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12.3 Central-force motion and
celestial mechanics

One of Isaac Newton’s greatest achievements was the explanation of Ke-
pler’s laws of planetary motion. Kepler, using the meticulous observa-
tions of Tycho Brahe, characterized the orbits of the planets about the
sun with his 3 famous laws:

» Each planet travels on an ellipse with the sun at one focus.

» Each planet goes faster when it is close to the sun and slower when
itis further. It speeds and slows so that the line segment connecting
the planet to the sun sweeps out area at a constant rate.

+ Planets that are further from the sun take longer to go around. More
exactly, the periods are proportional to the lengths of the ellipses to
the 3/2 power.

Newton, using his equation F = ma and his law of universal gravitational
attraction, was able to formulate a differential equation governing plan-
etary motion. He was also able to solve this equation and found that it
exactly predicts all three of Kepler’s laws.

The Newtonian description of planetary motion is the most histori-
cally significant example of central-force motion where,

« the only force acting on a particle is directed towards the origin
of a given coordinate system, and

« the magnitude of the force depends only on distance between
attracting points.

If we define the position of the particle as ¥ with magnitude r, linear mo-
mentum balance for central-force motion is

2E
> F = ma
=  F@r) ("7") mr (12.12)
where —F /r is a unit vector pointed toward the origin and F(r) is the mag-
nitude of the origin-attracting force.

For the rest of this section we consider some of the consequences of
eqgn. (12.12). We start with the most historically important example.

L

Motion of the earth around a fixed sun

For simplicity let’s assume that the sun does not move and that the mo-
tion of the earth lies in a plane. Newton’s law of gravitation says that the
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Figure 12.31: The earth moving
around a fixed sun. The attraction
force F is directed “centrally” towards
the sun and has magnitude propor-
tional to both masses and inversely
proportional to the distance squared.



® Soon after Newton, Cavendish
found G in his lab by delicately mea-
suring the small attractive force be-
tween two balls. The gravitational at-
traction between two 1 kg balls a meter
apart is about a ten-millionth of a bil-
lionth of a Newton (a Newton is about
a fifth of a pound).

©) Note that G appears in the product
Gm,. Newton didn’t know the value of
big G, but he could do a lot of figur-
ing without it. All he needed was the
product Gm, which he could find from
the period and radius of the earth’s or-
bit. The entanglement of G with the
mass of the sun is why some people
call Cavendish’s measurement of big
G, “weighing the sun”. From Newton’s
calculation of Gm, and Cavendish’s
measurement of G you can find m.
Naturally, the real history is a bit more
complicated; Cavendish called his ex-
periment ‘weighing the earth’.
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attractive force of the sun on the earth is proportional to the masses of the
sun and earth and inversely proportional to the distance between them
squared (fig. 12.31). Thus we have @
Gm,m

=—0
where m, and m, are the masses of the earth and sun, r is the distance
between the earth and sun. ‘Big G’ is a universal constant G = 6.67 -
1011 Nm?/kg’. What is the vector-valued force on the earth? It is its
magnitude times a unit vector in the appropriate direction.

P Gm,m <__?>
r2 7|

- r
> F = -Gmym, (r_3)
_ xi+yj

where we have used that¥ = xi+yj,r = [r| = x2 + y2,and a = Xi+Jjj.
Now we can write the linear momentum balance equation for the earth
in great detail.

= —

F = ma

xi+yj

Taking the dot product of equation 12.14 with i and j (i.e., taking x and
y components) gives two scalar second order ordinary differential equa-
tions:

m, (3 + 7)) (12.14)

- _Gmsx - _Gmsy
¥X=—— and j= ——.
(x2 + y2)3/2 (x2 + y2)3/2

This pair of coupled second order differential equations describes the mo-
tion of the earth.® Pencil and paper solution is possible, Newton did it,
but is a little too hard for this book. So we resort to computer solution. To
set this up we put equations eqn. (12.15) in the form of a set of coupled
first order ordinary differential equations. If we define z; = x, z, = X,
Z, =y, and z, = y. We can now write equations 12.15 as

(12.15)

z'1 = z
z, = —Gmgz [(z} + z§)3/2
Zy =z

z, = —Gmgzy/(z} + Z§)3/2- (12.16)

To actually solve these numerically we need a value for Gm, and initial
conditions. The solutions of these equations on the computer are all,
within numerical error, consistent with Kepler’s laws.

Without a full solution, there are some things we can figure out rela-
tively easily.
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Circular orbits

We generally think of the motions of the planets as being roughly circular
orbits. In fact, for any attractive central force one of the possible motions
is a circular orbit. Rather than trying to derive this, let’s assume a circular
solution and see if it solves the equations of motion. A constant speed
circular orbit with angular frequency w and radius r,, obeys the parametric
equation

r = r,(cos(wt)i+ sin(wt)j)
differentiating twice = Fo= —aw?r, (cos(wt)i + sin(wt) j)
= —w’r. (12.17)

Comparing eqn. (12.17) with eqn. (12.12) we see we have an identity (a
solution to the equation) if

F(r

w? = Q

mr
In the case of gravitational attraction where m = m, we have F(r) =
Gmgm, /r? so we get circular motion with

Gm 1

=> T=2
r3 g Gmy

602

3
r (12.18)

because angular frequency is inversely proportional to the period (w =
27t /T). We have, for the special case of circular orbits, derived Kepler’s
third law. The orbital period is proportional to the orbital size to the 3/2
power.

Conservation of energy
Any force of the form
= r

is conservative and is associated with a potential energy given by the in-
definite integral

Ep = /F(r’) dr'.
For the case of gravitational attraction, the potential energy is

-Gmgm,

P r

where we could add an arbitrary constant. Thus, one of the features of
planetary motion is that for a given orbit the energy is constant in time:

Constant = Ey +Ep

= lm(;‘c2 +9) + ——=. (12.19)

Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap 3



Introduction to Mechanics for Engineers — Ruina & Pratap Ch 12 Section12.3

If that constant is bigger than zero then the orbit has enough energy to
have positive kinetic energy even when infinitely far from the sun. Such
orbits are said to have more than “escape velocity” and they do indeed
have open hyperbola-shaped orbits, and only pass close to the sun at most
once.

Motion of rockets and artificial satellites

Rockets and the like move around the earth much like planets, comets
and asteroids move around the sun. All of the equations for planetary
motion apply. But you need to substitute the mass of the earth for m  and
the mass of the satellite for m,. Thus we can write the governing equation
eqn. (12.14) as

xi+yj vn | oara

where now M is the mass of the earth and m is the mass of the satellite.
At the surface of the earth r = R, the earth’s radius, and GM /R?> = g so
we can rewrite the governing equation for rockets and the like as

S CY L 2 N RPN

R ((xz + yz)s/z) = (Xi+7)). (12.21)
Another central-force example: force proportional
to radius

A less famous, but also useful, example of central force is where the at-
traction force is proportional to the radius. In this case the governing
equations are:

—

F = ma
—kF = mr
—k(xi+yj) = m@Ei+yj). (12.22)

Dotting both sides with i and jwe get two uncoupled linear homogeneous
constant coefficient differential equations:

.,k ..k
x+Ex—0 and y+Ey—0.
These you recognize as the harmonic oscillator equations so we can pick
off the general solutions immediately as:
x = Acos(At) + Bsin(At) and y = Ccos(At) + Dsin(At)  (12.23)

where A, B, C, and D are arbitrary constants which are determined by ini-
tial conditions. For all A, B,C, and D eqn. (12.23) describes an ellipse (or
a special case of an ellipse, like a circle or a straight line). In the case of
planetary motion we also had ellipses. In this case, however, the center
of attraction is at the center of the ellipse and not at one of the foci.

Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap



Introduction to Mechanics for Engineers — Ruina & Pratap Ch 12 Section12.3

Conservation of angular momentum and Kepler’s
second law

If we take the linear momentum balance equation eqn. (12.12) and take
the cross product of both sides with ¥ we get the following.

F = ma
= F(r) (Tr) = mr
- -r _ =
=> rx(F(r) (T)) = rx(mr)
= 4 (m? X ?) (because ¥ X ¥ = 0)
dt
= constant = mFXF. (12.24)

But this last quantity is proportional to the rate at which area is swept out
by a moving particle (it equals twice the areal rate times the mass), which
is what makes it constant. Thus Kepler’s second law has been derived
for all central-force motions (not just inverse square attractions). The last
quantity is also the angular momentum of the particle. Thus for a particle
in central force motion we have derived conservation of angular momen-
tum from F = ma.
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SAMPLE 12.11 Circular orbits of planets: Refer to eqn. (12.15) in the
text that governs the motion of planets around a fixed sun.
1. Let x = Acos(At) and y = Asin(At). Show that x and y satisfy
the equations of planetary motion and that they describe a circular
orbit.

2. Show that the solution assumed above satisfies Kepler’s third law
by showing that the orbital period T = 27/1 is proportional to the
3/2 power of the size of the orbit (which can be characterized by its
radius).
Solution

1. The governing equation of planetary motion can be written as

x__=6m _ ¥
X - (xz +y2)3/2 - y
> Xy—-jyx = 0 (12.25)

Now,

Acos(At) = X =-2A%Acos(lt)
Asin(lt) = j=-A2Asin(it)

Substituting these values in eqn. (12.25), we get

—A2A?% cos(At) - sin(At) + A2 A sin(At) - cos(At) i 0

Thus the assumed form of x and y satisfy the governing equations of planetary
motion, ie, x(t) = Acos(At) and y(t) = Asin(At) form a solution of planetary
motion. Now, it is easy to show that

X* +y? = A% cos?(At) + A?sin’(Af) = A2,

i.e., x and y satisfy the equation of a circle with radius A. Thus, the assumed solu-
tion gives a circular orbit.

2. Substituting x = A cos(At) in eqn. (12.15), and noting that square of the radius of
the orbitis r*> = x* + y* = A2, we get

A cos(At)
—A2Acos(At) = —Gmy —
Gm
2 — )
> 1 = ye
or (27T )2 - m
T oAl
47?
T = —A
= Gmy
or T = KAY?

where K = 27 /4/Gmy is a constant. Thus the orbital period T is proportional to
the 3/2 power of the radius, or the size, of the circular orbit.

Of course, the same holds true for elliptic orbits too, but it is harder to show that
analytically using cartesian coordinates, x and y.
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Figure 12.33: The elliptical orbit of the
satellite, obtained from numerical in-

tegration of the equations of motion.

SAMPLE 12.12 Numerical computation of satellite orbits: The fol-
lowing data is known for an earth satellite: mass = 2000 kg, the distance
to the closest point, the perigee, on its orbit from the earth’s surface =
1100 km, and its velocity at perigee, which is purely tangential, is 9500
m/s. The radius of the earth is 6400 km and the acceleration due to grav-
ity g = 9.81m/s%.
1. Solve the equations of motion of the satellite numerically with the
given data and show that the orbit of the satellite is elliptical. Find
the apogee of the orbit and the speed of the satellite at the apogee.

2. From the data at apogee and perigee show that the angular momen-
tum and the energy of the satellite are conserved.
3. Find the orbital period of the satellite and show that it satisfies Ke-
pler’s third law (in equality form).
Solution

1. The equations of motion of a satellite around a fixed earth are

. —8Rx . _ __—gR%
¥=—"—— and j=-—"—-"—.
(x2 + y2)3/2 (x2 + y2)3/2
where g is the acceleration due to gravity and R is the radius of the earth (see
eqn. (12.20) in the text). From the given data at perigee, the initial conditions are
x(0) = =7500km, %(0) =0, y(0)=0, »(0)=9500m/s.

In order to solve the equations of motion by numerical integration, we first rewrite
these equations as four first order equations:

Z, =z
z, = —gRz/(z}+z})*?
Z; =z
z, = —gRz/(z} +2z2)*2

Now the given initial conditions in terms of the new variables are
z1(0) = —7.5x 10°m, z2(0)=0, z3(0)=0, z4(0)= 9500m/s.

We are now ready to go to a computer. We implement the following pseudocode
on the computer to solve the problem.

ODEs ={zldot=22, =z2dot=-g*R™2*z_1/(z_1"2+z_372)"{3/2},
z3dot=z4, z4dot=-g*R"2*z_3/(z_1"2+z_3"2)"{3/2}}

IC ={z1(0)=-7.5E06, z2(0)=0, z3(0)=0, z4(0)=9500}

Set g =9.81, R = 6.4E06

Solve ODEs with IC for t=0 to t=4E04

Plot zl1 vs z3

Results obtained from implementing the code above with a Runge-Kutta method
based integrator is shown in fig. 12.33 where we have also plotted the earth centered
at the origin to put the orbit in perspective. The orbit is clearly elliptical. From the
computer output, we find the following data for the apogee.

X=40049%x10'm, x=0, y=0, y=-17791%x10*m/s
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2. The expressions for energy E and angular momentum H for a satellite are,
1 GM
E = Eg+E= Em()’c2+y2)—Tm

H =

o

FXmo = (xi +yj) X m(xi+yj) = m(xy — yx)k

At both apogee and perigee, y = 0 and the velocity (which is tangential) is in the y
direction, i.e., x = 0. Therefore, the expressions for energy and angular momentum
become simpler:

1 , GMm 1 ., gRm
E = b 2——=— 2
Smy p Smy T
and H = mxy.

Let E; and H, be the energy and the angular momentum of the satellite at the
perigee, respectively, and E, and H, be the respective quantities at the apogee.
Then, from the given data,

2 2 6 2
E, = %myf - glljc_llln = %2000 kg - (9500 m/s)? — 9'81m/78_5 ';61816;10 m)
= —1.6901 x 10% Joules
H, = mx,y, 2000kg - (—7.5x 10°m) - (9500 m/s)
= —1.4250x10“N-m- s
2 2, 6 12
E,= %myg - glli—jq = %2000 kg - (—=1779 m/s)? — 281 12./()5()49(2415)(72 m)
= —1.6901 x 10*Joules
H, = mx,y, 2000kg - (4.0049 x 10’ m) - (—1779 m/s)

= —1.4250%x 10“N-m-: s

Clearly, the energy and the angular momentum are conserved.

3. From the computer output, we find the time at which the satellite returns to the
perigee for the first time. This is the orbital period. From the output data, we get
the orbital period to be 3.6335 x 10*s = 10.09 hrs. Now let us compare this result
with the analytical value of the orbital period.

Let A be the semimajor axis of the elliptic orbit. Then the square of the orbital time
period T is given by
. 47’ A3
gr?
For the orbit we have obtained by numerical integration,

24 = x| + %,
= 7.5x10°m + 4.0049 X 10’ m
= 4.7549x10"m
= A = 23774x10'm
Hence,
I \/ 472 - (2.3774 X 107 m)?
9.81m/s? - (6.4 X 106 m)?2

= 3.6335x 10%s.

which is the same value as obtained from numerical solution.

T =3.6335x 10*s = 10.09 hrs
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Figure 12.34: The elliptical orbit of the
satellite. The perigee and apogee are
marked as points 1 and 2 on the orbit.
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® No spring can have zero relaxed
length, however, a spring can be con-
figured in various ways to make it be-
have as if it has zero relaxed length.
See box 7.1 on page 382

Figure 12.36: Free-body diagram of
the mass.
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Figure 12.37: Circular trajectory of the
mass.
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SAMPLE 12.13 Zero-length spring and central force motion: A zero-
length spring @ (the relaxed length is zero) is tied to a mass m = 1kg on
one end and fixed on the other end. The spring stiffnessis k = 1 N/m.
1. Find appropriate initial conditions for the mass so that its trajectory
is a straight line along the y-axis.

2. Find appropriate initial conditions for the mass so that its trajectory
is a circle.

3. Can you find any condition on initial conditions that guarantees el-
liptic orbits of the mass?

4. Let #(0) = 0.5mi and ¥(0) = (0.51 + 0.6 j) m/s. Describe the motion
of the mass by plotting its trajectory for 12s.
Solution Let the position of the mass be ¥ at some instant ¢. Since the relaxed length of

the spring is zero, the stretch in the spring is |¥| and the spring force on the mass is —k7.
Then the equation of motion of the mass is

—kF = mF
—k(xi+yj) = mEi+yj))
Lk
=> X+—x = 0
m
.k
and V+ Ey = 0.

Thus the equations of motion are decoupled in the x and y directions. The solutions, as
discussed in the text (see eqn. (12.23)), are

A cos(At) + Bsin(At)
C cos(At) + D sin(At)

X

and y

(12.26)

where the constants A, B, C, D are determined from initial conditions. Let us take the
most general initial conditions x(0) = x,, Xx(0) = X,,¥(0) = y,, and y(0) = y,. By substi-
tuting these values in x and y equations above and their derivatives, we get

A=x, B=%/2, C=y, D=y/A

Substituting these values we get

X = Xxycos(At) + X, /A sin(dt)

and y = Y,cos(At) + y,/Asin(t). (12.27)

1. For a straight line motion along the y-axis, we should have the x-component of
motion identically zero. We can, therefore, set x, = 0, %, = 0 and take any value
for y, and y, to give

x(t) = 0
and y@) = y,cos(At) + y,/Asin(At).

2. For a circular trajectory, we must pick initial conditions such that we get x> + y* =
(a Constant)z. We can easily achieve this by choosing, say, x(0) = x,,Xx(0) =
0,y(0) = 0, and y(0) = x,A. Substituting these values in eqn. (12.27), we get

2
XA
x* +y* = x} cos’(At) + (%) sin’(1t) = x;

which is a circular orbit of radius x,. Note that the initial position of the mass for
this orbit is #(0) = x,i), and the initial velocity is (0(0) = x,1j), ie., the velocity
is normal to the position vector (7 - © = 0), and the magnitude of the velocity is
dependent on the magnitude of the position vector, in fact, it must be exactly equal
to the product of the distance from the center and the orbital frequency 1.
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3. In order to have elliptic orbits, the initial conditions should be selected such that x
and y satisfy the equation of an ellipse. By examining the solutions in eqn. (12.27),
we see that if we set X, = 0 and y, = 0 and let the other two initial conditions have
any arbitrary value, x, and y,, we get

x(t) = x,cos(dt),
and yit) = (@,/A)sin(At),
=> jcc—; + ()'ioyﬁ = cos*(At) + sin’(Ar)

= 1

which is the equation of an ellipse with semimajor axis x, and semiminor axis y /4.
Of course, the symmetry of the equations implies that we could also get elliptic
orbits by setting x, = 0 and y, = 0, and letting the other two initial conditions be 1
arbitrary. Thus the condition for elliptic orbits is to have the initial velocity normal
to the position vector, e.g,,

/ Yo>Axo

\

Yo=Axo

%

N\

Yo<AXg

7(0) = Xl and 7(0) = YoJs 15 05 15 x
or #0)=y,J and 7(0) = X1,

or, more generally, . )
¥(0)=r,A and ¥(0)=ron,

where A is a unit vector along the position vector of the mass and 7 is normal to A.
Note that the condition obtained in (b) for circular orbits is just a special case of the
condition for elliptic orbits (well, a circle is just a special case of an ellipse). There-
fore, if we keep x, fixed and vary y, we can get different elliptic orbits, including
a circular one, based on the same major axis. Taking x, = 1 m, we show different
orbits obtained for the mass by varying y, in fig. 12.38.

Figure 12.38: Elliptic orbits of the
mass obtained from the initial condi-
tions x, = 1m,x, = 0,y, = 0, and
various values of y,.

4. By substituting the given initial values x, = 0.5m, x(0) = 0.5m/s,y(0) = 0 and
¥ = 0.6m/s in eqn. (12.27) and and noting that A = v'k/m = y/(1N/m)/(1kg) =
(1/s), we get

x(t) = (0.5m)-cos (1 . t) + (O.Sm/s) . sin(1 . t)
s s s
) = (0'6?1/s) -sin (% . t)
y
0.5
The functions x(t) and y(t) do not seem to describe any simple geometric path o4
immediately. We could, perhaps, do some mathematical manipulations and try 03
to get a relationship between x and y that we can recognize. Instead, let us plot Zf -
the orbit on a computer to see the path that the mass takes during its motion with o v
these initial conditions. To plot this orbit, we evaluate x and y at, say, 100 values Y L
of t between 0 and 10 s and then plot x vs y. 02
0.3
t=[00.10.2...9.9 10] 04
x = 0.5 * cos(t) + 0.6 * sin(t) 05
y = 0.6 * sin(t)
plot x vs y Figure 12.39: The orbit of the mass ob-
The plot obtained by performing these operations on a computer is shown in  tained from the initial conditions x,, =
fig. 12.39. 0.5m,%, = 0.5m/s,y, = 0, and y, =

0.6m/s.
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12.3 Central force
motion

Experts note that these problems do not
use polar coordinates or any other fancy
coordinate systems. Such descriptions
come later in the text. At this point we
want to lay out the basic equations and
the qualitative features that can be found
by numerical integration of the equa-
tions using Cartesian (xyz) coordinates.

Preparatory Problems

12.3.1 What exactly is meant by “central
force motion”?

12.3.2 Under what circumstances is the
angular momentum of a system, calcu-
lated relative to a point C which is fixed
in a Newtonian frame, conserved?

12.3.3 The mass of the earth is M, the
mass of a satellite orbiting the earth is m,
the radius of the earth is R, the force of
gravity at the earth’s surface is mg, the
universal gravitational constant is G.

a) If the satellite is at distance r what
is the force of the earth’s gravity in
terms of r, M, m and G?

b) If the satellite is at distance r what
is the force of the earth’s gravity
in terms of r,R,m and g? (hint:
evaluate the formula from the first
partatr = R).

More-Involved
Problems

12.3.4 A satellite is put into an elliptical
orbit around the earth and has a speed
Up at position P. Find an expression for
the speed v, at position A (in terms of
Rg, 7,7 4,8, and vp. The radii to A and P
are, respectively, r, and r,. [Hint: both
total energy and angular momentum are
conserved. |

Problem 12.3.4

Introduction to Mechanics for Engineers «

12.3.5 An intercontinental missile,
modelled as a particle, is launched on a
ballistic trajectory from the surface of the
earth. The force on the missile from the
earth’s gravity is F = mgR?/r? and is
directed towards the center of the earth.
When it is launched from the equator it
has speed v, and in the direction shown,
45° from horizontal (both measured rela-
tive to a Newtonian reference frame). For
the purposes of this calculation ignore
the earth’s rotation. You can think of this
problem as two-dimensional in the plane
shown. If you need numbers, use the fol-
lowing values:

m = 1000 kg = missile mass

g = 10m/s” at the earth’s surface,

R = 6,400,000 m = earth’s radius,
and

U, = 9000m/s.
The distance of the missile from the cen-
ter of the earth is r(¢).

a) Draw a free-body diagram of the
missile.  Write the linear mo-
mentum balance equation. Break
this equation into x and y com-
ponents.  Rewrite these equa-
tions as a system of-4 first order
ODE’s suitable for computer so-
lution. Write appropriate initial
conditions for the ODE’s.

b) Using the computer (or any other
means) plot the trajectory of the
rocket after it is launched for a
time of 6670 seconds. [Hint: use
a much shorter time when debug-
ging your program.] On the same
plot draw a (round) circle for the
earth.

Problem 12.3.5: An intercontinental bal-
listic missile launch.

12.3.6 A particle of mass 2kg moves in
the horizontal xy-plane under the influ-
ence of a central force F = —k¥ (attrac-
tion force proportional to distance from
the origin), where k = 200N/m and ¥ is
the position of the particle relative to the
force center. Neglect all other forces.

© 2026 Andy Ruina & Rudra Pratap

a) Show that circular trajectories are
possible, and determine the rela-
tion between speed v and circu-
lar radius r, which must hold on
a circular trajectory. [hint: Write
F = ma, break into x and y com-
ponents, solve the separate scalar
equations, pick fortuitous values
for the free constants in your so-
lutions.]

b) It turns out that trajectories are
in general elliptical, as depicted in
the diagram.

For a particular elliptical trajec-
tory witha = Imand b = 0.8 m,
the velocity of the particle at point
1 is observed to be perpendicular
to the radial direction, with mag-
nitude v;, as shown. When the
particle reaches point 2, its veloc-
ity is again perpendicular to the
radial direction.

Determine the speed increment
Av which would have to be added
(instantaneously) to the particle’s
speed at point 2 to transfer it to the
circular trajectory through point 2

(the dotted curve).
o7 T ~
4 N
/ \
a a
5 @
\ b ]
\ /
\
N O Y

Problem 12.3.6

12.3.7 Circular motion. Generally
when people talk about central force mo-
tion they not only mean that the only
force is directed at the origin but that the
magnitude of the force only depends on
the distance from the origin. Thus in 2D

N xi+yj
PV ()
xX2+yr .
~————— Magnitude of force
Unit vector

where the scalar function F(r) expresses
the dependence of the central attractive
force on distance r = 4/x2 + y2. Con-
sider a particle with mass m on a candi-
date circular orbit

¥ = RcosAti + RsinAtj

with constant speed v = |B| = |F| =
RA. For each of the cases below find the
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speed v for circular motion at radius R.
Find this by plugging the circular motion
equation into F = ma using the form of
F(r)given. Answer in terms of other con-
stants given (e.g., k, m, M, G)

a) F(r) = kr (zero-rest-length attrac-
tive spring)

b) F(r) = GMm/r? (inverse-square
gravitational attraction)

¢) F(r) = r" (arbitrary power law at-
traction)

d) F(r) = F(r) (arbitrary function).
In this case you need to find how
the speed depends on F in general.

e) Can you find a function F(r) for
which there are two or more cir-
cular orbits at the same speed v?

12.3.8 Circular motion, numerical solu-
tion. For each of the cases in prob-
lem 12.3.7 pick values for the physical
constants. Then pick initial conditions
which, according to theory, should give
circular orbits. Then numerically solve
the 4 coupled first order ODEs that de-
scribe planar motion, make a plot, and
show that you do indeed get circular or-
bits. How big is the discrepancy between
your numerical solution and an exact cir-
cle?

12.3.9 Two equal mass satellites have cir-
cular orbits at two different radii. The
one that is closer to the earth has smaller
potential energy and bigger kinetic en-
ergy. Which satellite has bigger total en-

ergy?

12.3.10 Find initial conditions corre-
sponding to circular motion for a central
force problem and simulate this motion
on the computer. Use any central force
attraction law you like (e.g., zero-length
spring, inverse square,...) Check that you
get closed circular orbits by plotting sev-
eral revolutions. Now, in your simula-
tion, apply a slight drag force opposing
motion F = —cb. Pick a value for ¢ so
that the orbit slowly spirals in (say, less
than 10% per orbit).

a) Make a plot of the spiraling orbit.

b) Plot the speed |0| vs time as it spi-
rals in.

¢) How is it that a drag force causes
the satellite to speed up? Is that
numerical error? An approxima-
tion in our formulation of the gov-
erning equations? A relativistic
effect? What?

12.3.11 Circular motion, numerical so-
lution. For each of the cases in prob-
lem 12.3.7 pick values for the physical
constants.

a) Pick initial conditions which, ac-
cording to theory, should give cir-
cular orbits.

b) Numerically solve the 4 coupled
first order ODEs that describe pla-
nar motion, make a plot, and show
that you do indeed get circular or-
bits.

c¢) How big is the discrepancy be-
tween your numerical solution
and an exact circle? Between the
theoretically predicted period and
the actual period?

12.3.12 Conic sections, numerical solu-
tion. Newton discovered that with F =
mad and a central attractive force of F =
C/r? that all motions were conic sec-
tions. In particular, consider this prob-
lem, all in consistent units: m = 1,C =
1,x, =1,y, =0,%X, = 0,y, = v,. New-
ton claimed that there are special values
for v,, let’s call them v; and vg with vy <

vy so that

« for v, < vj all orbits are ellipses
with maximum distance from the
origin being 1;

« for v, = vj the orbit is a circle of
radius 1;

o for v < v, < v} the orbit is
an ellipse with minimum distance
from the origin being 1,

« for v, = vf the orbit is a left-
opening parabola with base at the
initial condition. (to draw the
complete parabola you need also
to use all the same initial condi-
tions but with y, = —v,).

« for v} < v, the orbit is a left-
opening hyperbola, asymptoting
to a straight line. (again you need
to use y, = —v, to draw the com-
plete hyperbola.)

a) By a sequence of more or less sys-
tematic numerical guesses find as
accurately, as you can, v; and vg .

Introduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap

b) Numerically solve the 4 coupled

first order ODEs for initial condi-
tions that correspond to each of
the 5 cases above,

¢) Plot all 5 cases on one plot show-

ing the 5 shapes clearly.
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Experts note that these problems do
not use polar coordinates or any other
fancy coordinate systems. Such descrip-
tions come later in the text. At this point
we want to lay out the basic equations
and the qualitative features that can be
found by numerical integration of the
equations using Cartesian (xyz) coordi-
nates.

12.3.5 An intercontinental missile,
modelled as a particle, is launched on a
ballistic trajectory from the surface of the
earth. The force on the missile from the
earth’s gravity is F = mgR?/r? and is
directed towards the center of the earth.
When it is launched from the equator it
has speed v, and in the direction shown,
45° from horizontal (both measured rela-
tive to a Newtonian reference frame). For
the purposes of this calculation ignore
the earth’s rotation. You can think of this
problem as two-dimensional in the plane
shown. If you need numbers, use the fol-
lowing values:

m = 1000 kg = missile mass

g = 10m/s” at the earth’s surface,

R = 6,400,000 m = earth’s radius,
and

U, = 9000m/s.
The distance of the missile from the cen-
ter of the earth is r(t).

a) Draw a free-body diagram of the
missile.  Write the linear mo-
mentum balance equation. Break
this equation into x and y com-

ponents.  Rewrite these equa-
tions as a system of-4 first order
ODE’s suitable for computer so-
lution. Write appropriate initial
conditions for the ODE’s.

b) Using the computer (or any other
means) plot the trajectory of the
rocket after it is launched for a
time of 6670 seconds. [Hint: use
a much shorter time when debug-
ging your program.] On the same
plot draw a (round) circle for the
earth.

Problem 12.5: Anintercontinental ballis-
tic missile launch.

EXTypeTy 2.3 (errsy

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 12.3.5 1

12.3.5 An Intercontinental Missile

An intercontinental missile, modelled as a particle, is launched on a ballistic trajectory from
the surface of the earth The force on the missile from the earth’s gravity is F' = mgR?/r?
and is directed towards the center of the earth. When it is launched from the equator it has
speed vy and in the direction shown in Fig. a), 45° from horizontal (both measured
relative to a Newtonian reference frame). For the purposes of this calculation ignore the
earth’s rotation. You can think of this problem as two-dimensional in the plane shown. If
you need numbers, use the following values:

e m = 1000 kg as the missile mass,
e g =10 m/s? at the earth’s surface,
e R =6,400,000 m as the earth’s radius, and

e vp = 9000 m/s.
The distance of the missile from the center of the earth is r(t).

(a) Draw a free-body diagram of the missile. Write the linear momentum balance equa-
tion. Break this equation into x and y components. Rewrite these equations as a
system of 4 first-order ODEs suitable for computer solution. Write appropriate initial
conditions for the ODEs.

(b) Using the computer (or any other means) plot the trajectory of the rocket after it is
launched for a time of 6670 seconds. [Hint: use a much shorter time when debugging
your program.|] On the same plot draw a (round) circle for the earth.

Part a

The free body diagram of the rocket is in Fig. [12.3.1(b). The direction of the gravitional
force F is always —r, the unit vector pointing towards the origin (earth’s center). The linear
momentum balance equation is then

(12.3.1)

See that m cancels — our results will now be independent of the rocket’s mass. Using the
definition of the vector

rf‘:r:(x), (12.3.2)

Y

'Problem 12.3.5 from: Introduction to Statics and Dynamics, Andy Ruina and Rudra Pratap, 2019.

March 17, 2021, M. R. Buche

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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|
x()

Figure 12.3.1: (a) Intercontinental ballistic missile launch. (b) Free body diagram.

we can then write the linear momentum balance equations as

(1))

Note that r = /22 4+ 3. Using v, = &, and v, = g, our first-order form is

T Uy
d Yy 7 Uy
@l v | 7| —mgRa/(@? + g2 (12.3.4)
Uy —mgR?y/(x? 4 y*)B/?
The initial conditions given are summed up as (where 6 = 45°)
I(O) = R, y(O) = 0, ’I)Z(O) = Uy COS 97 UI(O) =1 sin 6. (1235)

Part b

The trajectory, x(t) versus y(t), of the rocket is shown in Fig. The requested span of
time ¢ € [0,6670] was utilized, and the earth is shown. The results are scaled by the radius
of the earth R = 6,400,000 m, so the trajectory shown effectively has units of earth-radii.
The MATLAB code used is as follows:

% Parameters

p.g = lel; J, m/s"2

p-R 6.4e6; 7 m

v_0 9e3; % m/s

theta_0 = deg2rad(45); ’, radians
t_max = 6.67e3; % s

% Initial conditions
u_0 = [p.R, 0, v_Oxcos(theta_0), v_O*sin(theta_0)];

% Solve for the trajectory in time, unpack results

March 17, 2021, M. R. Buche

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 12.3.5 3
2
/ ’ \
15 \
o4 /x N
= / \
Xosf / \
/ Earth A\
( Trajectory \ /
0r| Start i
\ % Finish /
05 /
\
/
. — . rd
-1 ——
-1 05 0 0.5 1 15
X(t/R

Figure 12.3.2: The trajectory of the rocket after it is launched for a time of 6670 seconds.

[t, state] = ode45(@(t, state) ode_fun(t, state, p), [0, t_max
1, u_0);

x = state(:,1)/p.R;

state(:,2)/p.R;

~
1]

% Plot the results

figure

phi = linspace (0, 2*pi, 100);
plot(cos(phi), sin(phi))

axis equal

hold on

plot(x, y)

plot(x(1), y(1), '°', 'markersize', 8, 'linewidth', 3)
plot(x(end), y(end), 'x', 'markersize', 8, 'linewidth', 3)

axis (1.1*[min([-1; x]1), max([1; x1), min([-1; yI), max([1; yI1)
n

xlabel ('x(t)/R")

ylabel ('y(t)/R")

legend ('Earth', 'Trajectory', 'Start', 'Finish')

% System of first-order differential equations
function f_dot = ode_fun(~, f, p)

March 17, 2021, M. R. Buche

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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% Unpack the state variables

x = f(1);
y = £(2);
v_x = £(3);
v,y = £(4);

% Equations of motion

x_dot = v_x;
y_dot = v_y;
v_x_dot = -p.g*p.R72*x/(x"2 + y~2)°(3/2);
v_y_dot = -p.g*p.R"2*xy/(x"2 + y~2)°(3/2);

% Output evolution of the state
f_dot = [x_dot; y_dot; v_x_dot; v_y_dot]l;

end

March 17, 2021, M. R. Buche

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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TAM 203

Homework Solubions Due 3/27 /o8

[LXTN

3 -]
Given: F= maR/(_; s Vo, 45 fom honzoatal (8)

M= 1000 kg, R= 6.4x10°m, v, 9000 ™

4) Fres body diagrom:
Assume Fx)= x(£)7+ g) 3
3 2 2 -mak® >
Lo ZPd, R
2
‘(7( Qa ~ ~ o A ke A
597)% (XL+5J> = XL+ iy

In component Locen
?

o R - R?
e A N

D \fferennal e guahions:

O =y, ) ® 4= v,
& e Q . = R’&
@ VT Zgmx O Vet Fom 8

Tnahal conditions:
» x(0)=R ® 4(0): 0
) %(0): V,cos0 () Vg(O) = V,sn O

b) See Matleb code and p\o+ on poges Q-2

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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page 9/7

~ 10.61b — Matlab code

function Probl061 ()
Problem 10.61 Solution
% March 27, 2008

o0

% VARIABLES (Assume consistent units)
$ r = displacement vector [x,Vy]
% v = velocity vector = dr/dt [vx,vy]

m= 1000; % Mass of satellite (kg)

R= 6400000; % Radius of Earth (m)

g= 9.81; % Gravity acceleration (m/s”"2)
v0= 9000; % Initial velocity (m/s)
theta= 45; % Launch angle (degrees)

% INITIAL CONDITIONS

x0= R;

y0= 0;

vx0= vO*cosd(theta);

vy0= vO*sind(theta);

z0= [x0 y0 vxO0 vy0]'; % pack variables

tspan= [0 6670]; % seconds
[t zarray]= oded5(Qrhs, tspan,z0,[],m,R,g);

—~ % Unpack Variables
x= zarray(:,1);
y= zarray(:,2):;

plot (x,y,'r==");
title('Plot of Earth and Satellite Orbit')
xlabel ('x [m]"'")
ylabel('y [m]"')
axis (1000000*[-8 15 -8 15]
hold on;

% Draw the Earth
t= 0:pi/100:2*pi;
ex= R*cos (t):
ey= R*sin(t);
plot (ex,ey,'b');

end

% THE DIFFERENTIAL EQUATION 'The Right Hand Side'
function zdot = rhs(t,z,m,R,qg)

% Unpack variables
x= z(1);
y= z(2);
vx= z(3);
vy= z(4)

7

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.



Chapter 12. 3. Central... mtoduction to Mechanics for Engineers « © 2026 Andy Ruina & Rudra Pratap

Problem...

% The equations

xdot= vx;
vxdot= -g*R"2/ (x"2+y"2)"(3/2) *x;
ydot= vy;

vydot= -g*R"2/ (x"2+y"2)"(3/2)*y;

% Pack the rate of change of x,y,vx and vy
zdot= [xdot ydot wvxdot vydot]';

end

page :5/-7

10.61b — Satellite Orbit Plot

% 10 Plot of Earth and Satellite Orbit
15 T T T T
oF P \ i
/ l‘
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\“
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> ‘f‘ \
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 12.3.6

12.3.6 A particle of mass 2kg moves in
the horizontal xy-plane under the influ-
ence of a central force F = —kF (attrac-
tion force proportional to distance from
the origin), where k = 200N/m and 7 is
the position of the particle relative to the
force center. Neglect all other forces.

a) Show that circular trajectories are
possible, and determine the rela-
tion between speed v and circu-
lar radius r, which must hold on
a circular trajectory. [hint: Write
F = ma, break into x and y com-
ponents, solve the separate scalar
equations, pick fortuitous values
for the free constants in your so-
lutions.]

b) It turns out that trajectories are
in general elliptical, as depicted in
the diagram.

For a particular elliptical trajec-
tory witha = 1mand b = 0.8 m,
the velocity of the particle at point

SF

- K -

1 is observed to be perpendicular
to the radial direction, with mag-
nitude v;, as shown. When the
particle reaches point 2, its veloc-
ity is again perpendicular to the
radial direction.

Determine the speed increment
Av which would have to be added
(instantaneously) to the particle’s
speed at point 2 to transfer it to the
circular trajectory through point 2
(the dotted curve).

Problem 12.6
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12.3.7 Circular motion. Generally
when people talk about central force mo-
tion they not only mean that the only
force is directed at the origin but that the
magnitude of the force only depends on
the distance from the origin. Thus in 2D

N xi+yj
P2 ()
xX2+y2 2
~———— Magnitude of force
Unit vector

where the scalar function F(r) expresses
the dependence of the central attractive
force on distance r = 4/x2 + y2. Con-
sider a particle with mass m on a candi-
date circular orbit

¥ =RcosAti + RsinAtj

with constant speed v = |B] = |F| =
RA. For each of the cases below find the

1131

speed v for circular motion at radius R.
Find this by plugging the circular motion
equation into F = ma using the form of
F(r)given. Answer in terms of other con-
stants given (e.g., k, m, M, G)

a) F(r) = kr (zero-rest-length attrac-
tive spring)

b) F(r) = GMm/r?* (inverse-square
gravitational attraction)

c) F(r) = r" (arbitrary power law at-
traction)

d) F(r) = F(r) (arbitrary function).
In this case you need to find how
the speed depends on F in general.

e) Can you find a function F(r) for

which there are two or more cir-
cular orbits at the same speed v?

7= R[mg)\k f* Aen AE JA]
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Disclaimer: We have lost track of the many people who wrote these solutions.
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12.3.8 Circular motion, numerical solu-
tion.  For each of the cases in prob-
lem 12.3.7 pick values for the physical
constants. Then pick initial conditions
which, according to theory, should give
circular orbits. Then numerically solve

[1-3-8
a Fma
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INE
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21 = 'I;Z;

the 4 coupled first order ODEs that de-
scribe planar motion, make a plot, and
show that you do indeed get circular or-
bits. How big is the discrepancy between
your numerical solution and an exact cir-

cle?
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12.3.9 Two equal mass satellites have cir-
cular orbits at two different radii. The
one that is closer to the earth has smaller
potential energy and bigger kinetic en-
ergy. Which satellite has bigger total en-
ergy?

14-3-9
! R\ \
TeE = Lon6M _ gmm
2 "'ﬁ —_—
) RI
161; - GMm
2 R,
T, &
TE R>
.TE" & 2’1 —’6),
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TE,> Tg,

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 12.3.10

12.3.10 Find initial conditions corre-
sponding to circular motion for a central
force problem and simulate this motion
on the computer. Use any central force
attraction law you like (e.g., zero-length
spring, inverse square,...) Check that you
get closed circular orbits by plotting sev-
eral revolutions. Now, in your simula-
tion, apply a slight drag force opposing
motion F = —c®. Pick a value for ¢ so
that the orbit slowly spirals in (say, less

310
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than 10% per orbit).

Make a plot of the spiraling orbit.

Plot the speed |0| vs time as it spi-
rals in.

How is it that a drag force causes
the satellite to speed up? Is that
numerical error? An approxima-
tion in our formulation of the gov-
erning equations? A relativistic
effect? What?

4 14 vy = -C 4 Kk,
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Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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