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Figure 11.1: A dashpot. A dashpot

(or damper) is shown here connecting

two parts of a mechanism. The ten-

sion in the dashpot is proportional to

the rate at which it lengthens. The

symbol shown represents any device

which resists the relative motion of

its endpoints. The schematic is sup-

posed to suggest a plunger in a cylin-

der. For the plunger to move, �uid

must leak around the cylinder. This

leakage happens for either direction of

motion. Thus the damper resists rela-

tivemotion in either direction; i. e., for
�l > 0 and �l < 0.

11.1 Damped vibrations

In the real world, macroscopic oscillators that are not pumped have mo-

tions that decay in time due to dissipation. Our goal is to understandwhat

happens to a harmonic oscillator when we add friction. In particular we

are interested in the simplest kind of friction caused by an ideal linear

dashpot. What we will �nd is exponentially decaying solutions that may,

or may not have, an oscillatory nature depending on the amount of fric-

tion.

Damping

Dashpots are used to absorb energy. One is shown schematically in

�g. 11.1. Often springs and dashpots are light in comparison to the ma-

chinery towhich they are attached so theirmass andweight are neglected.

They are usually attached with pin joints, ball and socket joints, or other

kinds of �exible connections so only forces are transmitted. Because

they only have forces at their ends they are `two-force' bodies so (see sec-

tion 5.2) the forces at their ends are equal, opposite, and along the line of

connection. The most familiar examples are the shock absorbers of a car

or the damper for screen doors.

The dashpot provides resistance to motion by sucking or pushing air

or oil in and out of the cylinder through a small opening. Due to the vis-

cosity of the air or oil, a pressure drop is created across the small opening.

Ideally, this viscous resistance causes a force that is exactly proportional

to the velocity, giving so-called linear damping. The same proportionality,

of force and speed, is assumed to hold for both lengthening and shorten-

ing. So, the compression force (negative tension) is also proportional to

the rate at which the dashpot shortens (negative lengthens).

The tension in the dashpot is usually assumed to be proportional to the

rate at which it lengthens, although this approximation is not especially

accurate for most dampers one can buy. In a physical dashpot nonlin-

earities, from the �uid �ow and from friction between the piston and the

cylinder, are often signi�cant. Also, dashpots that use air as a working

�uid may have compressibility that introduces extra springiness to the

system.

The de�ning equation for an ideal linear dashpot is:

T = C �l

where C is the dashpot constant.
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Figure 11.2: The e�ect of varying the

damping with a �xedmass and spring.

In all the plots the mass is released

from rest at x = x
0
. In the case

of under-damping, oscillations persist

for a long time, forever if there is no

damping. In the case of over-damping,

the dashpot doesn't relax for a long

time; it stays locked up forever in the

limit of c � Ø. The fastest relaxation

occurs for critical damping.

k

c

m

x(t)

Fs = kx

Fd = c(dx/dt)

FBD

Figure 11.3: Amass spring dashpot system, or damped harmonic oscillator. The free-body

diagram of the mass shows the tension in the dashpot.

Damped oscillations

Adding a dashpot in parallel with the spring of a mass-spring system cre-

ates a mass-spring-dashpot system, or damped harmonic oscillator. The

system is shown in �g. 11.3. Also in �g. 11.3 is a free-body diagram of the

mass. It has two forces acting on it, neglecting gravity:

Fs = kx is the spring force, assuming a linear spring, and

Fd = c dx_dt = c �x is the dashpot force assuming a linear dashpot.

The system is a one degree of freedom system because a single coordinate

x is su�cient to describe the complete motion of the system. The equa-

tion of motion for this system is

m �x = *Fd * Fs where �x = d2x_dt2: (11.1)

Assuming a linear spring and a linear dashpot this expression becomes

m �x + c �x + kx = 0: (11.2)

We have taken care with the signs of the various terms. Make sure you

can con�dently derive equation 11.2 without introducing sign errors. The

analytical solution of the damped-oscillator equation is in box 11.3. Some

qualitative features of the damped solutions are shown in �g. 11.2

For given k and m we can think of the damping c as adjustable. A

system which has small damping (small c) is under-damped and does

not come to equilibrium quickly because oscillations last for a long time.

A system which has a lot of damping (big c) is over-damped and does

not come to equilibrium quickly because the dashpot doesn't leak fast

enough. A system which is in between, critically-damped comes to equi-

librium most quickly. The purpose of damping is often to purge motion

after a disturbance. If the only design variable available for adjustment is

the damping, then the quickest purge is accomplishedwith critical damp-

ing, c =
ù
.4km/. In practice, any damping value close to critical is often

2 Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap



Introduction to Mechanics for Engineers � Ruina & Pratap Ch 11 Section 11.1

1 Stereotypically, the suspension of

an overloaded old-fashioned luxury

car is underdamped, imagine it bounc-

ing along after a bump. And the sus-

pension of a tight sports car is over-

damped.

used, more or less depending on whether a little oscillation is tolerable or

not 1 .

Summary of equations for the unforced harmonic
oscillator

� �x +
k

m
x = 0, mass-spring equation

� �x + �2x = 0, harmonic oscillator equation

� x.t/ = A cos.�t/+B sin.�t/, general solution to harmonic oscillator

equation

� x.t/ = R cos.�t * �/, amplitude-phase version of solution to har-

monic oscillator solution, R =
ù
A2 + B2; � = tan*1.

B

A
/ (See box on

page 521).

� �x +
c

m
�x +

k

m
x = 0, mass-spring-dashpot equation (see equa-

tions 11.3-11.6 for solutions)

Solution of the damped-oscillator equations

Here are some mathematical details you can use for reference. These de-

tails are of much lower status than those in box 3.1 on page 203. Only

some vibrations experts remember the formulas below in detail.

Even if wemake the common assumptions thatm; c; and k are all pos-

itive, the whole nature of the solution of (11.2) depends on the values of

those constants. The three types of solutions are categorized as follows:

� Under-damped: c2 < 4mk. In this case the damping is small and

oscillations persist forever, though their amplitude diminishes ex-

ponentially in time. The general solution for this case is:

x.t/ = e
.*

c

2m
/t
[A cos.�dt/ + B sin.�dt/]; (11.3)

where �d is the damped natural frequency and is given by

�d =

u
k

m
*
� c

2m

�2
: (11.4)

� Critically damped: c2 = 4mk. In this case the damping is at a criti-

cal level that separates the cases of under-damped oscillations from

the simply decaying motion of the over-damped case. The general

solution is:

x.t/ = Ae
.*

c

2m
/t
+ Bte

.*
c

2m
/t
: (11.5)

� Over-damped: c2 > 4mk. Here there are no oscillations, just a

simple return to equilibrium with at most one crossing through the

Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap 3
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Figure 11.4: Measuring damping

using `logarithmic decrements' (see

text).

equilibrium position on the way to equilibrium. The general solu-

tion in the over-damped case is:

x.t/ = Ae
0* c

2m
+

t
.
c

2m
/2*

k

m
1t

+ Be
0* c

2m
*

t
.
c

2m
/2*

k

m
1t
: (11.6)

Measurement of damping. In the under-damped case, the damping

constant c can be found by measuring the rate of decay of unforced os-

cillations using the `logarithmic decrement'. The logarithmic decrement

is the natural logarithm of the ratio of the amplitude of any two succes-

sive peaks. The larger the damping, the greater the rate of decay and the

bigger the decrement:

logarithmic decrement � D = ln.
xn
xn+1

/ (11.7)

where xn and xn+1 are the heights of two successive peaks in �g. 11.4

(also seen on the 2nd and 3rd �gures in �g. 11.2 on page 2). Because

of the exponential envelope (bounding curve), xn = .const:/e
*.

c

2m
/t
n and

xn+1 = .const:/e
*.

c

2m
/.t

n
+T/

.

D = ln[.e
*.

c

2m
/t
n/_.e

*.
c

2m
/.t

n
+T/

/]

Simplifying this expression, we get that

D =
cT

2m

where T is the period of oscillation. Thus, measuring the logarithmic

decrement D and the period of oscillation T determines c as

c =
2mD

T
:

Solution using complex variables. To �nd the solutions above it is

easiest to use complex variables. Consider this general constant coe�-

cient 2nd order linear equation:

A �x + B �x + Cx = 0: (11.8)

Wewant to �nd themost general function x.t/ that satis�es this equation.

We do this by making the guess that

x.t/ = e�t:
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Plugging this guess into eqn. (11.8) and cancelling the common non-zero

factor e�t from each term gives

A�2 + B� + C = 0:

For simplicity let's assume this quadratic has two independent roots �1
and �2,

�1;2 =
*B ,

ù
B2 * 4AC

2A
:

For each root we have a solution to eqn. (11.8). And the solutions can

be multiplied by a constant. And the solutions can be added. Thus the

general solution to eqn. (11.8) is:

x.t/ = C1e
�
1
t + C2e

�
2
t: (11.9)

This seems easy enough. But the �'s might be complex. And the C's too.

To get a real solutionwehave to take the real part using the Euler equation

ei�t = cos �t + i sin �t). By this means, with lots of algebra, we could see

that the solution 11.6 actually includes the solutions 11.3 and 11.5 as spe-

cial cases. This algebra is carried out for the simplest case, no damping,

in box 10.3 on page 527.

Numerical solution to the damped oscillator
equations

As for the numerical solution of the harmonic oscillator we de�ne v = �x.

Thus

m �x + c �x + kx = 0 Ù m �v + cv + kx = 0:

Combining the de�nition of v with the di�erential equation we get the

set of two coupled �rst order equations

�x = v

�v = *
k

m
x *

c

m
v (11.10)

We can think of this as

�z = f.z/

where z is the list of two numbers z.1/ = x and z.2/ = v so

d

dt
L z1
z2

M = L z2

*
k

m
z1 *

c

m
z2

M :
which is standard form for numerical integration.

Energy? Note that for the damped oscillator we cannot use energy con-

servation to check the solution because energy is constantly lost. We

could, however, make a plot of the total energy and make sure that it is

an ever decreasing (monotonically decreasing) function of time.
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Figure 11.7: Free-body diagrams

SAMPLE 11.1 Springs in series versus springs in parallel: Twomass-

less springs with spring constants k1 and k2 are attached tomass A in par-

allel (although they look super�cially as if they are in series) as shown in

Fig. 11.5. An identical pair of springs is attached to mass B in series. Tak-

ing mA = mB = m, �nd and compare the natural frequencies of the two

systems. Ignore gravity.

Solution Let us pull eachmass downwards by a small vertical distance y and then release.
Measuring y to be positive downwards, we can derive the equations of motion for each

mass by writing the balance of linear momentum for each as follows.

� Mass A: The free-body diagram of mass A is shown in Fig. 11.6. As the mass

is displaced downwards by y, spring 1 gets stretched by y whereas spring 2 gets

compressed by y. Therefore, the forces applied by the two springs, k1y and k2y,
are in the same direction. The linear momentum balance of mass A in the vertical

direction gives: É
F = may

or * k1y * k2y = m �y

or �y + 0k1 + k2
m

1 y = 0:

Let the natural frequency of this system be !p. Comparing with the standard sim-

ple harmonic equation �x + �2x = 0 (see box 3.1 on page 203), we get the natural

frequency (�) of the system:

!p =

u
k1 + k2
m

(11.11)

!p =
t

k
1
+k

2

m

� MassB: The free-body diagramofmass B and the two springs is shown in Fig. 11.7.

In this case both springs stretch as the mass is displaced downwards. Let the net

stretch in spring 1 be y1 and in spring 2 be y2. y1 and y2 are unknown, of course,
but we know that

y1 + y2 = y (11.12)

Now, using the free-body diagram of spring 2 and then writing linear momentum

balance we get,

k2y2 * k1y1 = m
«̄ ¬

0

a = 0

y1 =
k2
k1
y2 (11.13)

Solving (11.12) and (11.13) we get

y2 =
k1

k1 + k2
y:

Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap
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Figure 11.9: The two arrangements of

springs are equivalent; they are con-

nected in parallel.

Now, linear momentum balance of mass B in the vertical direction gives:

*k2y2 = may = m �y

or m �y + k2

y
2©­®­ª

k1
k1 + k2

y = 0

or �y +
k1k2

m.k1 + k2/
y = 0: (11.14)

Let the natural frequency of this system be denoted by !s. Then, comparing with

the standard simple harmonic equation as in the previous case, we get

!s =

v
k1k2

m.k1 + k2/
: (11.15)

!s =

u
k
1
k
2

m.k
1
+k

2
/

From (11.11) and (11.15)
!p

!s

=
k1 + k2ù
k1k2

:

Let k1 = k2 = k: Then, !p_!s = 2, i.e., the natural frequency of the system with

two identical springs in parallel is twice asmuch as that of the systemwith the same

springs in series. Intuitively, the restoring force applied by two springs in parallel

will be more than the force applied by identical springs in series. In one case the

restoring forces add and in the other they don't. Therefore, we do expect mass A

to oscillate at a faster rate (higher natural frequency) than mass B. The ratio of the

two natural frequencies, !p_!s as a function of k1_k2 is plotted in �g. 11.8. As we

can see, !p is always higher than !s for all k1_k2 ratios and its minimum value is

twice that of !s when k1 = k2.
Comments:

1. Although the springs attached to mass A do not visually seem to be in par-

allel, from a mechanics point of view they are parallel (see �g. 11.9). You

can easily check this result by putting the two springs visually in parallel and

then deriving the equation of mass A. You will get the same equations. For

springs in parallel, each spring has the same displacement but di�erent forces.

For springs in series, eachhas di�erent displacements (if k1 � k2) but the same

force.

2. When many springs are connected to a mass in series or in parallel, some-

times we talk about their e�ective spring constant, i.e., the spring constant of

a single imaginary spring which could be used to replace all the springs at-

tached in parallel or in series. Let the e�ective spring constant for springs in

parallel and in series be represented by kpe and kse respectively. By compar-

ing eqns. (11.11) and (11.15) with the expression for natural frequency of a

simple spring mass system, we see that

kpe = k1 + k2 and
1

kse
=

1

k1
+

1

k2
:

These expressions can be easily extended for any arbitrary number of springs,

say, N springs:

kpe = k1 + k2 + § + kN and
1

kse
=

1

k1
+

1

k2
+ § +

1

kN
:
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1 To estimate the frequency of some

repeated motion in an experiment, it

is best to measure the time for a large

number of cycles, say 5, 10 or 20, and

then divide that time by the total num-

ber of cycles to get an average value for

the time period of oscillation.

SAMPLE 11.2 Figure 11.10 shows two responses obtained from experi-

ments on two spring-mass systems. For each system

1. Find the natural frequency.

2. Find the initial conditions.
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π

Figure 11.10:

Solution

1. Natural frequency: By de�nition, the natural frequency f is the number of cycles

the system completes in one second. From the given responses we see that:

Case(i): the system completes
1

2
a cycle in 1 s.

Ù f =
1

2
Hz:

Case(ii): the system completes 1 cycle in 1 s.

Ù f = 1 Hz:

It is usually hard to measure the fraction of a cycle occurring in a short time. It

is easier to �rst �nd the time period, i.e., the time taken to complete 1 cycle. 1

Then the natural frequency can be found by the formula f =
1

T
. From the given

responses, we �nd the time period by estimating the time between two successive

peaks (or troughs): From Figure 11.10 we �nd that for

Case (i):

f =
1

T
=

1

2 s
=

1

2
Hz;

Case (ii):

f =
1

T
=

1

1 s
= 1 Hz

case (i) f =
1

2
Hz: case (ii) f = 1 Hz:

2. Initial conditions: Now we are to �nd the displacement and velocity at t = 0 s

for each case. Displacement is easy because we are given the displacement plot, so

we just read the value at t = 0 from the plots:

Case (i):

x.0/ = 0:

Case (ii):

x.0/ = 1 cm:

Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap



4 Chapter 11.

The velocity (actually the speed) is the time-derivative of the displacement. There-

fore, we get the initial velocity from the slope of the displacement curve at t = 0.

Case (i):

�x.0/ =
dx

dt
.t = 0/ =

� cm

1 s
= 3:14 cm_ s:

Case (ii):

�x.0/ =
dx

dt
.t = 0/ =

6� cm

1 s
= 18:85 cm_ s:

Thus the initial conditions are

Case (i): x.0/ = 0 �x.0/ = 3:14 cm_ s

Case (ii): x.0/ = 1 cm �x.0/ = 18:85 cm_ s

Comments: Estimating the speed from the initial slope of the displacement curve

at t = 0 is not a very good method because it is hard to draw an accurate tangent

to the curve at t = 0. A slightly di�erent line but still seemingly tangential to the

curve at t = 0 can lead to signi�cant error in the estimated value. A better method,

perhaps, is to use the known values of displacement at di�erent points and use the

energy method to calculate the initial speed. We show sample calculations for the

�rst system:

Case(i): We know that x.0/ = 0. Therefore the entire energy at t = 0 is the ki-

netic energy =
1

2
mv2

0
. At t = 0:5 s we note that the displacement is maximum, i.e.,

the speed is zero. Therefore, the entire energy is potential energy =
1

2
kx2, where

x = x.t = 0:5 s/ = 1 cm.

Now, from the conservation of energy:

1

2
mv2

0
=

1

2
k.xt=0:5 s/

2

Ù v0 =

u
k

m
� .xt=0:5 s/

=

u
k

m
«¯¬

�

� .1 cm/

= 2�f�.1 cm/

= 2��
1

2
Hz�1 cm

= 3:14 cm_ s:

Similar calculations can be done for the second system.
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Figure 11.11: Spring-mass dashpot.
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Figure 11.12: Free-body diagram of

the mass at an instant t.

SAMPLE 11.3 A block of mass 10 kg is attached to a spring and a dash-

pot as shown in Figure 11.11. The spring constant k = 1000N_m and a

damping rate c = 50N� s_m. When the block is at a distance d
0
from the

left wall the spring is relaxed. The block is pulled to the right by 0:5m and

released. Assuming no initial velocity, �nd

1. the equation of motion of the block.

2. the position of the block at t = 2 s.

Solution

1. Let x be the position of the block, measured positive to the right of the static equi-

librium position, at some time t. Let �x be the corresponding speed. The free-body

diagram of the block at the instant t is shown in Figure 11.12.

Since the motion is only horizontal, we can write the linear momentum balance in

the x-direction (
³
Fx = max):

*kx * c �x
«­¯­¬

³
Fx

= m �x
«̄ ¬
ax

or �x +
c

m
�x +

k

m
x = 0 (11.16)

which is the desired equation of motion of the block.

�x +
c

m
�x +

k

m
x = 0:

2. To �nd the position and velocity of the block at any time t we need to solve

Eqn (11.16). Since the solution depends on the relative values of m, k, and c, we
�rst compute c2 and compare with the critical value 4mk.

c2 = 2500.N� s_m/2

and 4mk = 4�10 kg�1000N_m = 4000.N� s_m/2:

Ù c2 < 4mk:

Therefore, the system is underdamped and we may write the general solution as

(see box 11.3 on page 563)

x.t/ = e
*

c

2m
t
[A cos �Dt + B sin �Dt] (11.17)

where

�D =

u
k

m
*
� c

2m

�2
= 9:682 rad_s:

Substituting the initial conditions x.0/ = 0:5m and �x.0/ = 0 m_s in Eqn (11.17)

(we need to di�erentiate Eqn (11.17) �rst to substitute �x.0/), we get

x.0/ = 0:5m = A:

�x.0/ = 0 = *
c

2m
� A + �D�B

Ù B =
A c

2m�D
=

.0:5m/�.50N� s_m/

2�.10 kg/�.9:682 rad_s/
= 0:13m:

Thus, the solution is

x.t/ = e
.*2:5

1

s
/t
[0:50 cos.9:68 rad_s t/ + 0:13 sin.9:68 rad_s t/] m:

Substituting t = 2 s in the above expression we get x.2 s/ = 0:003m:

x.2 s/ = 0:003m:
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6 Chapter 11.

SAMPLE 11.4 A structure, modeled as a single degree of freedom

system, exhibits characteristics of an underdamped system under free

oscillations. The response of the structure to some initial condition

is determined to be x.t/ = Ae*��t sin.�Dt/ where A = 0:3m, � �

damping ratio = 0:02, � � undamped circular frequency = 1 rad_s, and

�D � damped circular frequency = �
ù
1 * �2 ù �.

1. Find an expression for the ratio of energies of the system at the .n+

1/th displacement peak and the nth displacement peak.

2. What percent of energy available at the �rst peak is lost after 5 cy-

cles?

Solution

1. We are given that

x.t/ = Ae*��t sin.�Dt/:

The structure attains its �rst displacement peak when sin �Dt is maximum, i.e.,

�Dt =
�

2
Ù t =

�

2�D
:

At this instant,

x.t/ = Ae
*����

�

2�D

= Ae
*
�

2
�

�t
1*�2

= .0:3m/ � e*0:0314

= 0:29m:

Let xn and xn+1 be the values of the displacement at the nth and the .n+1/th peak,

respectively. Since xn and xn+1 are peak displacements, the respective velocities

are zero at these points. Therefore, the energy of the system at these peaks is given

by the potential energy stored in the spring. That is

En =
1

2
kx2

n and En+1 =
1

2
kx2

n+1: (11.18)

Let tn be the time at which the nth peak displacement xn is attained, i.e.,

xn = Ae*��tn (11.19)

Since xn+1 is the next peak displacement, it must occur at t = tn + TD where TD is

the time period of damped oscillations. Thus

xn+1 = Ae*��.tn+TD / (11.20)

From Eqns (11.18), (11.19), and (11.20)

En+1

En

=

1

2
k.Ae*��.tn+TD /2

1

2
k.Ae*��tn /2

= e*2��TD :

En+1

En

= e*2��TD :

Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap
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2. Noting that TD =
2�

�D

and �D = �
ù
1 * �2, we get

En+1 = En e
*2�¡ ��

2�

¡ �
t
1*�2

= e
*4�

�t
1*�2 ù e*4��

Ù En+1 = e*4�� En:

Applying this equation recursively for n = n * 1; n * 2;§ ; 1; 0;, we get

En = e*4�� �En*1

= e*4�� �.e*4�� � En*2/

= .e*4��/3�En*3

4

= .e*4��/n�E0:

Now we use this equation to �nd the percentage of energy of the �rst peak (n = 0)

lost after 5 cycles (n = 5):

�E5 =
E0 * E5

E0

� 100

=
�
1 * e*4�� � 5

�
� 100

= 71:5~:

�E5 = 71:5~:

Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap
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2 Theoretically, all of these values

should be the same, but it is rarely the

case in practice. When xn's are mea-

sured from an experimental setup, the

values of D may vary even more.

SAMPLE 11.5 A SDOF spring-mass model from given data: The fol-

lowing table is obtained for successive peaks of displacement from the

simulation of free vibration of a mechanical system. Make a single degree

of freedom mass-spring-dashpot model of the system choosing appropri-

ate values for mass, spring sti�ness, and damping rate.

Data:

peak no. n 0 1 2 3 4 5 6

time ( s) 0.0000 0.6279 1.2558 1.8837 2.5116 3.1395 3.7674

peak x (m) 0.5006 0.4697 0.4411 0.4143 0.3892 0.3659 0.3443

t 

x

xn

tn1 2 3 4 5

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

Figure 11.13: Oscillation data from the simulation of a mechanical system

Solution Since the data provided is for successive peak displacements, the time between

any two successive peaks represents the period of oscillations. It is also clear that the

system is underdamped because the successive peaks are decreasing. We can use the log-

arithmic decrement method to determine the damping in the system.

First, we �nd the time period TD from which we can determine the damped circular

frequency �D . From the given data we �nd that

t2 * t1 = t3 * t2 = t4 * t3 =5 = 0:6279 s

Therefore,

TD = 0:6279 s:

Ù �D =
2�

TD

= 10 rad_s: (11.21)

Now we make a table for the logarithmic decrement of the peak displacements:

peak disp. xn .m/ 0.5006 0.4697 0.4411 0.4143 0.3892 0.3659 0.3443

xn

xn+1

1.0658 1.0648 1.0647 1.0645 1,0637 1.0627

ln 0 xn

xn+1

1 0.0637 0.0628 0.0627 0.0624 0.0618 0.0608

Thus, we get several values of the logarithmic decrement D = ln 0 xn

xn+1

1 2

We take the average value of D:

D = �D = 0:0624: (11.22)
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Let the equivalent single degree of freedom model have mass m, spring sti�ness k, and
damping rate c. Then

�D = �

t
1 * �2 ù � =

u
k

m
:

Thus, from Eqn (11.21),
k

m
= �2 = 100. rad_s/2; (11.23)

and, since D =
cT

D

2m
, from Eqn (11.22) we get

c =
2mD

TD

=
2m.0:0624/

0:6279 s

= .0:1988
1

s
/m: (11.24)

Equations (11.23) and (11.24) have three unknowns: k, m, and c. We cannot determine

all three uniquely from the given information. So, let us pick an arbitrary massm = 5kg.

Then

k = .100
1

s2
/�.5 kg/

= 500N_m;

and

c = .0:1988
1

s
/�.5 kg/

= 0:99N� s_m:

m = 5kg;
k = 500N_m;
c = 0:99N� s_m:

Of course, we could choose many other sets of values form; k, and c which would match

the given response. In practice, there is usually a little more information available about

the system, such as the mass of the system. In that case, we can determine k and c

uniquely from the given response.

Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap
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11.1 Free Vibration of a
SDOF System

Preparatory Problems

11.1.1 Amassm is connected to a spring
k and released from rest with the spring
stretched a distance d from its static equi-
librium position. It then oscillates back
and forth repeatedly crossing the equi-
librium. How much time passes from
release until the mass moves through
the equilibrium position for the second
time? Neglect gravity and friction. An-
swer in terms of some or all of m, k, and
d. <

11.1.2A spring kwith rest length l0 is at-
tached to a massm which slides friction-
lessly on a horizontal ground as shown.
At time t = 0 the mass is released from
rest with the spring stretched a distance
d. Measure the mass position x relative
to the wall.

a) What is the acceleration of the
mass just after release?

b) Find a di�erential equation which
describes the horizontal motion x
of the mass.

c) What is the position of the mass at
an arbitrary time t?

d) What is the speed of the mass
when it passes through x = l0

(the position where the spring is
relaxed)?

m

d�0

Problem 11.1.2

11.1.3 Reconsider the spring-mass sys-
tem from problem 11.1.2.

a) Find the potential and kinetic en-
ergy of the spring mass system as
functions of time.

b) Assigning numerical values to the
various variables, use a computer
to make a plot of the potential
and kinetic energy as a function
of time for several periods of os-
cillation. Are the potential and
kinetic energy ever equal at the
same time? If so, at what position
x.t/?

c) Make a plot of kinetic energy ver-
sus potential energy. What is the
phase relationship between the ki-
netic and potential energy?

11.1.4 For the three spring-mass systems
shown in the �gure, �nd the equation
of motion of the mass in each case. All
springs are massless and are shown in
their relaxed states. Ignore gravity. (In
problem (c) assume vertical motion.) <

m
k, �0 k, �0

m
k, �0

m
k, �0

k, �0

(a)

(b)

(c)

F(t)

F(t)

x

y

F(t)

Problem 11.1.4

11.1.5 A mass-spring oscillator hangs
vertically under gravity. The mass rests
in static equilibrium by stretching the
spring by an amount ystatic = 0:025m.
Take your favorite value of g and �nd
the natural frequency of the oscillator.
How much time does the oscillator take
to complete one oscillation?

k

ystat

m

g

Problem 11.1.5

11.1.6 A mass moves on a frictionless
surface. It is connected to a dashpot with
damping coe�cient b to its right and a
spring with constant k and rest length

l to its left. At the instant of interest,
the mass is moving to the right and the
spring is stretched a distance x from its
position where the spring is unstretched.
There is gravity.

a) Draw a free-body diagram of the
mass at the instant of interest.

b) Derive the equation of motion of
the mass. <

.
x

m

ℓ

k b

Problem 11.1.6

11.1.7Amass-spring-dashpot systemhas
m = 1kg, k = 10 kN_m, and c = 5kg_ s.
Find the natural frequency, damping ra-
tio, and the damped frequency of the sys-
tem. Specify whether the system is un-
derdamped, critically damped or over-
damped. <

11.1.8 The natural frequency, �
n
, of a

SDOF system is 150 rad_s. Find themin-
imum damping (�) that the system must
have for the resonant frequency to occur
below 100 rad_s? <

More-Involved
Problems

11.1.9 The equation of motion of an
unforced mass-spring-dashpot system is,
m �x + c �x + kx = 0, as discussed in the
text. For a system with m = 0:4 kg; c =
10 kg_ s, and k = 5N_m,

a) Find whether the system is un-
derdamped, critically damped, or
overdamped. <

b) Sketch a typical solution of the
system.

c) Make an accurate plot of the re-
sponse of the system (displace-
ment vs time) for the initial con-
ditions x.0/ = 0:1m and �x.0/ = 0.

.

11.1.10 You are given to design a SDOF
damped oscillator that should show no
oscillations at all when disturbed from
the equilibrium (i.e., it should return to

Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap 1
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equilibriumwithout overshooting on the
other side). You are given a spring with
sti�ness k = 500N_m, a hydraulic
damper with c = 10 kg_ s, and you have
a choice of masses from m = 1kg to
m = 10 kg in increments of half kg. Find
the appropriate mass.

11.1.11 Two SDOF oscillators with the
same k and m but di�erent c's are hung
from the ceiling as shown in the �gure.
The one on the left is pulled down 2 cm
and let go. The other is pulled down by
0.2 cm and let go. Which oscillator un-
dergoes more oscillations before reach-
ing the steady state. Find the steady state
displacement of each mass.

k kc2c1

y0 = 2 cm y0 = 0.2 cm

mm

Problem 11.1.11

11.1.12 Experiments conducted on free
oscillations of a damped oscillator reveal
that the amplitude of oscillations drops
to 25%of its peak value in just 3 periods of
oscillations. The period of oscillation is
measured to be 0:6 s and the mass of the
system is known to be 1:2 kg. Find the
damping coe�cient and the spring sti�-
ness of the system. <

11.1.13 You are required to design a
mass-spring-dashpot system that, if dis-
turbed, returns to its equilibrium posi-
tion the quickest. You are given a mass,
m = 1kg, and a damper with c =
10 kg_ s. What should be the sti�ness of
the spring? Your solution needs to in-
clude your de�nition of �`quickest�. <

Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap
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11.1.1 Amassm is connected to a spring
k and released from rest with the spring
stretched a distance d from its static equi-
librium position. It then oscillates back
and forth repeatedly crossing the equi-
librium. How much time passes from

release until the mass moves through
the equilibrium position for the second
time? Neglect gravity and friction. An-
swer in terms of some or all ofm, k, and
d.

Answer:

Time span = 3�
ù
m_k_2

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
Introduction to Mechanics for Engineers � © 2026 Andy Ruina & Rudra Pratap
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11.1.2 Aspring kwith rest lengthl
0
is at-

tached to a massm which slides friction-
lessly on a horizontal ground as shown.
At time t = 0 the mass is released from
rest with the spring stretched a distance
d. Measure the mass position x relative
to the wall.

a) What is the acceleration of the
mass just after release?

b) Find a di�erential equation which
describes the horizontal motion x
of the mass.

c) What is the position of the mass at
an arbitrary time t?

d) What is the speed of the mass
when it passes through x = l

0

(the position where the spring is
relaxed)?

m

d�0

Problem 11.2

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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11.1.3 Reconsider the spring-mass sys-
tem from problem 11.1.2.

a) Find the potential and kinetic en-
ergy of the spring mass system as
functions of time.

b) Assigning numerical values to the
various variables, use a computer
to make a plot of the potential
and kinetic energy as a function

of time for several periods of os-
cillation. Are the potential and
kinetic energy ever equal at the
same time? If so, at what position
x.t/?

c) Make a plot of kinetic energy ver-
sus potential energy. What is the
phase relationship between the ki-
netic and potential energy?

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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11.1.4 For the three spring-mass sys-
tems shown in the �gure, �nd the equa-
tion of motion of the mass in each case.
All springs are massless and are shown
in their relaxed states. Ignore gravity. (In
problem (c) assume vertical motion.)

m
k, �0 k, �0

m
k, �0

m
k, �0

k, �0

(a)

(b)

(c)

F(t)

F(t)

x

y

F(t)

Problem 11.4

Answer:

(a)m �x+kx = F.t/, (b)m �x+kx = F.t/,
and (c)m �y + 2ky * 2kl

0

yt
l
2

0
+y2

= F.t/

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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11.1.5 A mass-spring oscillator hangs
vertically under gravity. The mass rests
in static equilibrium by stretching the
spring by an amount y

static
= 0:025m.

Take your favorite value of g and �nd
the natural frequency of the oscillator.
How much time does the oscillator take
to complete one oscillation?

k

ystat

m

g

Problem 11.5

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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11.1.6 A mass moves on a frictionless
surface. It is connected to a dashpot with
damping coe�cient b to its right and a
spring with constant k and rest length
l to its left. At the instant of interest,
the mass is moving to the right and the
spring is stretched a distance x from its
position where the spring is unstretched.
There is gravity.

a) Draw a free-body diagram of the
mass at the instant of interest.

b) Derive the equation of motion of
the mass.

.
x

m

ℓ

k b

Problem 11.6

Answer:

LHS of Linear Momentum Balance:³ Ç

F = *.kx + b �x/�{ + .N *mg/ �|.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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11.1.7 A mass-spring-dashpot system
has m = 1kg, k = 10 kN_m, and
c = 5kg_ s. Find the natural fre-
quency, damping ratio, and the damped
frequency of the system. Specifywhether

the system is underdamped, critically
damped or overdamped.

Answer:

!
n
= 100 rad_s, � = 0:025, System is

underdamped.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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11.1.8 The natural frequency, �
n
, of a

SDOF system is 150 rad_s. Find themin-
imum damping (�) that the system must
have for the resonant frequency to occur
below 100 rad_s?

Answer:

� g 0:74

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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11.1.9 The equation of motion of an
unforced mass-spring-dashpot system is,
m �x + c �x + kx = 0, as discussed in the
text. For a system with m = 0:4 kg; c =
10 kg_ s, and k = 5N_m,

a) Find whether the system is un-
derdamped, critically damped, or
overdamped.

b) Sketch a typical solution of the
system.

c) Make an accurate plot of the re-
sponse of the system (displace-
ment vs time) for the initial con-
ditions x.0/ = 0:1m and �x.0/ = 0.

.

Answer:

Overdamped

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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Disclaimer:We have lost track of the many people who wrote these solutions.
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Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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% p11_1_9.m

% DYNAMICS HW 3
% PROBLEM 12
% RUINA-PRATAP 11.1.9

% MARIGOT FACKENTHAL
% MKF47@CORNELL.EDU

% ALL UNITS ARE SI

clear; clf; close all; clc;
set(0,'DefaultAxesFontSize', 10)

% SETUP
 *******************************************************************

% parameters [CHANGE THESE]
p.m = 0.4;
p.c = 10;
p.k = 5;

% timing
t0 = 0;  tf = 15; n = 5000;
tarray = linspace(t0,tf,n)';

% initial conditions [CHANGE THESE]
rx0 = 0.1;
vx0 = 0;
z0 = [rx0; vx0];  % use semicolons to make it a 4x1
% also, make sure the entries are in the standard order (ex. x1, x2,
 v1, v2)

% ANALYTICAL SOLUTION
 *****************************************************

% analytical solution coefficients
% calculated in written work
C1 = 0.1022;
C2 = -0.0022;
r1 = -0.51;
r2 = -24;

rxAna = C1*exp(r1*tarray) + C2*exp(r1*tarray);

% NUMERICAL SOLUTION
 ******************************************************

[tarray, zarray] = myEulerSolver(@eqn, tarray, z0, p);

1

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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% outputs
rxNum = zarray(:,1);
vxNum = zarray(:,2);

% PLOTTING
 ****************************************************************

% ---------------
% POSITION V. TIME
figure(1)
hold on
grid on

% plot numerical solution
plot(tarray, rxNum, '-r', 'LineWidth', 3)

% plot analytical solution
plot(tarray, rxAna, '--b', 'LineWidth', 3)

% figure settings
xlabel('t [s]')
ylabel('x [m]')
title('(1) damped harmonic oscillator')
legend('numerical', 'analytical')
hold off

% ---------------
% NUMERICAL TO ANALYTICAL COMPARISON FOR POSITION V. TIME
figure(2)
hold on
grid on

% plot difference between analytical and numerical solutions
plot(tarray, 100*(rxNum-rxAna)./rxAna)

% figure settings
xlabel('t [s]')
ylabel('% difference between numerical & analytical [m]')
title('(2) numerical to analytical comparison (position)')
hold off

% FUNCTIONS
 ***************************************************************

% equations of motion
function dz = eqn(t,z,p) % time, state, struct of matricies

    % unpack parameters ***********************************

2

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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    m = p.m;
    c = p.c;
    k = p.k;

    % unpack z vector *************************************
    % positions
    rx = z(1);
    % velocities
    vx = z(2);

    % fill dz vector **************************************
    % first entries become velocities
    dz(1) = vx;
    % next entries become accelerations
    % CHANGE THESE LINES ACCORDING TO EOM
    dz(2) = (1/m) * (-c*vx - k*rx);

    % transpose dz from row to column vector **************
    dz = dz';

end

% Solver using Euler's method (Stolen from Teaya Yang)
function  [tarray, zarray] = myEulerSolver(eqn, tarray, z0, p)
% Generating zarray matrix
ntimes = length(tarray);
zarray = zeros(ntimes, length(z0));
zarray(1,:) = z0';
h = tarray(2) - tarray(1); % step size

    % Applying Euler's method at each step
    for i  = 1:ntimes-1
        znow    = zarray(i,:)';   tnow = tarray(i);  % set present
 values
        zdot = eqn(tnow,znow,p);   % evaluate RSH (right hand side) at
 present time

        % Euler's method
        znew = znow + zdot * h;

        % Append to zarray
        zarray(i+1,:) = znew'; % Add a row to the array of solutions.
                          % Recall, z is a column, zarray is in rows.
    end % loop

end  % function

3

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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11.1.10 You are given to design a SDOF
damped oscillator that should show no
oscillations at all when disturbed from
the equilibrium (i.e., it should return to
equilibriumwithout overshooting on the

other side). You are given a spring with
sti�ness k = 500N_m, a hydraulic
damper with c = 10 kg_ s, and you have
a choice of masses from m = 1kg to
m = 10 kg in increments of half kg. Find
the appropriate mass.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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11.1.11 Two SDOF oscillators with the
same k and m but di�erent c's are hung
from the ceiling as shown in the �gure.
The one on the left is pulled down 2 cm
and let go. The other is pulled down by
0.2 cm and let go. Which oscillator un-
dergoes more oscillations before reach-
ing the steady state. Find the steady state
displacement of each mass.

k kc2c1

y0 = 2 cm y0 = 0.2 cm

mm

Problem 11.11

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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11.1.12 Experiments conducted on free
oscillations of a damped oscillator reveal
that the amplitude of oscillations drops
to 25%of its peak value in just 3 periods of
oscillations. The period of oscillation is

measured to be 0:6 s and the mass of the
system is known to be 1:2 kg. Find the
damping coe�cient and the spring sti�-
ness of the system.

Answer:

k = 132N_m, c = 1:76 kg_ s.

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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11.1.13 You are required to design a
mass-spring-dashpot system that, if dis-
turbed, returns to its equilibrium posi-
tion the quickest. You are given a mass,
m = 1kg, and a damper with c =

10 kg_ s. What should be the sti�ness of
the spring? Your solution needs to in-
clude your de�nition of �`quickest�.

Answer:

k = 25N_m

Disclaimer:We have lost track of the many people who wrote these solutions.

They are not o�cial and have not been reviewed by the authors for correctness.
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