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11.3 Normal modes

To read this section you need to know the linear algebra concepts of eigen-
values and eigenvectors. Systems with many moving parts often move in
complicated ways. Consider the two mass system shown in fig. 11.30. By
drawing free-body diagrams and writing linear momentum balance for
the two masses we can write the equations of motion in matrix form (see
eqgn. (10.44)) as

[M]X¥+ [K]x=0

where

m 0 2k —k
[M]=[O ml and [K]=[_k zkl.

Example: Complicated motion.
If we put the initial condition

1 0
X, = and v, = ,
0 0

we get the motion shown in fig. 11.31a. Both masses move in a complicated way
and not synchronously with each other.

On the other hand, all such systems, if started in just the right way, will
move in a simple way.

Example: Simple motion: a normal mode.
If we put the initial condition

X, = and v, =

we get the motion shown in fig. 11.31b. Both masses move in a simple sine wave,
synchronously and in phase with each other.

That this system has this simple motion is intuitively apparent. If both of the
equal masses are displaced equal amounts both have the same restoring force.
So both move equal amounts in the ensuing motion. And nothing disturbs this
symmetry as time progresses. In fact the frequency of vibration is exactly that
of a single spring and mass (with the same k and m).

A given system can have more than one such simple motion.

Example: Another normal mode.
If we put the initial condition

1 0
X, = and v, =
-1 0

we get the motion shown in fig. 11.31c. Both masses move in a simple sine
wave, synchronously and exactly out of phase with each other. Being exactly
out of phase is actually a form of being exactly in phase, but with a negative
amplitude.
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Figure 11.30: A two mass system. We
define x; and x, so that the system is
in equilibrium when x; = x, = 0.
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Figure 11.31: Motions of the masses
from fig. 11.30 for three different ini-
tial conditions, all released from rest
(v, =v,=0)

ax; =1, x,= 0,

b)x, =1, x,= 1,and

ox, =1, x,=-1
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This motion is also intuitive. Each mass has restoring force of 3kAx. One
k from a spring at the end and 2k because each mass experiences a spring with
half the length (and thus twice the stiffness) in the middle (because the middle
of the middle spring doesn’t move in this symmetric motion).

The system above is about the simplest for demonstration of normal mode
vibrations. But more complicated elastic systems always have such simple
normal mode vibrations.

All elastic systems with mass have normal mode vibrations in which
all masses

« have simple harmonic motion
» with the same frequency as all the other masses, and
» exactly in (or out) of phase with all of the other masses

Thus the first and second normal modes from fig. 11.31b,c can be written

x,(t) cos At x, () | cosA,t
[ x;(t) l [ cosﬂit l and [ x;(t) l_[ —COS/lit l

First normal mode Second normal mode

where, by the physical reasoning in the examples we know that 4, =

vV k/m and 4, = 4/3k/m. We could equally well have used the sine func-
tion instead of cosine.

Superposition of normal modes

Note that the governing equation (eqn. (11.3)) is ‘linear’ in that the sum
of any two solutions is a solution. If we add the two solutions from
fig. 11.31b,c we have a solution. And if we divide that sum by two we
get a solution. And not just any solution, but the solution in fig. 11.31a.
The top curve is the sum of the bottom two divided by two (The curves
for x,(t) and x,(t) need to be added separately).

For more complicated systems it is not so easy to guess the normal
modes. Most any initial condition will result in a complicated motion.
Nonetheless the concept of normal modes applies to any system governed
by the system of equations (eqn. (11.3)):

[M]x + [K]x = 0.

Any collection of springs and masses connected any which way has nor-
mal mode vibrations. And because elastic solids are the continuum equiv-
alent of a collection of springs and masses, the concept applies to all elastic
structures. Here are the basic facts

« An elastic system with n degrees of freedom has n independent nor-
mal modes.
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+ In each normal mode i all the points move with the same angular
frequency 4, and exactly in phase.

« Any motion of the system is a superposition of normal modes (a sum
of motions each of which is a normal mode).

Example: Musical instruments

The pitch of a bell is determined by that normal mode of the bell that has the
lowest natural frequency. Similarly for violin and piano strings, marimba keys,
kettle drums and the air-column in a tuba.

A recipe for finding the normal modes of more complex systems is given
in box 11.3 on page 3.

Normal modes and single-degree-of-freedom
systems

Any complex elastic system has simple normal mode motions. And all
motions of the system can be represented as a superposition of normal
modes. Hence sometimes we can think of every system as if it is a sin-
gle degree of freedom system. For example, if a complex elastic system
is forced, it will resonate if the frequency of forcing matches any of its
normal mode (or natural) frequencies.

The math of, and how to find, normal modes

Consider a collection of n masses connected by springs whose motions
are governed by eqn. (11.3)

[M]x + [K]x =0,

where the positions of the masses are x = x(t) = [x,(t), x,(t), ..., x, ()]
The matrices [M] and [K] have to do with the masses and the network of
springs, respectively. At this point in the book the examples are masses
in a line, but the concepts are more general.

How to find a solution. The approach used by the professionals is to
guess that there are “normal mode” solutions and then see if they are.
A normal mode solution, with all masses moving sinusoidally and syn-
chronously, is
V,cost
x=| V,cosit | =V cosit.

Upper case bold V (to distinguish it from lower case velocity) is a list of
constants [V, V,,...]". We could have used sin just as well as cos for our
guess. Now we plug our guess into the governing equations to see if it is
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a good guess:

[M]x +[K]x=0

[M]Ccii—tz2 {VcosAt}+[K]{V cosAt} =0
—A*[M]V cos At + [K]V cos At = 0
{—22[M]V + [K]V}cos At = 0.

This equation has to hold true for all ¢ therefore the constant column vec-
tor inside the brackets {} must be zero:

-22[MV +[K]V =0
[-22[M] + [K]]V =0
The matrix [M] is usually invertible. If [M] is diagonal its inverse is [M]

with each element replaced by its reciprocal. Assuming [M]~! exists we
can multiply through by [M]~! to get:

MKV = 2%V,
where we used that [M]~![M] = [1] = the identity matrix, and that

[1]V = V. Defining the product [B] = [M]7![K] and substituting we
get the classic eigenvalue problem:

[B]lV = A°V. (11.45)

There is a lot to know about eqn. (11.45). It’s a famous equation. Equa-

tion (11.45) says that V is a vector that, when multiplied by [B] gives itself
back again, multiplied by a constant. For the special vector V', being mul-
tiplied by the matrix [B] is equivalent to being multiplied by the scalar
A%,

Given [B] there are generally n linear independent eigen vectors
v, v? ..V" with associated eigen values A2,23,...,A%. Note, [B] is gen-
erally not symmetric.

In the case of our vibration problem the eigen vectors are called modes
or eigen modes or mode shapes or normal modes.

Recipe for finding normal modes

Given the matrices [M] and [K] proceed as follows.
« Calculate [B] = [M]7'K
« Use a math computer program to find the eigenvalues and eigenvec-
tors of [B], call these V' and /1i2. Usually this is a single command,
like:
eig(B)

« For each i between 1 and n write each normal mode as x(t) =
V cos (4;t) or as x(t) = V sin (4;t)
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For example, if

m 0 -2k k
[M]=[0 ml and [K]=l K _zkl.

then, for any values of k and m, the computer will return for the eigen
values and eigenvectors of [B] = [M]7}[K]:

V! =[ 1 lwithﬂf:k/mand sz[ ! lwith/1§=3k/m

-1

Why are they called ‘normal’ modes?: Another recipe

The math here is relatively advanced, so trust or skip it if you don’t have
the needed linear algebra background. In math speak ‘normal’ sometimes
means orthogonal. Here is the sense that ‘normal’ modes are orthogonal
to each other. First, the matrix [M] is generally both symmetric, non-

singular and even positive definite, so [M]

« Has a symmetric inverse [M]~! with
[M]7YM] = [M][M]™! = [1] = [identity matrix],

+ Has a unique positive definite square root \/[M] with

VIMIVIM] = [M],
« Has a unique inverse square root [M]~'/? with
[M171/2[M][M]7/2 = [1].
First we use [M]~'/2 to change coordinates from x to y as
x=[M]""2y or y=[M]"x.

Now we substitute this into the basic vibration equation ([M X + [K]x =
0) and pre-multiply the whole equation by [M]~1/2 to get

[M]7V2M][M]7Y2 y + [M]TY2K] M) 2y =0

[1] [A]
=> y+[A]y=0.

Now we look for solutions for y exactly as we did for x before. But, as op-
posed to [B], [A] is symmetric. So [A] has n linear independent and mu-
tually orthogonal eigen vectors W', W?, . .W" with associated eigen values
22,A2,..,22. These W, give the V; by V; = [M]7/?W,. The 4, are the
same.

These coordinate-changed W; = [M]'/2V; are ‘normal’ (mutually or-
thogonal) but the more physical V', are not, even though the V', are called
‘normal’ modes. Or you can say that the V; are mutually orthogonal with

respect to the weighting [M], e.g, VIZ[M Vs =o0.
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SAMPLE 11.12 A two mass vibratory MEMS gyroscope: A vibra-
tory MEMS (microelectromechanical system) gyroscope employs two big
plates as inertial masses, suspended by thin beams or ‘springs’ as shown
in the figure. The two masses are made to vibrate (by electrical actuation)
out of phase in the x-direction. Any rotation about the y-direction causes
the masses to vibrate out-of-plane due to ‘Coriolis acceleration’ (you will
learn about that in later chapters). We will restrict our attention to the
planar motion of the gyroscope. A two degree of freedom spring-mass
model is shown in the figure where m = 34.5 x 10~°kg, k; = 25N/m,
and k, = 3N/m.

1.
2.

Write the equations of motion for the two masses.

For the out of phase motion of the two masses, assume that x;(t) =
—Xx,(t) = xpsind,t. Determine the natural frequency 4,, corre-
sponding to this mode of vibration.

Solution

1.

The free-body diagram of each mass is shown in fig. 11.33. Assuming both x, and
X, to be positive in the x-direction, and x, > x; at the instant shown in the figure,
we can write the equations of motion using the balance of linear momentum as

Mass A: m¥;, = ky(x,—x;)—2kx;
—(2ky + ky)x; + kyx,
—ky(x, — x;) — 2k, x,

= kyx; — 2k, + k,)x,.

Mass B: mx,

These two equations can be also written in a convenient matrix form as
¥, 0\ _ 1| =k +ky) k, b
X | T m k, —(2k, + k) x, |’

mx, = k,x; — 2k, + k,)x,

(11.46)

mi, = =2k, + k,)x; + k,x,,

. The out of phase normal mode of vibration of the two masses is such that x,(t) =

X,sinA,tand x, = —x, sinA,,t, i.e.,, the two masses have out of phase displacements
(x; = —x,). If we substitute these values of the displacements, we see that both
equations turn out to be the same and they give,

—A2x,sinl,t = %(—Zk1 —ky — ky)x,sin At

,1n=,/M_
m

Substituting the given values of m, k,, and k,, we get,

2025+ 3)N
1, = 225+ IN/mM g 107 rad/s.
34.5x 10 kg

Thus the natural frequency corresponding to the out of phase vibration mode is
40.29 X 10° rad /s which corresponds to f, = 1, /27 = 6.4 kHz.

from which it follows that,

f. = 6.4kHz
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Figure 11.32: A MEMS vibratory gy-
roscope: (a) a micrograph of the two-
mass structure. Each inertial mass
(the plates with holes) is approxi-
mately Imm X 1mm X 15um. The
beams that hang the two masses act
as springs. The comb drives on the
left and right side of the two masses
are used to drive the two masses to os-
cillate in the x-direction at their res-
onant frequencies. (b) a two degree
of freedom spring-mass model of the
driven gyroscope structure (without
any damping).

kyx; e @ kix;
D 7] -
kyxp PA° kix;

Figure 11.33: Partial free-body dia-
gram of the two masses. Only relevant
forces (in the x-direction) are shown
in the diagram.
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Figure 11.34: The two degree of free-
dom model of a two-mass MEMS vi-

bratory gyroscope. Here, m = 34.5 X
10°kg or 34.5ug, k, = 25N/m, and
k, =3N/m.

SAMPLE 11.13 Normal modes from eigen analysis: Consider the two-
mass MEMS gyroscope of Sample 11.12 again. Using the equations of
motion derived in Sample 11.12,
1. Find the natural frequencies and the corresponding normal modes
of vibration of the system.

2. Using initial conditions based on the normal modes, solve the equa-
tions of motion numerically and plot x,(t) and x,(t) together for
each normal mode. From the plots, show that the time period of
oscillation conforms to the natural frequencies found above.

Solution

1. The equations of motion for the two degree of freedom model were obtained in
eqn. (11.46) and are reproduced here:

£\ 1[ =k +k) K, %,
( %, >‘ E[ k, _(2k, + k) ]( X, ) (11.47)

Let us assume a normal mode of vibration in the form

( ;183 ):( zl )sin/lnt

where 4, is the natural frequency of the system. Substituting this assumed motion
in eqn. (11.47) and getting rid of sin 4,,¢ from both sides, we get,

2 v 1 —(2k, + k,) k, v,
"\ v, m k, —(2k, + k) v, |-
Rearranging this equation a little bit, we can write it as [A] V = 1V, the standard

eigenvalue problem, where A(= 12) is the eigenvalue of the matrix [A] and V is the
corresponding eigenvector. Here,

A= 2k, + ky)/m —k,/m
B —k,/m 2k, + k,)/m

Now, we can go to a computer and find the eigenvalues and eigenvectors of [A]:

m = 34.5%107(-9), k1 =25, k2 =3
A = [(2%k1+k2)/m -k2/m;

-k2/m (2xk1+k2) /m]
lambda = eigenvalues(A)
v = eigenvectors(A)

By carrying out this computation, using appropriate commands in a computational
package, we find the following two eigenvalues and the corresponding two eigen-

vectors:
1
AW =1.449 x 10°, v = ( 1 );
and A® =1.623x10°, V@ = ( _1 )

Now, since we know that A = A2, we can find the natural frequencies of our system
by taking the square root of the eigenvalues just found. Thus,

A =3.807 x 10* rad /s => O =29 /27 = 6.06 kHz,
and A% = 4.029 x 10* rad /s => 2 =29 o7 = 6.41 kHz.
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The corresponding normal modes or mode shapes are given by V(¥ and V® . Please
note that the components of an eigenvector are determined relative to each other,
that is, the absolute numerical values are not unique, and any multiple of an eigen-

vector is also an eigenvector. For example, you could find VOV = [\/5 \/E]T, or

v =142 1/4/2T

AV =3807x10%rad/s, VO =[1 1]"
A2 =4029%10*rad/s, V@ =[1 —1]

. The normal modes thus found indicate that as long as we set the initial conditions
for the two masses in the same proportion as one of the mode shapes (eigenvectors),
the two masses will vibrate synchronously with the same frequency (corresponding
to the chosen mode shape). So, we now simulate the motion of the two masses by
solving the equations of motion numerically, using appropriate initial conditions.

We first write the equations of motion as a set of first order equations:

X, = u
2k, + k k
u = _( : ) Xy _2x2
m m
X, = U,
. k, 2k, + k,)
u = —X, — ——X,.
2 m2 m 2

For the first mode, we set the initial conditions x; (0) = x,(0) = 1um corresponding
to the first eigenvector VU = [1 1], Now, we are ready to solve the equations
numerically.

ODEs = {xl1dot = ul,
uldot = -(2xk1+k2)/m * x1 + k2/m * x2,
x2dot = u2,
u2dot = k2/m * x1 - (2*k1+k2)/m * x2}
ICs {x1(0)=1E-6, u1(0)=0, x2(0)=1E-6, u2(0)=0}
Set m = 34.5E-9, k1 = 25, k2 = 3,
Solve ODEs with ICs for t=0 to t=0.6E-3
Plot x1(t) and x2(t)

Note that we are solving the equations for only 0.6 milliseconds, that is, less than
a millisecond. This is because we already know that the frequency is very high,
roughly about 6 kHz, which means we can get six oscillations in one millisecond.
The plot of x,(¢) and x,(¢) are shown in fig. 11.35. From this plot, we find that the
time period of one oscillation is approximately 1.64 x 107 seconds, which gives a
frequency of 1, = 27 /T = 3.8 X 10*rad/s.

Similarly, using the initial conditions x;(0) = lum, and x,(0) = —1lum (corre-
sponding to the second eigenvector V®, we get the plot shown in fig. 11.36. From
this plot, we find that the time period of one oscillation is approximately 1.57x10™*
seconds, which gives a frequency of 1, = 27 /T = 4 x 10* rad/s. Thus, the results
of the numerical solution match the results obtained from the eigenvalue analysis.
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. Ti= 1.64x10" s
x 10 |————

3
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o i 5
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Figure 11.35: Motions of mass A and
mass B, x,(t) and x,(t) in the first
normal mode. Note that both masses
move together (in phase) and oscillate
with the same frequency, /15,1). In this
mode, the middle spring, k, plays no
role as it remains unstretched at all
times x,(t) — x,(¢t) = 0forall ¢.
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Figure 11.36: Motions of mass A and
mass B, x,(t) and x,(t) in the second
normal mode. In this mode, each
mass moves opposite to the other (out
of phase) but both oscillate with the
same frequency, /1512).
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Section 11.3

11.3 Normal Modes

11.3.1 A two degree of freedom mass-
spring system, made up of two unequal
masses m,; and m, and three springs
with unequal stiffnesses k;, k, and k;, is
shown in the figure. All three springs are
relaxed in the configuration shown. Ne-
glect friction.

a) Derive the equations of motion for
the two masses.

b) Does each mass undergo simple
harmonic motion? *

Problem 11.3.1

11.3.2 Normal Modes. Three equal
springs (k) hold two equal masses (m) in
place. There is no friction. x; and x,
are the displacements of the masses from
their equilibrium positions.

a) How many independent normal
modes of vibration are there for
this system? *

b) Assume the system is in a nor-
mal mode of vibration and it is
observed that x; = Asin(ct) +
Bcos(ct) where A, B, and c are
constants. What is x,(¢)? (The an-
swer is not unique. You may ex-
press your answer in terms of any
of A,B,c,mand k. ) *

¢) Find all of the frequencies
of normal-mode-vibration for this
system in terms of m and k. *

k k
m ]| m]
8 O [ ]

}—‘xl }—‘xz

Problem 11.3.2

k

11.3.3 x,(t) and x,(t) are measured po-
sitions on two points of a vibrating struc-
ture. x,(t) is shown. Some candidates
for x,(t) are shown. Which of the x,(t)
could possibly be associated with a nor-
mal mode vibration of the structure? An-
swer “could” or “could not” next to each
choice and briefly explain your answer
(If a curve looks like it is meant to be a
sine/cosine curve, it is.)
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More-Involved
Problems

11.3.4 Two masses are connected to fixed
supports and each other with the two
springs and dashpot shown. The dis-
placements x; and x, are defined so that
X, = x, = 0 when both springs are un-
stretched.
For the special case that C = 0 and
F, = 0 clearly define two different sets
of initial conditions that lead to normal
mode vibrations of this system.
F sin(At)

Problem 11.3.4

11.3.5 As in problem 10.4.11, a system
of three masses, four springs, and one
damper are connected as shown. As-
sume that all the springs are relaxed
when x, = xz = x;, = 0.

a) Inthespecial casewhenk, =k, =
ky =k, =k, ¢, =0,and m, =
mg = mp = m, find a normal
mode of vibration. Define it in
any clear way and explain or show
why it is a normal mode in any
clear way. *

b) In the same special case as in (a)
above, find another normal mode
of vibration. *

Problem 11.3.5
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11.3.6 As in problem 10.4.10, a system
of three masses, four springs, and one
damper are connected as shown. In the
special case when ¢; = 0, find the normal
modes of vibration.

Problem 11.3.6

11.3.7 Normal modes. All three masses
have m = 1kg and all 6 springs are k =
1N/ m. The system is at rest when x; =
X, =Xx3 =0.

a) Find as many different initial con-
ditions as you can for which nor-
mal mode vibrations result. In
each case, find the associated nat-
ural frequency. (we will call two
initial conditions [v] and [w] dif-
ferent if there is no constant ¢ so

that [v; v, v;] = clw; w, w;l.
Assume the initial velocities are
Z€ero.)

b) For the initial condition
[x,]=[0.1m 0 0],
[%]=1[02m/s 0]
what is the initial immediately af-
ter the start) acceleration of mass
2?7

— X X2 X3
N
NI

vamz

ms3

£38

Problem 11.3.7

11.3.8 For the three-mass system shown,
assume x; = X, = x; = 0 when all the
springs are fully relaxed. One of the nor-
mal modes is described with the initial
condition (x;, X5, X3) = (1,0, —1).
a) What is the angular frequency w
for this mode? Answer in terms of
L,m, k, and g. (Hint: Note that in
this mode of vibration the middle
mass does not move.) *

b) Make a neat plot of x; versus x;
for one cycle of vibration with this
mode.

c) Make a single plot with both x;
and x; vs t for one cycle of this
mode.
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Problem 11.3.8
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11.3.1 A two degree of freedom mass- L Xy
spring system, made up of two unequal k| ky — k3
masses m,; and m, and three springs ny ny

with unequal stiffnesses k;, k, and k;, is
shown in the figure. All three springs are Problem 11.1
relaxed in the configuration shown. Ne-

glect friction. Answer:

(b) If we start off by assuming that each
mass undergoes simple harmonic mo-
tion at the same frequency but differ-
ent amplitudes, we will find that this
b) Does each mass undergo simple two-degree-of-freedom system has two

harmonic motion? natural frequencies. Associated with
each natural frequency is a fixed ratio
between the amplitudes of each mass.
Each mass will undergo simple har-
monic motion at one of the two natural
frequencies only if the initial displace-
ments of the masses are in the fixed ra-
tio associated with that frequency.

a) Derive the equations of motion for
the two masses.

é_qj_ Derive. the e%,u.g)\ons <fmo{’|om.

/ K| 2 K3 3

il
FRDs %) : L—>XZ

yv\
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%01 ,) | S(Xx) N )(

i REL) | e w(ﬁf:lf:)

K2 sy ([ e & i)

tiz;& lové,.‘..‘ ‘ Il 3% kl(xz_ x,)»M}&z
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Problem 11.3.2

11.3.2 Normal Modes. Three equal
springs (k) hold two equal masses (m) in
place. There is no friction. x; and x,
are the displacements of the masses from
their equilibrium positions.

a) How many independent normal
modes of vibration are there for
this system?

b) Assume the system is in a nor-
mal mode of vibration and it is
observed that x; = Asin(ct) +
Bcos(ct) where A, B, and c are
constants. What is x,(¢)? (The an-
swer is not unique. You may ex-

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.

press your answer in terms of any
of A,B,¢c,mand k. )

¢) Find all of the frequencies
of normal-mode-vibration for this
system in terms of m and k.

k k

kuv

—x

Problem 11.2

Answer:
(a) Two normal modes.
(b) x, = const % x, = const *

(Asin(ct) + Bcos(ct)), where const =
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X0}
|

11.3.3 x,(t) and x,(t) are measured po-
sitions on two points of a vibrating struc-
ture. x,(t) is shown. Some candidates
for x,(t) are shown. Which of the x,(¢) v %2
could possibly be associated with a nor-

0 X,
7

mal mode vibration of the structure? An- 9 {21
swer “could” or “could not” next to each X4
choice and briefly explain your answer i
(If a curve looks like it is meant to be a L%l

9

sine/cosine curve, it is.)
Problem 11.3

""‘ / g0 k 7 / :;v; T e 1
Y ] | ~
x) Coulp no AUS P ///‘/ /l/ 7 J
L) ¢
_)) { L] A
¢) could not | 2 / ¢
" £ o,
\ N
CJ) { 74/!‘571‘ ) beca Not ) ’/u 7 ) >
)
);‘ !
D cold wit

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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HW4-P14-11.3.3

Tuesday, March 2, 2021 8:48 AM

11.3.3 x (/) and x,(¢) are measured po-
sitions on two points of a vibrating struc-
ture. xy(¢) is shown. Some candidates
for x5 () are shown. Which of the v, (1)
could possibly be associated with a normal

“could” or “could not™ next to each choice
and briefly explain your answer (If a curve
looks like it is meant to be a sine/cosine

mode vibration of the structure? Answer /L .} N JF FOIY\'} 1
. rationN 7
G’ vVen the v

X;UJT [Pr— .
Y% ] - F,:\/c V,'Lf‘m"'l’O"S 0‘F f"’h‘} L ore
i associeted  wi

| 7

Problem 11.3.3

Lhamaf&-;shcs 01C norf"ﬂ‘/ modes

All elastic systems with mass have normal mode vibrations in which all
masses

e have simple harmonic motion 7 §H ’ ‘

o with the same frequency as all the other masses, and

e exactly in (or out) of phase with all of the other masses

Fron pg- 590 o foxtbook

/\/\—’/\/“/*/

HW Solutions Page 1

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.

Problem...

SOLA":O/\ &)7 Miohqe/ Zc\koworm“n/

curve, il is.) xl (+) l L‘e'fef""‘"“e (,Jl\ ;CL\ 0{; I'AE je

-+ a nof‘”‘“l mode .
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Problem...

Lej(’f Iaﬂk at ench case .'V\J,-V/Jma//)/

>< M) XL ;\6\5 a J:"F‘ﬁe«’eﬂ"’ A‘eime/\c), H\a,] x‘/

s0 S h0+ a norml mm!e.

x,w} A M

|

'
)

X )
\ )
| |
w!| ! !

/> [’> g 5(’1/4, has same Pr@@uf,\c/

as X and 18 O\A’l 09'01\0156.

/

Therefore 5 o normal mode.

ol

T~
| f f éaw‘ol

|
[

HW Solutions Page 2

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem...

X 9 Ths s wot SHM. Camot be

a nar‘mw/ mﬂcfe

AN PR
I T j\/( ' Eﬁw/ci nﬂ‘lLl
X, ! ‘{'

>< J) Is {M/"l ch Xy Lms same Fre@v\eﬂc)/ as
X,, However, i not exacthy n Jout
0‘F /)‘Wt{ﬁl jo ¢ na'tl‘ a ngf’ma/ ""oc]e,

w|

HW Solutions Page 3

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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>< Z) X, l\a5 a J/Fﬁeren‘)b ?Cf‘erLMQAC/ Hh an X,,

So s nd‘)l' a nor‘mal Mdcle.

yA—

AN N
[ ‘\/1{ *onld not

gmmMaFZ

Simple Harmonic Motion Same frequency Exactly in / out of phase

A) \/ ><

v4
Y S A
C’ X v/ S
° v VA X
i v X v4

HW Solutions Page 4

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem 11.3.5

11.3.5 As in problem ??, a system
of three masses, four springs, and one
damper are connected as shown. As-
sume that all the springs are relaxed
when x, = x; = x, =0.

a) Inthespecialcasewhenk, =k, =
ky =k, =k, ¢, =0,and m, =
my = mp = m, find a normal
mode of vibration. Define it in
any clear way and explain or show
why it is a normal mode in any
clear way.

b) In the same special case as in (a)

above, find another normal mode
of vibration.

Problem 11.5

Answer:

(a) One normal mode: [1,0,0].

(b) The other two normal modes:
[0,1, 27

1
4

7

XA 21

let ’U’A=)'(A v

B

o o o O || Xy
Vi Mmoo O o B alilvw
e o0 o 4 =) O [|Xg
g 00 —(kl+k3+k1‘)/mb o) (‘(LH%)/MB 0 ||vg
Ay Sy ey (&) O o 4 Xp
) O O (Katks) /My O =(kptks)lm, O LVD

B 05 %
FBD
of eacl, wass
for <=0 probfig 10.15: :
¥ Pllenacopligera.sosis)
o A Mg My
g 1 = ky(x, — B) - b
k\XA“"[Q"H K4Xp TF Ks(Xrxg) 4 "
N NP
N, N, N3 Ny Ns N,
)
M8 fma=3F 3} -0
o wite Sprl\'lﬂ ﬁvz_e_
My XA = _kl XA /‘/ 5"“"’“{4‘@\"’\%
MgXg = “keXg +(Katky)(x,-xg)
MpXs = —(ktks ) X Xg)

= Xg 9 V= Xy

How coes watvix OkltMgz Whem <, #0 7
My = KXy + ) (Xg-Xy)

Meky = —kyxp — ¢ (Xa= X&) + (ketks) (%5~ Xg)

Hoe % B b, (-%e)
=M = ¢ G ) = H 8 k= i, (%)
kg 14 A

Wi Ny Ny

B 9 o S o &
T ] G

Moy o W'A 2 B

(o] (o) o 9 o o

O a Ak tktl) —¢ Katks o

e W Mg mg

o o o O o 1

6o K o By 8
L mp STy o

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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11.3.7 Normal modes. All three masses b) For the initial condition

have m = 1kg and all 6 springs are k [x,]=[01m 0 0],
1N/ m. The system is at rest when x, [%,]=[02m/s 0]

X, =%, =0. whatis the initial immediately af-
ter the start) acceleration of mass
2?7

a) Find as many different initial con-
ditions as you can for which nor-
mal mode vibrations result. In —
each case, find the associated nat-
ural frequency. (we will call two
initial conditions [v] and [w] dif-
ferent if there is no constant ¢ so

~>

ST
i gy AW

my M2y S g
K

that [v, v, v;] = clw, w, w;].
Assume the initial velocities are Problem 11.7
Zero.) ’

11.3.7 Normal mod All three masse:

b) For the initial condition

have m = 1kg and all 6 springs are k = [xo] =[0.1m 0 0],
IN/m. The system is at rest when x; = [%o] = [0 2m/s 0]
Xy =x3=0. what is the initial (immediately af-
a) Find as many different initial con- ter the start) acceleration of mass 2?
ditions as you can for which nor- x X X
mal mode vibrations result. In _—
each case, find the associated nat- P e —

ural frequency. (we will call two
initial conditions [v] and [w] differ-
ent if there is no constant ¢ so that
[v1 v3 v3] = clwy wy w3]. As- pareeephgas pentis
sume the initial velocities are zero.) Problem 10.3.7

) (Additional) For the same initial conditions in part b, plot x1, x2, & x3 vs t (all on the same
plot) for 0<=t <= 20s.

a) Given:
k= 1%,m = 1kg.
The system is at rest when x; = x, = x3 = 0 > x; = x, = x5 = 0 is the equilibrium
position.
Find:
Initial conditions to result in normal mode

Sketch of forces:

k [\ k ¥4 kopal w6k
it daCgl e Uy, 1S
F5//\

All forces F; are tensions. This is a sign convention. It does not mean that all springs
are in tension. Rather it means that springs in compression have F; < 0. Similarly, x;
are displacements to the right. A leftwards displacement corresponds to x; < 0. For
example the rightmost spring Fs = k X (excess stretch of spring on right) = —kx; is
only greater than zero (in tension) if x; < 0.

FBD’s:

n b
he—{ml—=p
Fa

ip—E

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Spring tensions are the excess tension above the tensions that may be present in the
equilibrium position:

F; = kx;
Fy = k(x3 —x1)
F3 =k(x; — x1)
Fy = k(x3 — x3)
Fs = —ka
FG = _k.X3
LMB:
mf\fl = —Fl + Fz + F3 = —3kx1 + ka + kx3
mi, = —F3+F,+Fs = kxy —3kx, + kx3
miz = —F,—F,+Fg = kxy+ kx, —3kx;

LMB in matrix form:
L[ 3 -1 -1
=i )=-—-1 3 -1||%2]|O
X3 -1 -1 31 \Xx3
By definition, a normal mode vibration can be written as

<x2> = <u2> cos (wpt + ) @

where w,, is the natural frequency of oscillation. The magnitude and sign of u,, u, and us
determine respectively the amplitude and relative direction of each mass’s oscillation.

Plug @ into @:
% Uy L3 -1 -1/t
<5c’2> = —w? (uz> cos(wyt + @) = — [—1 3 —1] <u2) cos(w,t + @)
X3 Uz -1 -1 31 \u3
Simplify:
Uy . 3 -1 —-11/w
Uz -1 -1 31\u3

Further transform into the eigenvalue/eigenvector equation:

U X 3 -1 -1
M = A, where i = | Uz ,/1=a),2l,A=; -1 3 -1
Uz -1 -1 3

Plugging in values k = 1 %,m = 1 kg and solve for the eigenvalues and eigenvectors of A.
Solve |4 — AI| = 0and (4 — A% = 0 to get

1
).1 = 1, 171 = i(l)
1
1
lz = 4, 'l_iz = _<_1>
0

@

gl-

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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11

1
@:4,@:%(0)

Can also use Matlab
A = [3, -1, -1; -1, 3, -1; -1, -1, 31;
[V, D] = eig(A)

VvV =
-0.5774 0.1870 0.7948
-0.5774 -0.7818 -0.2354
-0.5774 0.5948 -0.5594

D =
1.0000 0 0
0 4.0000 0
0 0 4.0000

where each column of V, which is the eigenvector, corresponds to each diagonal element of
D, which is the eigenvalue.
141
Note: u, and 13 can be any unit vector <W2) such that wy +w, +ws = 0since A — 2,31 =
W3

-1 -1 -1
-1 -1 -1

-1 -1 —1]

Initial condition to result in normal mode ;:
{#o = 11,1) m, %, = 0,002}
or {fo =[0,0,0]' m, %, = [1,1,1]'?}

d

Natural frequency w, = /4, = 1%

Initial condition to result in normal mode ,:

{# = [1,-1,00'm, %, = [0,0,0' 2}
or {%, = [0,0,0]' m, %, = [1,-1,0)' 2}

d

Natural frequency w, = /2, = 2=

Initial condition to result in normal mode ;:
{# = 11,0,-1)" m, %, = [0,0,01'2}
or {%, = [0,0,0]' m, %, = [1,0,-1]'Z}

rad

Natural frequency w, = /15 = 2—

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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b) Given: %, = [0.1,0,0]' m, %, = [0, 2, o'
Find: X,

Use X, = %(x1 — 3x, + x3) from part (a)

Plug in Xy = [x4, x5, x3]" = [0.1,0,0]' m

. 1N/m m
Xy =1—kg(0.1m—3 X0+0)= 015—2

¢) Given: %, = [0.1,0,0]' m, %, = [0,2, o]
Find: [x,, x5, x5]’ for 0<=t <= 20s

See attached Matlab.
The motion X(t) = [x1, x5, x3]" is a superposition of the three normal modes. If you squint

just right, you can see in the complex motion in the plot some remnants of oscillation with 2
frequencies: 1 rad/s for the waves and 2 rad/s for the envelope of the waves.

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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1.5 T T T T T T T T T
—&—x1

Position (m)

1.5 i i I i

Published with MATLAB® R2020b

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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% MAE 2030 SP21, HW P16(c)
% Duan Li

% par anet er s

tend = 20; %end tine, s
p.m=1; %nass, kg

p. k 1; %spring constant, Nm

%initial conditions

x0 =[0.1, 0, 0]'; %position, m
vO0 [0, 2, 0]'; %velocity, nis
z0 [x0; vO0]; % augnented state

% sol ve ODEs
rhs = @t, z) nyRHS(t, z, p); %set up anonynous function
[t, zarray] = oded45(rhs, [0 tend], z0); % sol ve ODEs

% pl ot

close all;

x1 = zarray(:, 1);
x2 = zarray(:, 2);
x3 = zarray(:, 3);

plot(t, x1, '-o', t, x2, "-x",t, x3, '-7")
| egend(' x1', "'x2', 'x3")

x|l abel (" Tine (s)')

yl abel (' Position (m")

grid on;

% RHS function
function zdot = nyRHS(t, z, p)
% unpack paraneters
nanes = fiel dnanes(p);
for i = 1:1ength(nanes)
eval ([names{i} "= p." nanes{i} ';']);
end

% 1st order ODEs

x = z(1:3);

v = z(4:6);

M=-k/m* [3, -1, -1; -1, 3, -1; -1, -1, 3];
xdot = v;

vdot = M* x;

zdot = [xdot; vdot];

end

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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11.3.8 For the three-mass system shown, mode.
assume x, = X, = X3 = 0 when all the c) Make a single plot with both x,
springs are fully relaxed. One of the nor- and x, vs t for one cycle of this
mal modes is described with the initial mode.
condition (x, , x,, x,) = (1,0, —1). ’
(X1 2, 5) = ( ) —L——L——L——L—
a) What is the angular frequency w x| X X3
for this mode? Answer in terms of k ’_“ k \” k '_‘ k
L,m, k, and g. (Hint: Note that in ‘ & A
this mode of vibration the middle
mass does not move.) Problem 11.8
b) Make a neat plot of x, versus x;, Answer:
for one cycle of vibration with this () w= [ 2k
m
— l
(D 2. M o—de (llol ,,7(,,7(5

Disclaimer: We have lost track of the'many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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®
L L L L
782 Normol _modes e e
B =X -2
9. R ] 1R kR k |
e I f—"’\/\'\/\’V n W;
3 /S 7 A Y ) -
~Mass system , comnected by springs

with Stiffhess k. AU the mass 7s m .

Assime X =X2=X3  where all springs  are at rest.

A normal  mode of this system can be described as eigenvector
Cl/ 0. "’).

Q.. What’s the frequency corresponding. b this  hormal_ thode ?
2>. Plot A2 versus X, j(‘ar one Cgcﬁ. of Vibation in  this mods .

Solution. 1), First . we wart b desye the equations o)t motion for

this sgstem/ S‘(nrﬁtj "ﬁpm FED.
FBD.  —7¢
mass 1 (XD
e

- 2 ve M 1
_Jl(?‘* o Tmi7 = RO-207-R,37S

Eq, . of motiong

39 > ]m’x', = =2k + Rita |

mass 2 (X3) -
~ RO - -
e - ..n o A {
] m gﬁg I SRY imdat = ROG=X)T —R (=57
v A- ..
{\S‘L ‘9‘> \mx; =k)‘; NIR)‘L"‘ hXB
mags 3 (A3>

_ o z’“\ e A -
Roxs27 — kX5 % {mxst = kY37 = Rz-%2>< |

—fmle— i1 s mih=ka - 2k%]

e s

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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(7\32 - Cont'd )

Second, , Eg definition of hormal mode, for  this  rormal moda
with (1, 0.-1) . We can write
X) !
Xa| = o |Awscwt + ) . :
X5 o) “T = o(cwtbg, . Or out Of 1>)L£Ls,e,
Same frequenty | e want o sole it
wy\?hfy_ig L‘ S;"\»P& }LG'J“I)LWL ﬁlﬂuﬁfﬂq
= - ! 47 st +)
Xa = ] A - 2 }
9 . dt -7 :)! AW (o3 twt+d)
Third . substitute  [X7 . [X] for this  nomgl mode jale ei'mﬂcu ﬁf
Mmotions - |
m oo o1 ] 2k -~k o X 0
o M o 'X.z t “k 2R -g X2 -
oo mil¥; o -R 2k X3 0
:> m ¢ © ] ! 2k ‘k o |
5 Alo® cs(wt + 0
-lom o j o P> + -k 2k -k o|Awswttp) = | o
o p ™ | 0 -h 2k a
m 2k
:> - . w?. + o =
~m -2k
> ~mw'+ 2k =0 >

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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Problem...

(?Zfl,aﬂvt’v( ) ®

(23 From (>, we W In this moda
Avs Acos (e 46
0

Az =

D(Lh/\.g, oha. c:jc&z_ - x)(. vibrates o [FALA] and A=

remauns O,
N

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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#15 Solution - michelle desouza

Friday, February 26, 2021

2.9

10:56 AM

[

a) Nowal mode TC V- [39,] Find @ et

5 -kx, T R (X2-X)%
L“’ﬁ\ R R(x3~ %)
B 0 e
X}—X’J\CJ__)
[m 0 O][ ]
o ~m O
o O wm
M

o ) Fpe

A’\
P

Xi =%, X3 =0 when all spvu\ngs

o rest \ena%

W % ?\)X mh

< fom
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Rx4 \ M;(:: -‘a(xg—xz}-hm > W\;(z - sz -~ 2ARXA
Wk -k o ] walvx
-k Ak -R X, form
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ey TS 75 ) v e
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n O X Vi - < Recavse all X ore in phose,
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O MK - - KX aka. v
v,
M) orstobee) - K 3] Aottt
Vil oo xﬂ]
ML\;}JUU ) 2};& [lo ?g] K k. % \ 9 oM g (;{1 (mm‘ )ﬂ/«hz !‘ﬂC\()ﬂJcai of
awalV i v I\/[ l V] PNBW e ol [ 9\ each elerent 4o find M~
© ot R Jw= MK L‘}; <V [3] < g omd wolefongbdss w237 ]
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Disclaimer: We have lost track of the many people who wrote these solutions.
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Problem...

Sketches
\.0\) X3 VS. X, () 7(.‘ vt o'\V\c\ %1 VSt

iz Acos (b + ) = xg
Ky Acos(Brp 4 b ) Forallt

A3 XX o A
A T w Wk

Whals achally Wappeavia? P oy
Masses | and 3 o\g)eosa\\mg ) | -

i a Wi or 14 I
o exalt miifors of each ofher! el eal Tee] Jee)

|

}zqu

Disclaimer: We have lost track of the many people who wrote these solutions.
They are not official and have not been reviewed by the authors for correctness.
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