momentum balance is re-
placed by pseudo-statics moment balance.

The moving of the inertial terms from the right side of the
equation to the left leads to both conceptual simplicity and puts
the equations of dynamics in a form that is closer to most people’s
intuitions. The simplification is not so great as it may seem at
first sight. Accelerations still need to be calculated and the sums
involved in calculation of rate of change of linear and angular mo-
mentum still need to be calculated, only now they are sums of
pseudo inertial forces.

Consider the example of sitting in a car as the car rounds a
corner to the left. In the momentum balance approach, we write
F=md
SN——
T

and say the force from the car on you to the left is equal to the rate
of change of your linear momentum as you accelerate to the left.
In the d‘Alembert approach, we write
F-— ma =0
N——
inertia force

and think the inertia force to the right is balanced by the interac-
tion force of the car on your body to the left.

It is a puzzle of human consciousness why such a trivial al-
gebraic manipulation, namely,

F=md = F-ma=0

should lead to such a great conceptual confusion. But, it is an
empirical fact that most of us are susceptible to this confusion.

That is, if you follow your likely first intuition and think of
ma as a force you will probably join the ranks of many other tal-
ented students who consequently make many sign errors.

Every teacher of mechanics has encountered the confusion
in their students about whether —ma is or is not a force (and
most likely in themselves as well.) To avoid such confusion, many
teachers or texts take a firm stand and say

« ‘ma is not a force!’; but, as if believing in a different god,
others will say with equal conviction

« ‘-ma is a force!’.
In this book, we take the former approach. We take the equation
F=ma
to mean:
forces from interactions =m- (acceleration of mass).

If you insist on working with the d‘Alembert approach instead,
you must do so confidently and clearly. To repeat,

» instead of labeling your free-body diagram ‘FBD’, label it
‘FBD including inertial forces’,

« instead of using ‘Linear Momentum Balance’, use
‘Pseudo-Force Balance’, and

» instead of using ‘Angular Momentum Balance’ use
‘Pseudo-Moment Balance’

We do not recommend d‘Alembert mechanics to beginners, but if
you insist, good luck to you and don’t blame us for your (almost
inevitable) sign errors!
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Chapter 15.

SAMPLE 15.1 The velocity vector in circular motion. A particle exe-
cutes circular motion in the xy plane with constant speed v = 5m/s. At
t = 0 the particle is at 6 = 0. Given that the radius of the circular orbit is
2.5m, find the velocity of the particle at t = 2 sec.

Solution Itis given that

R = 25m
v = constant=5m/s
0t=0 = 0.

The velocity of a particle in constant-rate circular motion is:
v = ROe

where & = —sinfi+cos6j.

Since R is constant and v = || = R is constant,
v _5m/s

e=l_€ 2.5m

=2rad/s
is also constant. Thus,

O(t=2s)= RO &| =5m/se,(t=2s).
N——r t=2s

v

Clearly, we need to find &, at t = 2 sec.

Now 6 = §=2rad/s
9 2s
=> fd@ = / 2rad/s dt
0 0
= 6 = (2rad/s)t‘“
0
= 2rad/s-2s
= 4rad.
Therefore,
é, = —sindi+cos4j
= 0.76i — 0.65],
and

v(2s)

5m/s(0.76i — 0.65j)
= (3.78i—3.27j)m/s.

b = (3.78i — 3.27j)m/s
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Figure 15.10: The velocity vector ¥ at
t=2s.



2 Chapter 15.

® We use this formula because we
need 6 at different values of 6. In el-
ementary physics books, the same for-
mula is usually written as

62 = ég + 2a6

where « is the constant angular ac-
celeration and 6(= ) is the angular
speed.

y
0.81 m/s &
C—— — -

\\‘V.ﬂ m/s ég

30° \
210° g

\ /‘

\ /

1.51 m/s ég

Figure 15.11: Velocity of the mass at
6 = 0", 30°, 90", and 210°.

Introduction to Mechanics for Engineers «

SAMPLE 15.2 Basic kinematics: A point mass executes circular motion

with angular acceleration 8 = 5rad/s2. The radius of the circular path is
0.25 m. If the mass starts from rest at 8 = 0, find and draw

1. the velocity of the mass at8 = 0°, 30", 90, and 210°,
2. the acceleration of the mass at8 = 0°, 30", 90°, and 210°.

Solution We are given, 6=>5 rad/s?, and R = 0.25m.

1. The velocity v in circular (constant or non-constant rate) motion is given by:

v = Re,.

So, to find the velocity at different positions we need & at those positions. Here
the angular acceleration is constant, i.e., =5 rad/s®. Therefore, we can use the
formula

62 = 62 + 266

to find the angular speed 6 at various 6’s. But éo = 0 (mass starts from rest), there-

fore § = V286. Now we make a table for computing the velocities at different
positions:

Position (6) | 6 in radians 6 = V266 V= Réés
0’ 0 0 rad/s 0
30° /6 \107/6 = 2.29rad/s | 0.57m/sé,
90" /2 \107/2 = 3.96rad/s | 0.99m/se,
210° 7/6 \/707/6 = 6.05rad/s | 1.51m/se,

The computed velocities are shown in Fig. 15.11.

. The acceleration of the mass is given by

radial tangential
~—~ —
= age, + ayé,

= -—R6%, +Rfe,.

Ql

Since & is constant, the tangential component of the acceleration is constant at
all positions. We have already calculated 6 at various positions, so we can easily
calculate the radial (also called the normal) component of the acceleration. Thus
we can find the acceleration. For example, at 8 = 30,

@ = -RO%,+Rfe
10 1 1.
= —0.25m - T?eR +0.25m - 5?89

= -1.31m/s’¢, +1.25m/s%e,.

Similarly, we ﬁng the acceleration of the mass at other positions by substituting
the values of R, 6 and 0 in the formula and tabulate the results in the table below.
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Position (8) | a, = —R6> | a, =RE a=aqaeé +a.e
0’ 0 1.25m/s? 1.25m/s%,
30° -1.31m/s? | 1.25m/s? | (=1.31¢, + 1.25¢,) m/s?
90° -3.93m/s? | 1.25m/s? | (=3.93¢, + 1.25¢,) m/s?
210° —9.16m/s* | 1.25m/s* | (—9.168, + 1.25¢,) m/s>

The accelerations computed are shown in Fig. 15.12. The acceleration vector as
well as its tangential and radial components are shown in the figure at each posi-

tion.

210°

Figure 15.12: Acceleration of the mass at 8 = 0°, 30°, 90", and 210°. The radial
and tangential components are shown with grey arrows. As the angular velocity
increases, the radial component of the acceleration increases; therefore, the total
acceleration vector leans more and more towards the radial direction.
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[ 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
t(s

Figure 15.13: Plot of 6(t) /8, = e™* for
k = 0.1/s. The angular speed 8 re-
duces to half of its initial value in 6.93
s. Note that this time is the same for §
to reduce to half its value at any given
time ¢ (not just at t = 0).

SAMPLE 15.3 In an experiment, the magnitude of angular deceleration
of a rotating ball is found to be proportional to its angular speed @ (ie.,
0 « —0). Assume that the proportionality constant is k.
1. Find 0 as a function of t, given that 6(t = 0) = 6,
2. Given that k = 0.1/ s, how much time does it take for 6 to reduce to
half the initial value?

Solution The equation given is:
_do_
=3 =

1. We can solve this equation in a couple of ways.

] —k6. (15.9)

Method-1: Let us guess a solution of the exponential form with arbitrary constants
and plug it into eqn. (15.9) to check if our solution works. Let 8(¢) = C,e. Sub-
stituting in eqn. (15.9), we get

C,Ce%t = —kCe%!
> C, = -k,
also, 6(0) = 6,=Ce""
> C = 6,
Therefore, _ '
0(t) = Bfye™. (15.10)

B(t) = e~

Method-2: Equation (15.9) can also be solved by direct integration as follows.

ﬁ = —kdt
6
OB t
[ -
o, © 0
NG}
= Inf|, = —kt
60
In @ = —kt
&,
Therefore, ) ]
o) = Goe"“,

which is the same solution as equation (15.10).
2. We need to find ¢ for § = 6, /2, given that k = 0.1. From eqn. (15.10), we get

6 _
90
1 6
= t = —In -—
_k 60
1 1\ —0.693
= m‘n<z)‘-o.1/ 693

t = 6.93s for 6(t) = 90/2
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SAMPLE 15.4 Using kinematic formulae: The spinning wheel of a
stationary exercise bike is brought to rest from 100 rpm by applying brakes
over a period of 5 seconds.

1. Find the average angular deceleration of the wheel.

2. Find the number of revolutions it makes during the braking.

Solution We are given,
6, = 100rpm, &, =0, and t=35s.
1. Let a be the average (constant) deceleration. Then
Otina = 6 — al.
Therefore,
6'0 B éfinal

t
100 rpm — O rpm

5s
_ 100rev 1
- 60s  5s
rev
a=033=
SZ

2. To find the number of revolutions made during the braking period, we use the
formula
. 1 2 . 1 5
0(t) = 6, +6,t+ =(—a)t? =yt — zat?.
N—_— 2 2
0

Substituting the known values, we get

100 rev 1 rev

6 55 — = 0.33— - 255>
60s > 2 2 8
= 8.33rev—4.12rev
= 4.21rev.

6 =4.21rev
Comments:

« Note the negative sign used in both the formulae above. Since « is deceleration,
that is, a negative acceleration, we have used negative sign with « in the formulae.

« Note that it is not always necessary to convert rpm in rad/s. Here we changed
rpm to rev/ s because time was given in seconds.
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N N N SAMPLE 15.5 Non-constant acceleration: A particle of mass
: 500 grams executes circular motion with radius R = 100cm and angu-
lar acceleration 8(¢) = csin 8t, where ¢ = 2rad/s? and § = 2rad/s.
Ty b 1. Find the position of the particle after 10 seconds if the particle starts
T from rest, that is, (0) = 0.
| | 2. How much kinetic energy does the particle have at the position
found above?

osff

6 (rad/s?)

Figure 15.14: Time varying angular ac-
celeration, 6(t) = csin ft.
Solution
1. We are given 8(t) = csinft, 6(0) = 0 and 6(0) = 0. We have to find 6(10s).
Basically, we have to solve a second order differential equation with given initial

conditions.
6= i(9') = csinft
= =
é() t
=> f dé = f csinfBrdr
6,=0 0
6@t) = _< cosﬁr[ = E(l—cosﬁt)
B o B '
2 N A A Thus, we ge.t the expression for the angular speed 6(t). We can solve for the posi-
w0 [\ [\ tion 6(¢) by integrating once more:
[ [ [ \
1) [ [ . d c
2 [ [ 0=—©) = —-(1-cospr)
2w dt B
IR S [ A e() t
< | \ | \ | \ ¢
o (. I => f d6 = / =(1 — cos B7)
/ \ \ \ c sin Bt
\ / \ / \ / 6@ = - [r - ]
: T 2 3 : 4 5 5\ 7 8 9 10 ﬁ ‘6 0
(s)
" _ = < (Bt—singo).
Figure 15.15: Angular speed, 6(t) = B
2(1 — cos f3t), plotted against time for Now substituting ¢ = 10s in the last expression along with the values of other
¢ =2rad/s* and 8 = 2rad/s. constants, we get
2rad/s?
" o 0(10s) = ————[2rad/s-10s—sin(2rad/s-10s
: 109 = Goglnd (2rad/s - 10)
s / = 9.54rad.
5 0 = 9.54rad
< j 2. The kinetic energy of the particle is given by
3 _ l 2 _ 1 A\2
2 Ey = Smu = 2m(Re)
= ImRS(1 - cos O
[ 2 s 4 5 6 7 8 9 1 2 ﬁ
1(s) —
o o)
Figure 15.16: Angular position, 6(t) = )
c . . .
£ (Bt— 1 2rad/s?
- (Bt —sin ft), plotted against time for = loskg-1m?. / - (1 = cos(20))
¢ =2rad/s* and 8 = 2rad/s. 2 2rad/s
= 0.086kg- m?- s’ = 0.086Joule.
Ey = 0.086]
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15.1 Kinematics of a
particle in circular
motion

Preparatory Problems

15.1.1 A particle goes on a circular path
with radius R making the angle 6 =
ct measured counter clockwise from the
positive x axis. Assume R = 5cm and
c=2ms™,

a) Plot the path.

b) What is the angular rate in revolu-
tions per second?

c) Put a dot on the path for the lo-
cation of the particle at t = t* =
1/6 s.

d) What are the x and y coordinates
of the particle position at t = ¢*?
Mark them on your plot.

e) Draw the vectors &, and &, att =
t*.

f) What are the x and y components
ofé,and & att = t*?

g) What are the R and 6 components
ofiand jatt =t*?

h) Draw an arrow representing both
the velocity and the acceleration
att =t".

i) Find the &, and & components of
position ¥, velocity © and acceler-
ationa att = t*.

j) Find the x and y components of
position ¥, velocity ¥ and acceler-
ation @ at t = t*. Find the velocity
and acceleration two ways:

1. Differentiate the position
givenas?¥ = xi +yj.

2. Differentiate
the position give as ¥ = re,
and then convert the results
to Cartesian coordinates.

15.1.2 A bead goes around a circular
track of radius 1 ft at a constant speed. It
makes it around the track in exactly 1s.

a) Find the speed of the bead. Does
this vary in time?

b) Find the magnitude of accelera-
tion of the bead. Does this vary in
time?

¢) Is the magnitude of the acceler-
ation the derivative of the speed

. 2 d =
(ie. lal = 21))

Introduction to Mechanics for Engineers «

15.1.3 If a particle moves along a circle at

constant rate (constant 8) following the
equation

7(t) = Rcos(8t)i + Rsin(61) j

which of these things are true and why?
If not true, explain why.

= constant
| = constant
=0
= constant

| constant

CL_L Sl SLECL cl

a)
b)
©)
d)
e)
f)
g

15.1.4 A particle moves according to:

x(t)
y(®)

where R = 1m and ¢ = 5rad/s.

R cos(ct),
Rsin(ct).

a) Show that the speed of the particle
is constant.

b) How much time does the particle
take to go from P at (0, 1 m) to Q at
(1m,0)?

¢) What is the acceleration of the
particle at point Q?

More-Involved
Problems

15.1.5 A 200 mm diameter gear rotates at
a constant speed of 100 rpm.

a) What is the speed of a peripheral
point on the gear?

b) If no point on the gear is to ex-
ceed the centripetal acceleration
of 25m/s?, find the maximum al-
lowable angular speed (in rpm) of
the gear.

15.1.6 A particle is in circular motion
in the xy-plane at the constant angular
speed of & = 2rad/s at radius 0.5m. At
t = 0 the particleisat 6 = 0.

a) Draw the path and mark the posi-
tion of the particle at t = 0.5s and
t =15s.

© 2026 Andy Ruina & Rudra Pratap

b) Find the velocity and acceleration
of the particle att = 0.5sand ¢t =
15s.

15.1.7 A particle undergoes constant rate
circular motion in the xy-plane. At
some instant ¢,, its velocity is 0(t,) =
—3m/si+4m/sjand after 5s the veloc-
ity is v(t, + 55) = (5/2)m/s@@ + j).
If the particle has not yet completed one
revolution between the two instants, find

a) the angular speed of the particle,

b) the distance traveled by the parti-
clein 55, and

c) the acceleration of the particle at
the two instants.

15.1.8 A bead on a circular path of radius
R in the xy-plane has rate of change of
angular speed a = bt?. The bead starts
fromrestat 6 = 0.

a) What is the bead’s angular posi-
tion 6 (measured from the positive
x-axis) and angular speed 6 as a
function of time ?

b) What is the angular speed as func-
tion of angular position?

15.1.9 A bead on a circular wire has an
angular speed given by 6 = c0'/2. The
bead starts from restat & = 0. Whatis the
angular position and speed of the bead as
a function of time? [This problem is sub-
tle because it has multiple solutions. One
answer you can find with a quick guess.
Another you can find by separation of
variables. The full general solution is an
appropriate mixture of these two.)] *

15.1.10 Solve 8 = C, given 6(0) = 6,,
0(0) = 6, and that C is a constant. That

is, find 6 in terms of some or all of C, 90,
6,and t.

15.1.11 Given that 6 — A6 = 0, 6(0) =
7/2,0(0) = 0,and A = 3/ s find the value
ofatt =1s.
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15.1.12 Two runners run on a circular
track side-by-side at the same constant
angular rate & = 0.25rad/s about the
center of the track. The inside runner
is in a lane of radius r; = 35m and the
outside runner is in a lane of radius r, =
37 m. What is the velocity of the outside
runner relative to the inside runner?

15.1.13 A particle oscillates on the arc of
a circle with radius R according to the
equation 6 = 6,cos(At). What are the
conditions on R,6,, and A so that the
maximum acceleration in this motion oc-
curs at® = 0. “Acceleration” here means
the magnitude of the acceleration vector.

15.1.14 A particle moves on a circular arc
starting from rest at 6, = 0. As 6 in-
creases, the magnitude of the accelera-
tion is constant. Assume, all in consis-
tent units, that R = 1 and |a| = 1.

a) Write the statement ‘the magni-
tude of acceleration is constant’ as
an equation in terms of 6 and 6.

b) Find a solution to the equation
with the given initial conditions
(analytically or numerically).

¢) Find and plot 8 vs t and 6 vs ¢.

d) In circular motion does |a|=con-
stant necessarily mean that the
motion is at or is gradually ap-
proaching constant rate circular
motion? Is so, why? If not show
a counter-example.

15.1.15 A particle moves in a circle so
that its acceleration a always makes a
fixed angle ¢ with the position vector —7,
with 0 < ¢ < /2. For example, ¢ = 0
would be constant rate circular motion.
Assume ¢ = /4, R = 1mand §, =
1rad/s. How long does it take the par-
ticle to reach

a) the speed of sound (=~ 300 m/s)?
b) the speed of light (~ 3 - 108 m/s)?

c) oo?

Introduction to Mechanics for Engineers «
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Ch 15 Section 15.1

15.1.1 A particle goes on a circular path
with radius R making the angle 6 =
ct measured counter clockwise from the
positive x axis. Assume R = 5cm and
c=2msh

a) Plot the path.

b) What is the angular rate in revolu-
tions per second?

g) What are the R and 6 components
ofiand jatt =1t*?

h) Draw an arrow representing both
the velocity and the acceleration

att =t*.

i) Find the é, and &, components of
position 7, velocity ¥ and acceler-
ationa att = t*.

c) Put a dot on the path for the lo- j) Find the x and y components of
cation of the particle at t = t* = position F, velocity 0 and acceler-
1/6s. ation @ att = t*. Find the velocity

. and acceleration two ways:

d) What are the x and y coordinates . . 4 .
of the particle position at t = t*? 1. Differentiate the position
Mark them on your plot. givenasr =xt+yJ.

e) Draw the vectors é, and &, att = 2. leferel.lt.late . - R
- the position give as ¥ = ré,

and then convert the results

f) What are the x and y components to Cartesian coordinates.
ofé,and & att = t*?
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They are not official and have not been reviewed by the authors for correctness. 1
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15.1.2 A bead goes around a circular
track of radius 1ft at a constant speed. It
makes it around the track in exactly 1s.

tion of the bead. Does this vary in
time?

c) Is the magnitude of the acceler-
ation the derivative of the speed

. -, 7 d
(ie, la] = —|o])

a) Find the speed of the bead. Does
this vary in time?

b) Find the magnitude of accelera-

SN £
= OXR . ATkx14) - en Sely &

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 15.1.3

9

15.1.3 If a particle moves along a circle at

constant rate (constant 6) following the
equation

7(t) = Rcos(80)i + R sin(ét)j

which of these things are true and why?
If not true, explain why.

a) D=0

constant

constant

X = RCo4(88) [+ Renlod §
dx ;
= ~RSun(p 6 ¢ T4 R(os[otmj i

- Réé\@ @ %s Constant bk
L N ~ vaxes 0 divection.
= L0t = Wniie - RO
. e -Coosmm
S ek e Ll SV
9 L ati= Constan| Tyue lal - g
2= ()

€) a

9) S Wa, T

o9 = -RSinbt o (- Reosdt) B -

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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15.1.4 A particle moves according to:
x(t) = Rcos(ct),
y(t) = Rsin(ct).
where R = 1m and ¢ = 5rad/s.

a) Show that the speed of the particle
is constant.

Il .4,

AL = Rlpa ct Y ()= RS:h et »
Y = QC@AC&E.{QS«\“ sz

b) How much time does the particle
take to go from P at (0,1 m) to Q at
(1m,0)?

c¢) What is the acceleration of the
particle at point Q?

‘-\Yh; C‘- Sm«*j

¥ = —ReSiecri +ReSinet

OXY\\ = R4

Constonk '

b = > -~ g0 =
)E 'X({>;~‘*3C})A’ IP— \j(k)-é, :)RS“ﬁCt\:l — t]:W”}‘

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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15.1.5 A 200 mm diameter gear rotates at b) If no point on the gear is to ex-

a constant speed of 100 rpm. ceed the centripetal acceleration

of 25m/s?, find the maximum al-

a) What is the speed of a peripheral lowable angular speed (in rpm) of
point on the gear? the gear.

" %05 . PIS
O2m dia dcgf rotoles ot /00/,0,«../.

-) whal g thass ao/ a/[d /J'o on tha
edde ufﬂm da/’

/mr/)m 2 63 fsec = 10-5 ’f*J/se_c/'
’r\\ljl:/QRé\%l z //0‘5_/5)/02"\ =
LZ-/O"'IS Ay
b) Max [2]= 257/ what is ma w(m)

Sl /9 Rélidesn

Snu_, /3[0( R, max.. C@ﬂ‘r etak .
dceel - ocewss af Oufef (,o/o‘e, chpeéf

s B 0.2 25 9 A< 2 s
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27 27 rd
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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13

15.1.6 A particle is in circular motion
in the xy-plane at the constant angular
speed of 8 = 2rad/s at radius 0.5 m. At
t = 0 the particleisat 6 = 0.

a) Draw the path and mark the posi-

ke

»

tion of the particle at t = 0.5s and
t =15s.

b) Find the velocity and acceleration
of the particle att = 0.5sand t =
15s.

A —LJ\‘l'CL

6 :, wef, R 05 m TU LRy b ?l b b
)= R (0Y) 7+ R (01
X(R) = 0-5 (et (21 L4065 Sin(akd} i
W= —RS\n(étXéL-*RcM@)t\é;v #i

,YL\ = =081 1*0'5‘*0:{ A X (k)= 0.071 1 -0uag

- Y . 9
gy = = LOBU Y i) (RS ] e

Ve

19

L= 0A% 1 4 0154

A

b, = —~0.308 L HQT16] wg

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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15.1.7 A particle undergoes constant
rate circular motion in the xy-plane. At
some instant t,, its velocity is 0(t,) =
—3m/si+4m/sjand after 5s the veloc-
ity is v(t, + 55) = (5/V2)m/s@@ + j).

If the particle has not yet completed one

& 47

X (o) = -3 ws ¢ 4 oo, 3

V() =RE 8001 + Gor0 l

-R (9 S‘m@
RO Con D

=

b) Aistonce tvavelled

Az Sk ,fs.ma—c.“g =9

3 (9:—4‘50 =>

revolution between the two instants, find
a) the angular speed of the particle,

b) the distance traveled by the parti-
clein 55, and

¢) the acceleration of the particle at
the two instants.

v(tis)= S b
: 7 uli),

J
—~
—(3

i = Rad]
7 = 02068 o¢ oo

WE = 0.64%
Wk+s) = ~0.9g5 W= 0
(= 5.438va4) '

A- . S T
ngeeu + RO = L /T ) [awie

™M

f| o

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Disclaimer: We have lost track of the many people who wrote these solutions.
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15.1.8 A bead on a circular path of radius tion 6 (measured from the positive
R in the xy-plane has rate of change of x-axis) and angular speed 0 as a
angular speed a = bt?. The bead starts function of time ?
fromrestat 6 = 0. b) What is the angular speed as func-
a) What is the bead’s angular posi- tion of angular position?
L 1% L =
‘, ]
| v s
N oD o e , v
=T =N é_@ L a% ") {S t
¢ E = él == S
® Q . 3
B - bt Y Y
= > ab p o 6 &
= dt "7 = 8| = bt "
) A 2 > @z —t
b ' 6° L= i
O - ‘Dt'}\ g 2 A L i s
T 2Ty Bk & f———
t 4 \ v ge
T £ 2

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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15.1.9 A bead on a circular wire has an An(_)ther you can find by separation of
. S Al variables. The full general solution is an
angular speed given by 6 = c6'/2. The

bead starts from restat 6 = 0. Whatis the appropriate mixture of these two.)]

angular position and speed of the bead as Answer:

a function of time? [This problem is sub- One solution is & = 0 for all ¢, Another
tle because it has multiple solutions. One . ct=t,)

answer you can find with a quick guess. setof solutionsis 6 = (T) where £,

is an arbitrary constant. To make sense
of this second solution set one needs to
have 6 = O until t = ¢,.

16.1.9 t 4
B3

L’l‘ 9—:“& =S dB:QKticJ;—E"

-c;_k = ¢fn. b £ S C:QR
:> . = T AP
( 0= 2% x{«lv\t} =Ry . BoRE W one possible
%) F .
é) -—C &;(l Scution
a6 ab
= CJ‘G = — =z \cdb i i
dt S g \ré g - 9 == .CL'— (\“Ec) //
\L A0 0= &
T T
5 G, b3V SR 2 ( //

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 15.1.10

15.1.10 Solve § = C, given 6(0) = 90,
0(0) = 6, and that C is a constant. That
is, find 6 in terms of some or all of C, 8,

6, and t.

2 L4 3 2 h -
élc 0(03:0018/0):90 -

dd - cdt

M . 46
& e e M B

dk - Ak LK,

1

Mo beo. S=0 S shuis 0:8, = 8,-x,

© - Ck,\-é.t'\‘eo

—Q_ ©

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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15.1.11 Given that § — A6 = 0, 6(0) =
7/2,6(0) = 0,and 1 = 3/ s find the value
offatt =1s.

Tl Ak -2tk =
e\ B %6 -0 ey Oz Ge g 9;—2-'\[::;&

att:0.0:T, » C4C =T e b
= ,t‘:_O,,é:C) = C~GC =0 % C“C!—Th' = 62'5-8125&(1‘

\lJ

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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15.1.12 Two runners run on a circular
track side-by-side at the same constant
angular rate § = 0.25rad/s about the
center of the track. The inside runner
is in a lane of radius r; = 35m and the
outside runner is in a lane of radius r, =
37 m. What is the velocity of the outside
runner relative to the inside runner?

4 12 g !”3/_%
L™

B =0.25%%, v, _q
¢ s Yo= ¥m /7 £
Ve = 3548 5 A
; om= 85 €p(m\ Wy Vv =q. m
49[«\ ‘-\3 =225 go(é\

G » o y
fas _\‘S:neﬁiﬁYCL«B bi i

>V, = C—?,.‘I‘S Sinb } +%.15Ca93>-2

Vv, —,C—qas Stab +925Crp )\ ™
- ~) A

1

- & >

T (—0-‘5 Sinb ;V*O-SCesE)ﬁXm_, 0.5 e fm
ST ~A : ,\D(z\
Vi 422

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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15.1.13 A particle oscillates on the arc
of a circle with radius R according to the
equation 6 = 6,cos(At). What are the
conditions on R,6,, and A so that the
maximum acceleration in this motion oc-
curs at 6 = 0. “Acceleration” here means
the magnitude of the acceleration vector.

16473 A

b = 6, Calt fa

Occunn ot 6-0

g

9:0:\ AE:T

'

9
»)

J b=-n63
& = (xR + (ggxggxg_ﬂ il
= ¥R - &Ré, = —N0,Cs \E

AL et 6% =mAR

i R
= ”1 {"‘Qeo CG?)kl S [-v)l\*ol: Sin }\k-} Cl “){

{

& RS:-V;‘V Seove 2 b=

[

'

u"‘)
»9

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.



22 Chapter 15. 1. KinematicSuwoduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap Problem 15.1.14

15.1.14 A particle moves on a circular with the given initial conditions
arc starting from rest at 6, = 0. As 6 (analytically or numerically).
increases, the magnitude of the acceler-

ation is constant. Assume, all in consis- c) Find and plot vstand 6 vs ¢

tent units, that R = 1 and |d| = 1. d) In circular motion does |a|=con-
stant necessarily mean that the

a) Write the statement ‘the magni- motion is at or is gradually ap-
tude of acceleration is constant’ as proaching constant rate circular

an equation in terms of 6 and 6. motion? Is so, why? If not show

b) Find a solution to the equation a counter-example.

:—r:t———é— = S DR e
dk =% \ = J 0 +@Lf
| e i N

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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1rad/s. How long does it take the par-

15.1.15 A particle moves in a circle so ticle to reach

that its acceleration a always makes a

fixed angle ¢ with the position vector —F, a) the speed of sound (x~ 300m/s)?
with 0 < ¢ < 7/2. For example, ¢ = 0 b) the speed of light (= 3 - 10° m/s)?
would be constant rate circular motion. 0

Assume ¢ = 7/4,R = Imand 6, = ¢) oo?

[l AS
Lg.‘;'.\f = Constant - )

i % :
| | R @—-—2\,9\-\"’, 60:\‘“#5
lICL)‘t‘nmq \'QC‘\M\ec\ t atta

n \"5\' 300“’1{5

LR = haliy) Capge
; s q = ™ A
| axel ~=-Rd e,
oY -} o 2 R v
:! B &) *(ROY-R% Y s RE,
| & e
| =» -"))N *
> o) 6'+0 Gr TR

:>c\é,"‘”_ 4
= =T g I
g g‘;'f‘“ ’ [a";rol:(t-t)

‘ e |
1 2% [3;) 4 7}‘51({—-(&) 21029614

b)V:'BYIO%mA :5(‘9;3?%&‘:) e \
- B ree 1 JEE-O {::O-QQﬁﬂq‘qqqé.“b.
‘C) Vv - ’Q.J,—?,> (.27 et

RIS W\'m:;;m\,—:;f ci-[e_et '“‘n]"‘ Bs = t = 14

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem...
4.1 .15
Monday, March 25, 2019 1:50 PM
,1\
-~ Accelarntion  mgkes a ]‘I‘Kco( arglcf
DXTra e e vedor <7 G e g5
J’/ﬂ’/ %‘Tf ‘o H emmr le o
L )0 > p=lm @‘gzlr‘ao{/g'
let o =[af @
Fm\jeo{' on é‘e P e: Ols\rec-h'on
6 =-( (05 C}’e; fas.‘nré f;e

-

c-Ree 4pb G @

fom © © @ 9 -pgrea® X E:l ;
G = 2? 2 = Rg=pe* 0=0
P—e :mri.

2

let web  we have (WZW' .where w the ahju(ar ve/o(HJ (m:xjn.#wle)
Wo:éo—-—‘w‘ckls

W
2D |w= w?* SOI\/Q/ ]lor Yhe OJe, Jég = J+ d+
wvw o

w

=7 —_M\J = -t'_to =1
Wy
w= T"?- (rad(s )
ol - = = |
VeV = wes T oml) = i Ol)

Hew l”j does At the '}J“Y‘Jf\lfle {0 reuch

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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a) the Sfeecl ot coundd (% 300mfs )
- =0 D ‘m
b) the speed ]l l.‘jh a 3xI0¥ms)
1‘? HlgF 2[4+ (l—o.%ﬂ?xl(i’)g[
) w0

Lee 5 D

-1

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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#42 Solution wichelle desouza

15.1.15 A particle moves in a circle so that
its acceleration @ always makes a fixed an- T T~
gle ¢ with the position vector —r, with 7 N\
0 = ¢ < /2. For example, ¢ = 0 would / &\
be constant rate circular motion. Assume -7
¢ = nf4, R = Imand 6y = lrad/s. { <6 ]
How long does it take the particle to reach \ R

a) the speed of sound (= 300 m/s)? \ /

b) the speed of light (=~ 3 - 108 m/s)? N /

; ~_ - .
c) oc? |
€r =057+ sind5 F(er)= 0 (-sinp7+ cosh3)- Béo

~ ~ d . : .
Cop= ‘Smﬁi +e0s 93 7 (u) =0 (-cosQT ~sm93\ =-0Oer

1< nev\/\o&'cs:

= ~

) P o d = 0~ . sdg
s rz;e(er%éﬁéee +ré<geg+ b 51ls,)
= Fér*f‘éée—ffééa*(éée-f@iér

3 =(F-c6%), + (ro+200) ég

o
kS
—~
<
“«

Ginns Rl m— p=lm, ¢=7 <0, Do- | md/s. Find: ¢ &} cerbsinv— sk cole For vid)

T V <1680 verb
‘i: 0%+ réée
= s Ve
Use_knowledgg of G b find v&): e
—ovtrall vedor & mud be & ansy Pom -7 2
—use b relale e¢ and g componenks of & , id
) -er
fon &= 55 = oy in =%, =]
-4
=& 9% first order ODE in v, sepamlt + solye
itA{ ) },“LJ\/ what s v(0)¢
Cw Ve = v(0)=08s = 1w (| vadf) =) /s
t = % * 7\(03
L= =+l now P\vg in SP@C((S Fom pwh o, bec

&) t= %»fl <0.9967 5
b) t=(§%@+|\s
c\ t - ;—14.\ :Is

Disclaimer: We have lost track of the many people who wrote these solutions.
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Ex plonahons
G(_flph\(_“\”’ v s a verheal aé\gMp}nh ot =] I\M@NA_M‘I Gomg back. bo our diblerential %umm Vi,
we an see Yhat as v inertases, our v also
6 - _Ti/ \"l M : W\UASEs — ()OSI%W pﬂ@t{\%\(k ]Oo\o
L4 - “
VE I_:Lt ) t

Ph%smt'- A now-zen Fangoth] aceleralion on ow pockide increaces its
speed avound Hhe civcle, which mewns Fhe centripelal force +
acceleialion N%mm{ bo ke the porhice in the civcle also increases.
In ow sehvp, the W?Mlm\ accelemhon inceeases  proporhonally
b the cenhipelal accelerahun, so the pactile gﬂk very fosh
vma %Uick\%.
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