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APPENDIX 1. Contact: friction and collisions

Problems for Chapter 1

Introduction to mechanics Because no
mathematical skillshave been taught so far, the
questions below just demonstrate theideas and
vocabulary you should have gained from the
reading.

1.1 What is mechanics?
1.2 Briefly define each of the words below (us-
ing rough English, not precise mathematical
language):

a) Statics,

b) Dynamics,

¢) Kinematics,

d) Strength of materials,

e) Force,

f) Motion,

g) Linear momentum,

h) Angular momentum,

i) A rigid body.
1.3 This chapter says there are three “pillars’

of mechanics of which the third is ‘Newton's
laws, what are the other two?

1.4 This book organizes the laws of mechanics
into 4 basic laws numbered 0-111, not the stan-
dard ‘Newton's three laws’. What are these
four laws (in English, no equations needed)?

1.5 Describe, as precisely as possible, a prob-
lem that isnot mentioned in the book but which
isamechanicsproblem. Statewhich quantities
are given and what is to be determined by the
mechanics solution.

1.6 Describe an engineering problem which is
not a mechanics problem.

1.7 About how old are Newton's laws?

1.8 Relativity and quantum mechanics have
overthrown Newton’slaws. Why areengineers
still using them?

1.9 Computationispart of modern engineering.

a) What are the three primary computer
skillsyou will need for doing problems
in this book?

b) Give examples of each (different than
the examples given).

¢) (optional) Do an example of each on a
computer.
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Problems for Chapter 2

Vector skills for mechanics

2.1 Vector notation and vec-
tor addition

2.1 Draw the vector F = (5m)i 4 (5m)J.

2.2 A vector @ is 2m long and points north-
west at an angle 60° from the north. Draw the
vector.

2.3 The position vector of a point B measures
3 mand is directed at 40° from the negative
x-axis towards the negative y-axis. Show the
position vector vector.

2.4 Draw aforce vector that is given as F =
2Ni + 2Nj + 1Nuk.

2.5 Represent the vector 7 = 5mi — 2mj in
three different ways.

2.6 Which oneof thefollowing representations
of the same vector F' iswrong and why?

a) b)

. JZN

J | 3N -3NP +2Nj
h
c) d)
VI3N VI3N
S M
3
problem 2.6:

(Filename:pfigure2.vecl.2)

2.7 There are exactly two representations that
describe the same vector in the following pic-
tures. Match the correct picturesinto pairs.

LN b) 4N
(RS
i

30° 30°

N 1_, d) 7

2N(-i +/3j)

2V/3N
® “ "
3NZ + 1Nj 3N(37 + j)
problem 2.7:

(Filename:pfigure2.vecl.3)

2.8 Find the sum of forces fl = 20Ni —
i F, = Ai4 L1 F. —
2Nj, Fy = 3ON(f21 + fzj)’ and F3 =
—20N(—i + v/3j).
2.9 The forces acting on a block of mass
m = 5kg are shown in the figure, where
F1 = 20N, F2 = 50N, and W = mg. Find
thesum F (= F1+ F, + W)?

Fi F>
ZB A
3 4

w
problem 2.9:
(Filename:pfigure2.vecl.6)

2.10 Given that the sum ofjour vectors ﬁ s i =
1 to 4, is zero, where F, = ZON& F, =
—50Nj, F3 = 10N(—i + j), find F,.

2.11 Three forces F = 2Ni — 5Nj, R =
10N(cosfi+sing j)and W = —20Nj, sum
up to zero. Determinetheangled and draw the
force vector R clearly showing its direction.

2.12Giventhat Ry = 1Ni+L15Nj and R, =
32Ni — 0.4Nj, find 2R, + 5R,.

2.13 Find the magnitudes of the forces F. 1=
30Ni — 40Nj and F, = 30Ni + 40Nj.
Draw the two forces, representing them with
their magnitudes.

214 Two forces R = 2N(0.16i +
0.80j)and W = —36Nj act on a particle.
Find the magnitude of the net force. What is
the direction of thisforce?

2.15 In the figure shown, F1 = 100N and
F2 = 300N. Find the magnitude and direction

problem 2.15:
(Filename:pfigure2.vec1.17)

2.16 Two points A and B are located in the Xy
plane. The coordinates of A and B are (4 mm,
8mm) and (90 mm, 6 mm), respectively.

(a) Draw position vectors 7, and 7.

(b) Find the magnitude of 7, and rg.

(c) How farisA fromB?
2.17 Three position vectors are shown in the
figure below. Given that 7/, = 3m(3i +
gj) and re g = 1mi —2mj, find 7p .

B

A

T

~>

A
problem 2.17:
(Filename:pfigure2.vecl.7)

2.18 In the figure shown below, the position
Vectors are Fpg = 3ftk, Tge = 2ftj, and
Fep = 2ft(j + k). Find the position vector
Fap-

B resc C

FCD
T'AB
D
k I_,
A j
problem 2.18:

(Filename:pfigure2.vecl.5)

2.19 In the figure shown, a ball is suspended
witha0.8 mlong cord froma2 mlong hoist OA.

() Find the position vector F of the ball.
(b) Find the distance of the ball from the

origin.
y A
0.8m
,1/6‘
B
\45O

0] X
problem 2.19:

(Filename:pfigure2.vecl.20)

2.20 A cube of side 6inis shown in the figure.
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(8) Find the position vector of point F, .,
fromthevectorsum rp = rp+7¢ p+

Te/ee
(b) Calculate [Fg|.

(c) Find Fgusing 7.

4

A X
problem 2.20:
(Filename:pfigure2.vecl.23)

2.21 Find the unit vector XAB, directed from
point A to point B shown in the figure.
y

3m B
A
Im om
Im
X
problem 2.21:

(Filename:pfigure2.vecl.25)

2.22 Find a unit vector along string BA and
expressthe position vector of A with respect to
B, Tp/B: in terms of the unit vector.

y

15m
A

25m

im X
3m B

V4
problem 2.22:
(Filename:pfigure2.vecl.26)

2.23 In the structure shown in the figure,
¢ = 2ft,h = 1.5ft. The force in the spring

is F = krpg, where k = 1001bf/ft. Find
aunit vector Azg along AB and calculate the
spring force F' = FApg.

APPENDIX 2. Contact: friction and collisions
y y
C
T
2 Tl
3 609/ 45°

BREY X

h L

0 X X w
problem 2.23: problem 2.29:

(Filename:pfigure2.vecl.27)

2.24 Expressthe vector ', = 2mi —3mj +

5mk intermsof itsmagnitude and aunit vector
indicating its direction.

225 Let F = 101Ibfi + 301bfj and W =
—201bf j. Find aunit vector in the direction of

the net force F' + W, and express the the net
force in terms of the unit vector.

2.26Letd; = 0.80i +0.60j and A, = 0.5 +
0.866,].

(8 Show that il and XQ are unit vectors.

(b) Isthesum of thesetwo unit vectorsalso
aunit vector? If not, find a unit vector

along the sum of il and 12

2.27 For the unit vectors 5\1 and XQ shown
below, find the scalarso and B such that A, —

3k, = 8.
y

A

A
1
\600
1

problem 2.27:

A X

(Filename:pfigure2.vec1.11)

2.281f amassslidesfrom point A towards point
B along a straight path and the coordinates of
points A and B are (0 in, 5in, 0in) and (10in,
0in, 10in), respectively, find the unit vector
Aap directed from A to B along the path.

2.29 Inthefigure shown, Ty = 202N, T, =
40N, and W is such that the sum of the three
forces equdsaao. H ' isdogbled, find o and
B suchthat a1y, BT,, and 2W till sum up to
zero.

(Filename:pfigure2.vecl.12)

2.30 In the figure shown, rods AB and BC are
each 4 cm long and lie aong y and x axes,
respectively. Rod CD is in the xz plane and
makes an angle # = 30° with the x-axis.

(@ Find ?AD intermsof thevariablelength
L.
(b) Find ¢ and o such that
Fap = Tag — Fac +ak.

z
D

¢/
Al 4cm ‘B
30°

4cm

problem 2.30:
(Filename:pfigure2.vecl.13)

2.31InProblem2.30, find ¢ suchthat thelength
of the position vector r, is6cm.

2.32 Lettwoforces P and Q actinthedirec-
tion shown in the figure. You are alowed to
change the direction of the forces by changing
the angles & and 6 while keeping the magni-
tudes fixed. What should be the values of o
and @ if the magnitude of P + @ hasto bethe
maximum?

=)
af %

X
problem 2.32:
(Filename:pfigure2.vecl.18)

2.33 A 1m x 1m square board is supported
by two strings AE and BF. The tension in the
string BF is 20N. Express this tension as a
vector.
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y
— 25m—
‘ F
E
2m
N
1 |
im
A B
plate—__| Im
D C X
problem 2.33:

(Filename:pfigure2.vecl.21)

2.34 Thetop of an L-shaped bar, shown in the
figure, is to be tied by strings AD and BD to
the points A and B in the yz plane. Find the
length of the strings AD and BD using vectors
Fapand Fgp.

B

2m

im

4

-
Ata
z

problem 2.34:

(Filename:pfigure2.vecl.22)

2.35 A circular disk of radius 6in is mounted
onaxlex-x at theend an L-shaped bar as shown
in the figure. The disk is tipped 45° with the
horizontal bar AC. Two points, P and Q, are
marked on the rim of the plate; P directly par-
alel to the center Cinto the page, and Q at the
highest point above the center C. Taking the

basevectorsi, j, and k asshownin thefigure,
find

(a) therelative position vector Top

(b) the magnitude |7‘Q/P|.

Eaatd

24

~>

X
problem 2.35:
(Filename:pfigure2.vecl.24)

2.36 Writethe vectors F; = 30Ni + 40N j —
lONk, F2 = —20Nj + 2Nk, and F3 =
—10NiZ — 100Nk as alist of numbers (rows

or columns). Find the sum of the forces using
acomputer.

237 Let aﬁlj- ﬂF‘z + yF‘s = 0, where
F,, F,, and F3areasgivenin Problem 2.36.
Solvefor «, 8, and y using acomputer.

2.38 Let Fpy = 1m(cosbni + sindn j), where
On = 6o — NAG. Using a computer generate
the required vectors and find the sum
a4
F;, with A6 = 1° and 6 = 45°.
n=0

2.2 The dot product of two
vectors

2.39 Find the dot product of @ = 2i +3j — k
and b =2i + j + 2k.

2.40 Find the dot product of F — 05Ni +
1.2Nj + 1.5Nk and A = —0.8 + 0.6.

2.41 Find the dot product F - ¥ where F =
(5 +4j)Nand ¥ = (—0.8i + j)m. Draw
the two vectors and justify your answer for the
dot product.

2.42 Two vectors, @ = —4+/30 + 12j and
b =i — /3] aregiven. Find the dot product
of the two vectors. How is @ - b related to
|@||b| inthis case?

2.43 Find the dot product of two vectors F =
101bfi —201bf j and A = 0.8 +0.6j. Sketch

F and A and show what their dot product rep-
resents.

2.44 The position vector of apoint A is ?A =

30cmi. Find the dot product of 7/, with A=
NEP

Si+5].

2.45 Fromthefigurebel ow, find thecomponent
of force F' in the direction of A.
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y
i F=100N
30° |10°
X
problem 2.45:

(Filename:pfigure2.vecl.33)

2.46 Find the angle between Fl = 2Ni +
5Nj and F, = —2Ni + 6Njj.

2.47 Given ® = 2rad/si + 3rad/sj, Hi=
(201 +30j) kgm?/ sand H» = (10i +15j +
612) kgm?/ s, find (a) the angle between @ and
H ; and (b) the angle between @ and H 5.

2.48 The unit normal to a surface is given as
i = 0.741 4 0.67j. If the weight of a block
on this surface acts in the — j direction, find
the angle that a 1000 N normal force makes
with the direction of weight of the block.

2.49 Vector algebra. For each equation below
state whether:

(@) Theequation is nonsense. If so, why?
(b) Isawaystrue. Why? Givean example.
(c) Isnever true. Why? Give an example.

(d) Issometimestrue. Give examples both
ways.

You may use trivia examples.
d A+B=B+A
b) A+b=b+A

0 A-B=B.-A
d B/C =B/C
e b/A =b/A

f) A=(A-B)B+(A-C)C+(A-D)D

2.50 Use the dot product to show ‘the law of
cosines’; i. e,

c? = a2 + b? + 2abcosé.

(Hint: c=a+b;aso,c-¢=¢-¢)

problem 2.50:

(Filename:pfigure.blue.2.1)



726

251 Find the direction cosines of F = 3Ni —
ANj +5Nk.

2.52 A forceacting on abead of massmisgiven

as F = —201bfi +221bf j + 121bfk. What is
the angle between the force and the z-axis?

253 (8) Draw the vector ¥ = 35ini +
3.5inj —4.95ink. (b) Find theanglethisvec-
tor makes with the z-axis. (c) Find the angle
this vector makes with the x-y plane.

2.54 Inthefigure shown, X and /i are unit vec-
tors parallel and perpendicular to the surface

AB, respectively. A force W = —50Nj acts
ontheblock. Findthe componentsof W along
Aandn.

(0]
problem 2.54:
(Filename:pfigure2.vecl.41)

2.55 Expressthe unit vectors 2 and X interms
of 7 and j shownin the figure. What are the x

and y componentsof 7 = 3.0fti — 1.5ftA? *

problem 2.55:
(Filename:efigl.2.27)

2.56 From the figure shown, find the compo-
nents of vector 7,5 (you have to first find this
position vector) along

(a) they-axis, and

(b) aongA.
z

X
problem 2.56:
(Filename:pfigure2.vecl.42)

APPENDIX 2. Contact: friction and collisions

2.57 The net force acting on a particleis F' =
2Ni + 10Nj. Find the components of this
force in another coordinate system with ba
sis vectors i’ = —cosi +singjand j' =
—sinfi —cosfj. For 6 = 30°, sketch the
vector F and show its components in the two
coordinate systems.

2.58 Findtheunit vectorsé g and &y intermsof
T and j with the geometry shown in thefigure.

What are the components of W along é g and
€p?

~>

L

7 w

.
e

(Filename:pfigure2.vecl.44)

problem 2.58:

2.59 Write the position vector of point P in
terms of A, and A, and
(a) find the y-component of 7,

(b) find the component of 7 along A
y P

t2 =7
92 A'2

t//3,
N\

problem 2.59:

X
(Filename:pfigure2.vecl.45)
2.60Let F; = 30Ni +40Nj — 10Nk, F, =
—ZONj + ZNk, and F3 = ngi + ngj —

nglé. If the sum of all these forces must equal
zero, find the required scalar equationsto solve

for the components of F.

2.61A force F isdirected from point A(3,2,0)
to point B(0,2,4). If the x-component of the
forceis 120 N, find the y- and z-components
of F.

2.62 A vector equation for the sum of forces
results into the following equation:

g(i—«/éjw §(3i+6j) = 25NA

where A = 0.30i — 0.954j. Find the scalar
equations parallel and perpendicular to A.

2.63 Write a computer program (or use a
canned program) to find the dot product of
two 3-D vectors. Test the program by com-
puting the dot productsi - ,7 - j, and j - k.
Now use the program to find the components
of F = (21 +2j — 3k)N aong the line
Tpg = (0.5{ —0.2j +0.1k) m.

2.64 What is the shortest distance between

the point A and the diagonal BC of the par-
allelepiped shown? (Use vector methods.)

A e g

problem 2.64:
(Filename:pfigure.blue.2.3)

2.3 Cross product, moment,
and moment about an axis

2.65 Find the cross product of the two vectors
shown in the figures below from the informa-
tion given in the figures.

@ y (b) yI
a 60° 5 a 105° b
2 4 3 4
X I X
(© y (d) y
4 Zi 450/ 4 R
30° . a
30° X 45° X
4 N N
b b
M

© vy
73
22,34)( Epze

- h
@y Gy ®
(1.2 b, (22
& X X
=3, . (L (2-1
l\/\J
problem 2.65:

(Filename:pfigure2.vec2.1)

2.66 Vector algebra. For each equation below
state whether:
(@) Theequationisnonsense. If so, why?

(b) Isalwaystrue. Why? Givean example.
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(c) Isnever true. Why? Give an example.

(d) Issometimestrue. Give examplesboth
ways.

You may use trivial examples.

2.67 What isthe moment M produced by a20
N force F acting in the x direction with alever
amof r = (16mm) j?

2.68 Find the moment of the force shown on
the rod about point O.
y F=20N
<=

N

0
45 °m

o) \/ X
problem 2.68:
(Filename:pfigure2.vec2.2)

269 Find the sum of moments of forces
W and T about the origin, given that W =
100N, T = 120N, £ = 4m, and 6 = 30°.

y

e
2
N b
O
problem 2.69:

(Filename:pfigure2.vec2.3)

2.70 Find the moment of the force
a) about point A
b) about point O.

O
2m A

problem 2.70:

(Filename:pfigure2.vec2.4)

2.71 Inthefigure shown, OA =AB=2m. The
force F = 40N acts perpendicular to the arm

AB. Find the moment of F about O, given that

0 = 45°. If F aways acts normal to the arm
AB, wouldincreasing ¢ increasethe magnitude
of the moment? In particular, what value of 6
will give the largest moment?

y &F
Le B
A 14

O
problem 2.71:

X

(Filename:pfigure2.vec2.5)

2.72 Calculate the moment of the 2 kNpayload

on therobot arm about (i) joint A, and (ii) joint

B,if¢; =0.8m, ¢2 =0.4m, and ¢3 =0.1m.
y

problem 2.72:

(Filename:pfigure2.vec2.6)

2.73 During a slam-dunk, a basketball player
pullsonthehoop witha2501bf at point C of the
ring as shown in the figure. Find the moment
of the force about

a) the point of the ring attachment to the
board (point B), and

b) theroot of the pole, point O.
board

h 6"
A(_‘@

| basketball hoop

10| ¢V 15°
250 bf

O

problem 2.73:
(Filename:pfigure2.vec2.7)

2.74 During weight training, an athlete pulls
aweight of 500N with his arms pulling on a
handlebar connected to a universal machine by
acable. Find themoment of theforceabout the
shoulder joint O in the configuration shown.

727

problem 2.74:
(Filename:pfigure2.vec2.8)

2.75 Find the sum of moments due to the
two weights of the teeter-totter when the teeter-
totter is tipped at an angle 6 from its vertica
position. Giveyour answer intermsof thevari-
ables shown in the figure.

C
O
wh

(Filename:pfigure2.vec2.9)

OA=h
AB=AC=¢

problem 2.75:

2.76 Find the percentage error in computing
the moment of W about the pivot point O as
afunction of 9, if theweight is assumed to act
normal to the arm OA (a good approximation
when 6 isvery small).

problem 2.76:

(Filename:pfigure2.vec2.10)

2.77 What do you get when you cross a vector
and ascalar? *

2.78 Why did the chicken cross the road? *

2.79 Carry out the following cross productsin
different ways and determine which method
takes the least amount of time for you.
a) F =2.0fti +30ft] —15ftk; F =
—0.31bfi — 10Ibfk FxF =2

b) ¥ = (—i+2.0j+0.4k)m; L=
(35 — 2.0k kgm/s; F x L =2

¢ @=(—15j)rad/s F = (10i —
2j +3k)in; ®@x F =2
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2.80 A force F = 20N j — 5Nk actsthrough
apoint A with coordinates (200 mm, 300 mm,
-100 mm). Whatisthemoment M (= r x F)
of the force about the origin?

2.81 CrossProduct program Writeaprogram
that will calculate cross products. The input to
the function should be the components of the
two vectors and the output should be the com-
ponents of the cross product. Asamodel, here
isafunction file that cal culates dot productsin
pseudo code.

%r ogram definition
z(1)=a(1)*b(1);
z(2)=a(2)*b(2);
z(3)=a(3)*b(3);
w=z(1)+z(2)+z(3);

2.82 Find a unit vector normal to the surface
ABCD shown in the figure.

problem 2.82:

(Filename:efigl.2.11)

2.83 If the magnitude of a force ZV normal
to the surface ABCD in the figure is 1000 N,

write N asavector. *

z
B
A :
T :
1m ’_—""""C ‘7—>
Xe"Im ~Im
problem 2.83:

(Filename:efigl.2.12)

2.84 The equation of asurfaceisgivenasz =
2x — y. Find a unit vector 7 normal to the
surface.

2.85 Inthe figure, atriangular plate ACB, at-
tached to rod AB, rotates about the z-axis. At
the instant shown, the plate makes an angle of
60° with the x-axis. Find and draw a vector
normal to the surface ACB.

z

B
5
C
15|
Al 1m
y
X 60°
problem 2.85:

(Filename:efigl.2.14)

APPENDIX 2. Contact: friction and collisions

2.86 What isthe distance d between the origin
and the line AB shown? (You may write your
solutionintermsof A and B before doing any
arithmetic). *

X
problem 2.86:

(Filename:pfigure.blue.1.3)

2.87 What is the perpendicular distance be-
tween the point A and the line BC shown?
(There are at least 3 ways to do thisusing var-
ious vector products, how many ways can you
find?)

C
NC

(Filename:pfigure.blue.2.2)

i 0
problem 2.87:

2.88 Given aforce, 171 = (-3 +2j+ 5]%) N

acting at apoint P whose position is given by

r'p/o = (4 — 2j + 7k) m, what is the mo-

ment about an axis through the origin O with
irection A = 2 7+ L 59

direction A = =)+

2.89 Drawing vectors and computing with
vectors. Thepoint Oistheorigin. Point A has
xyz coordinates (0, 5, 12)m. Point B has xyz
coordinates (4, 5, 12)m.

a) Make a neat sketch of the vectors OA,
OB, and AB.

b) Find a unit vector in the direction of
OA, call it Apa.

¢) Find the force F which is 5N in size
and isin the direction of OA.

d) What istheanglebetween OA and OB?

&) Whatis7go x F?

f) What is the moment of F about aline
parallel to the z axis that goes through
the point B?

2.90 Vector Calculations and Geometry.
The 5N force F1 is along the line OA. The
7N force F 5, isalong the line OB.

a) Find aunit vector in the direction OB.
*

b) Find a unit vector in the direction OA.
*

¢) Write both F 1 and F 2 as the product
of their magnitudes and unit vectorsin
their directions. *

d) What isthe angle AOB? *

e) What is the component of Fl in the
x-direction? *

f) WhatiS?Do X ﬁl? (?DO = ?O/D
isthe position of O relativeto D.) *

g) What is the moment of F, about the
axis DC? (The moment of aforce about
an axis parallel to the unii vector A is
definedasM; = A-(F x F)whereF is
the position of the point of application
of the force relative to some point on
the axis. The result does not depend
on which point on the axis is used or
which point on the line of action of F
isused.). *

h) Repeat the last problem using either a
different reference point ontheaxisDC
or the line of action OB. Doesthe solu-
tion agree? [Hint: it should.] *

z
5m A
B
F> / g
of F1 3m
4m RN y
D C

X
problem 2.90:

(Filename:p1sp92)

291 A, B, and C are located by position
vectors 7 o = 1,2,3), rg = (4,5,6), and
rc=(,89.

a) Use the vector dot product to find the
angle BAC (A is at the vertex of this
angle).

b) Usethe vector cross product to find the
angle BCA (C is at the vertex of this
angle).

¢) Find aunit vector perpendicular to the
plane ABC.

d) How far is the infinite line defined by
AB fromtheorigin? (Thatis, how close
is the closest point on this line to the
origin?)

e) Isthe origin co-planar with the points
A, B,andC?

2.92 Points A, B, and C in the figure define a
plane.
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a) Find aunit normal vector to the plane.
*

b) Find the distance from this infinite
plane to the point D. *

¢) What are the coordinates of the point
on the plane closest to point D? *

problem 2.92:
(Filename:pfigure.s95¢2)

2.93 What point on the line that goes through
the points(1,2,3) and (7,12,15) isclosest to the
origin?

2.94 What is the distance between opposite
edges of a regular tetrahedron with sides of
length 1 (there are many ways to solve this
problem).

2.4 Solving vector equations

2.95 Consider the vector equation

aff—i— bB = 6
with K, E, and C given. For the cases below
findaandbif possible. If thereare multiple so-

lutions give at least 2. If there are no solutions
explain why.

a)%:i,l?:j,
C=3+4j

b) A=i, B=2i

C=3

o A=j, B=2j,
C=3i

d A=i+j, B=-i+],
C=2j

o A=i+2j, B=2i+3j,
C=30+4j

f) A=ni+ej, B=12i+3j,
C=i

2.96 Consider the vector equation
aA + bB + «C=D
with X E 6 and D given. For the cases

below find a if possible, there is no need to
find b and c.

3

A=i,C=k .
B=j D=3i+4j+1%

b) A =2i,C =15j + 360k
B=3A+4‘]A D=21+17]+37k
0 A=k C=i+j+k
B=j+kD=j
) A=i+j+k C=30+4j+5k
B =2+ 3]+4kD 4 +5j+7k
e {zﬁi+«/§j+\/§l§,
C = V7i +/8j + vk,
B = V4 + /5] + Vek,
D=-i+nj+ek

2.97 In the problems below use matrix algebra
on a computer to find a, b and c uniquely if
possible. If not possible explain why not. You
are given that

afT+b§+cC’:5

<)

d) A—ll+2_]+3kB 4145j
C—7z+8]+9k D =10k

9 A= «/ii+3/§j+\/§k, B = i+
V5j +/6k,

C = V7i+8j+ yo%k, D = Jiok

2.98 Thethreeforcesshownin thefi gureareln
equilibrium,i.e., T1+T2+F =0.If|F| =
10N, find tensions Ty and T, (magnitudes of
T1 and T2.

y
T1
300 T2
|
F
problem 2.98:

(Filename:pfigure2.4.2Dp1)

299 Points A, B, and C are located in the
Xy plane as shown in the figure. For position
vectors, we can write, Fg + ¢ g = I'c. Find

|Fgland |Fe gl if Fo = 10mi.
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B
(]
60" 45°/ X
A C
problem 2.99:

(Filename:pfigure2.4.2Dp2)

2.100 Threevectors, A, B and C (shownin
thefigure) aresuchthatA+B+C = 0 You
aregiventhat A = |A| =8andC = |C| =5.
Find angle 6.

problem 2.100:
(Filename:pfigure2.4.2Dp3)

2101 Let F; + F, + F3 = 0, where Fy =
10N@ — j),and Fy /| F,| = 0.250i +0.968
and F,/|F,| = —0.425{ —0.905j. Find | F|
from asingle scalar equation.

2.102 Toevaluatetheequation > F = ma for
someproblem, astudent writes ) F= Fyl —
(Fy = 30N)j +50 N in the xyz coordinate
system, but @ = 2.5m/%i’ + 1.8m/L2j’ —

azk in arotated x'y'Z coordl nate system. If
i’ = cos60°f + sin60°j, j = —sin60°% +

cos60° j and k= k, find the scalar equations
for the x’, y’, and Z' directions.

2.103 A car travels straight north-east for a
while on a dirt road that leads to north-south
highway. The car travels on the highway due
north for a while. When the driver stops, the
GPS system installed in the car indicates that
car 60 miles north and 30 miles east from the
starting point. Find the distance travelled on
the dirt road.

2.104 A particle is held at point P with the
help of three strings PA, PB, and PC. Let the
tensions in the three strings be T' a, T'g, and
T ¢, respectively (so that T a acts aong line
PA and so on). The equilibrium of the partlcle
ra:]ulresthaITA+TB+TC+W = 0 where
W = —10N k isthe weight of the particle.
Find the magnitudes of tensions in the three
strings.
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problem 2.104:
(Filename:pfigure2.4.3D1)

2.105 You are given that 171 + Fz + ﬁ3 =
5kN j where F; = (20 —3j +4k) kN, F, =
@+ 5]:',) kN. If the magnitude of F; is20kN,
find the direction of F.

2.106 A plane intersects the X, y, and z axis
at 3,4, and 5 respectively. What point on the
planeisinthedirectioni + 2j + 3j fromthe
point (10,10,10)? (Find the x, y and z compo-
nents of the point.). These problems concern
the solution of simultaneous equations. These
could come from various vector equations.

2.107 Write the following equations in matrix
form to solvefor x, y, and z:
2x—3y+5=0,
y+2rz=21,

1
éx—2y+nz—11=0.

2.108 Are the following equations linearly in-
dependent?

a) X1+ 2x2 + x3 =30
b) 3x1 + 6x2 + 9x3 = 4.5
C) 2X1 + 4xp + 15x3 = 7.5.

2.109 Write computer commands (or a pro-
gram) to solve for x, y and z from the fol-
lowing equations with r as an input variable.
Your program should display an error message
if, for a particular r, the equations are not lin-
early independent.

a Sx+2ry+z=2

b) 3x+6y+(2r —1)z=3

C) 2X+(r —1)y+3rz=>5.
Find the solutionsforr = 3, 4.99, and 5.
2.110 An exam problem in statics has three un-
known forces. A student writes the following
three equations (he knows that he needs three
equations for three unknowns!) — one for the
force balance in the x-direction and the other

two for themoment balance about two different
points.

8 Fi-3F+ 5F3=0

b) 2F1+%F2=0
c) gF2+«/§F3=0.

APPENDIX 2. Contact: friction and collisions

Can the student solve for Fq, Fp, and F3
uniquely from these equations? *

2.111 What is the solution to the set of equa-
tions:

X+y+z4+w = 0
X—y+z-—w = 0
X+y—-z—-w = 0
X+y+z—w = 2?

2.5Equivalent forcesystems
and couples

2.112 Find the net force on the particle shown
in the figure.

6N
4
@ P 10N
J L D—
)
8N
problem 2.112:

(Filename:pfigure2.3.rpl)

2.113 Replace the forces acting on the parti-
cle of mass m shown in the figure by a single
equivalent force.

2T

.
T €=l Qn%/?»o'

J
L. mg
1
problem 2.113:

(Filename:pfigure2.3.rp2)

2.114 Find the net force on the pulley due to
the belt tensions shown in the figure.
J L

S!N

)
problem 2.114:

50N

~

(Filename:pfigure2.3.rp3)

2.115 Replace the forces shown on the rectan-
gular plate by asingle equivalent force. Where
should thisequivalent force act on the plateand
why?

300mm
A D| |
200mm
SN_, B cli
|
4N 5VN
problem 2.115:

(Filename:pfigure2.3.rp4)

2.116 Threeforcesact on aZ-section ABCDE
as shown in thefigure. Point C liesin the mid-
dle of the vertical section BD. Find an equiva-
lent force-couple system acting on the structure
and make a sketch to show whereit acts.

_)TB

‘ 0.5m

problem 2.116:
(Filename:pfigure2.3.rp5)

2.117 The three forces acting on the circular
plate shown in the figure are equidistant from
the center C. Find an equivalent force-couple
system acting at point C.

F

NIlw

problem 2.117:
(Filename:pfigure2.3.rp6)

2.118 The forces and the moment acting on
point C of the frame ABC shown in the fig-
ure are Cx = 48N, Cy = 40N, and M¢ =
20N-m. Find an equivalent force couple sys-
tem at point B.
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l 12m

A
~ I
problem 2.118:

(Filename:pfigure2.3.rp7)

2.119 Find an equivalent force-couple system
for the forces acting on the beam shown in the
figure, if the equivalent system isto act at

a) point B,

b) point D.
2kN
A B DI
C
2m 2m
1kN 2KkN
problem 2.119:

(Filename:pfigure2.3.rp8)

2.120 The figure shows three different force-
couple systems acting on a square plate. Iden-
tify which force-couple systemsare equivalent.

13ON

g o+

K

s J?,Zm ‘< 4’ s
- . - ol
30

30N
problem 2.120:

40N

30N
—e

N

20N 20N

(Filename:pfigure2.3.rp9)

2.121 The force and moment acting at point
C of a machine part are shown in the figure
where Mc is not known. It is found that if the
given force-couple systemisreplaced by asin-
gle horizontal force of magnitude 10N acting
at point A then the net effect on the machine
part is the same. What is the magnitude of the
moment M¢?

1 30cm c

problem 2.121:
(Filename:pfigure2.3.rp10)
2.1222D. Assume aforce system |seqU|va|ent

to a force Fl % 0 and couple My = Mik
acting at point 7 1.

@ Find some point 7, and force ﬁz S0
that F, acting at 7', isequivalent to F;
and M, actingat 7. *

b) Find all possible wrenches (combina-
tions of point location, force and mo-
ment) equivalent to the system with Fy
and M, actingat 7. *

c) Describe the situation in the special
casewhen F; = 1=0.*%

2.1233D. Assume aforce system is equivalent
to aforce F; and couple M acting a point
.

@ Find some point r2, and Fz and M2
acting at r2 sothat it |seqU|vaIent tothe
system above and so that Fz isparallel
to M. Finding such apoint, force and
moment is called “reducing the force
system to awrench”. *

b) Find all possible wrenches (combina-
tions of point location, force and mo-
ment) equivalent to the system with Fy
and M, actingat 7. *

Note, one special case with adlightly different

result than the other casesisif F; = 0, soiit
should be treated separately.

2.6 Center of mass and cen-
ter of gravity

2.124 An otherwise massless structure is made
of four point masses, m, 2m, 3m and 4m, lo-
cated at coordinates (0, 1m), (I1m, 1 m), (1m,
—1m), and (0, —1m), respectively. Locatethe
center of mass of the structure. *

2.125 3-D: The following data is given for
a structural system modeled with five point
masses in 3-D-space:

mass coordinates (in m)
0.4kg (1,0,0)
0.4kg (1,1,0)
0.4kg (2,1,0)
0.4kg (2,0,0)
1.0kg (1.5,1.5,3)

Locate the center of mass of the system.

2.126 Write a computer program to find the
center of mass of apoint-mass-system. Thein-
put to the program should be atable (or matrix)
containing individual masses and their coordi-
nates. (It is possible to write a single program
for both 2-D and 3-D cases, write separate pro-
gramsfor thetwo casesif that iseasier for you.)
Check your program on Problems 2.124 and
2.125.

2.127 A cylinder of massmy and radius Rrolls
on aflat circular plate of mass mp and length
£. Let the position of the cylinder from the
|eft edge of the plate be x. Find the horizontal
position of the center of mass of the system as
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a function of x and a non-dimensional mass
parameter M = my/my.

X |

A my B

problem 2.127:
(Filename:pfigure2.5.baranddisk)

2.128 Two massesm1 and my areconnected by
amassless rod AB of length £. In the position
shown, therod isinclined to the horizontal axis
at anangled. Find the position of the center of
mass of the system asafunction of angled and
theother givenvariables. Check if your answer
makes sense by setting appropriate values for
mq and my.

problem 2.128:

(Filename:pfigure2.5.dumbbell)

2.129 Find the center of mass of the following
composite bars. Each composite shapeismade
of two or moreuniformbarsof length0.2mand
mass 0.5kg.

@ (b)

(©

problem 2.129:
(Filename:pfigure3.cm.rp7)

2.130 A double pendulum consists of two uni-
form bars of length £ and mass m each. The
pendulum hangs in the vertical plane from a
hinge at point O. Taking O as the origin of a
Xy coordinate system, find the location of the
center of gravity of the pendulum asafunction
of angles 61 and 6.
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problem 2.130:
(Filename:pfigure2.5.dpend)

2.131 Find the center of mass of the follow-
ing two objects [Hint: set up and evaluate the
needed integrals.]

@ Y
Tm:Zkg

r=05m

(b)

@) X
problem 2.131:

(Filename:pfigure3.cm.rp8)

2.132 A semicircular ring of radius R = 1m
and mass m; = 0.1kg rests in the vertical
plane. A bead of mass my = 0.25kg slides
on the ring. Find the position of the center
of mass of the ring-bead-system at an instant
when 6§ = 30°. How does the center of mass
position change as 6 changes?

BN
my m,

7
problem 2.132: g

(Filename:pfigure2.5.halfring)

2.133 A uniform circular disk of mass m and
radius R rolls on an inclined rectangular plate
of mass 3m and dimensions 2R x ¢. When
the plate is horizontal (6 = 0), the left lower
corner of the plateis at the origin of afixed xy
coordinate system. Find the coordinates of the

APPENDIX 2. Contact: friction and collisions

Lenter of massof the systemfor m = 1kg, ¢ J
Im,z=02m,and R=0.1m.

X
problem 2.133:

(Filename:pfigure2.5.baranddisk2)

2.134 Find the center of mass of the follow-
ing plates obtained from cutting out a small
section from a uniform circular plate of mass
1kg (prior to removing the cutout) and radius
1/4m.

@ 200 mm x 200 mm

C

(b) r =100 mm
3 s
100 mm
problem 2.134:

(Filename:pfigure3.cm.rp9)
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Problems for Chapter 3

Free body diagrams

3.1 Free body diagrams

3.1 How does one know what forces and mo-
mentstousein

a) the statics force balance and moment
balance equations? *

b) thedynamicslinear momentum balance
and angular momentum balance equa-
tions? *

3.2 In a free body diagram of a whole man
standing with his right hand extended how do
you show theforceof hisright arm on hisbody?
*

3.3 Reproduce the first column of the table in
Fig. 3.4 on page 82 for the force acting on your
right foot from the ground as you step on a
stair.

3.4 Reproduce the second column of the table
inFig. 3.4onpage82for aforceinthedirection
of 37 + 4 but with unknown magnitude.

3.5 Reproduce the third column of the table
in Fig. 3.4 on page 82 for a50N force in the
direction of the vector 3i + 4.

3.6 A point massm at G is attached to apiston
by two inextensible cables. There is gravity.
Draw a free body diagram of the mass with a
little bit of the cables.

9a | 5a |

problem 3.6:
(Filename:pfigure2.1.suspended.mass)

3.7 A thin rod of mass m rests against afric-
tionlesswall and afloor with more than enough
friction to prevent dip. Thereis gravity. Draw
afree body diagram of the rod.

no friction
N

=g

c/\

ladder

_~~, _friction
B //
problem 3.7:
(Filename:pfigured.single.ladder)

3.8 A uniform rod of mass m restsin the back
of aflatbed truck as shown in the figure. Draw
afree body diagram of therod.

frictionless

m

R
=

problem 3.8:

(Filename:pfig2.2.rp5)

3.9 Theuniform rigid rod shown in the figure
hangs in the vertical plane with the support of
the spring shown. In this position the spring is
stretched A¢ from itsrest length. Draw afree
body diagram of the spring. Draw a free body
diagram of the rod.

problem 3.9:
(Filename:pfig2.1.rp1)

3.10 A disc of mass m sitsin awedge shaped
groove. Thereisgravity and negligiblefriction.
Draw afree body diagram of the disk.

y
01 02

X
problem 3.10:

(Filename:ch2.5)

3.11 A block of mass missitting on asurface
supported at points Aand B. Itisacted upon at
point E by the force P. Thereis gravity. The
block is diding to the right. The coefficient of
friction between the block and thegroundis .
Draw afree body diagram of the block.

2b
C —b—ID
‘ !
d
G 2d
A B
problem 3.11:

(Filename:ch2.1)

3.12 FBD of ablock. Theblock of mass 10kg
is pulled by an inextensible cable over the pul-
ley.

a) Assuming the block remains on the
floor, draw afree diagram of the block.
(There are various correct answers de-
pending how you model the interac-
tion of the bottom of the block with the
ground. SeeFig. 3.21 on page 95)

b) Draw afree body diagram of the pulley

with alittle bit of the cable extending
to both sides.
,X—{ F=50N
=

m= 10 kg

L
1

.~ frictionless

problem 3.12:
(Filename:pfigure2.1.block.pulley)

3.13 Cantilevered truss A truss is shown as
well asafree body diagram of the whole truss.
a) Draw afree body diagram of that por-
tion of the trussto the right of bar GE.

b) Draw afree body diagram of bar IE.

c) Draw afree body diagram of the joint
at | with asmall length of the bars pro-
truding from 1.
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s, b
problem 3.13:

(Filename:pfigure.derrick)

3.14 An X structure A free body diagram of
the joint Jwith alittle bit of the bars near Jis
shown. Draw free body diagrams of each bar
and of the whole structure. *

2 F:\/(fm’lﬁj\:
problem 3.14:

(Filename:pfigure.xstructure)

3.15 Pulleys Draw free body diagrams of
a) mass A with alittle bit of rope
b) mass B with alittle bit of rope
¢) Pulley B with three bits of rope
d) Pulley C with three bits of rope

e) Thesystem consisting of everything be-
low the ceiling

A

problem 3.15:
(Filename:pfigure3.3.DH1)

3.16 FBD of an arm throwing aball. An
arm throwsaball up. A crude model of anarm
isthat it is made of four rigid bodies (shoul-
der, upper arm, forearm and a hand) that are
connected with hinges. At each hingethereare
muscles that apply torques between the links.
Draw aFBD of

a) the system consisting of the whole arm
(three parts, but not the shoulder) and
the ball.

b) thebal,

¢) the hand, and
d) thefore-arm,
€) theupper arm,

APPENDIX 3. Contact: friction and collisions

problem 3.16:
(Filename:efig2.1.23)

3.17 Two frictionless blocks sit stacked on a
frictionlesssurface. A force F isappliedtothe
top block. Thereis gravity.

a) Draw a free body diagram of the two
blockstogether and afreebody diagram

of each block separately.
?
g F
l mq ———
a
my
problem 3.17:

(Filename:ch2.3)

3.18 For the system shown in the figure draw
free body diagrams of each mass separately
and of the system of two blocks.

a) Assumethereisfrictionwith coefficient
w. At the time of interest block B is
sliding to theright and block A isslid-
ing to the left relative to B.

b) Assume there is so much friction that
neither block slides.

problem 3.18:
(Filename:pfig2.1.rp7)

3.19 Spool Draw afree body diagram of the
spool shown, including a bit of the rope. As-
sume the spool does not slid on the ramp.

problem 3.19:

(Filename:pfigured.single.spool)

3.20 The strings hold up the mass m = 3kg.
Thereis gravity. Draw afree body diagram of
the mass.

problem 3.20:
(Filename:pfigure2.1.3D.pulley.fbd)

3.21 Mass on inclined plane. A block of
mass m rests on a frictionless inclined plane.
It is supported by two stretched springs. The
mass is pulled down the plane by an amount
§ and released. Draw a FBD of the mass just
after it isreleased.

=

K
problem 3.21:
(Filename:efig2.1.24)

3.22 Hanging a shelf. A shelf with negligible
mass supports a 0.5 kgmass at its center. The
shelf is supported at one corner with aball and
socket joint and the other three corners with
strings. Draw a FBD of the shelf.

problem 3.22:

(Filename:ch3. 14).

3.23 Sign Draw afreebody diagram of thesign
shown.
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ball and socket

problem 3.23:
(Filename:pfigure3.5.2)
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APPENDIX 4. Contact: friction and collisions

Problems for Chapter 4

Statics

4.1 Staticequilibrium of one
body

4.1 N small blocks each of mass m hang ver-
tically as shown, connected by N inextensible
strings. Find thetension Ty, in string n. *

n=N
problem 4.1:

(Filename:pfigure2.hanging.masses)

4.2 A body of mass m = 2kg hangs from
strings AB and AC as shown. AB is horizon-
tal and & = 45°. Find the tension in the two
strings.

mA

problem 4.2:

(Filename:pfigure4.1.rpl)

4.3 A body of mass m = 5kg at the end of a
horizontal massless rod CB of length 1.2m is
held in place with the help of a string AB that
makesanangled = 45° withthevertical inthe
equilibrium position. Find the forcein the bar
CB.

massless rod m

problem 4.3:
(Filename:pfigured.1.rp2)

4.4 A block of massm+5kgrestsonafriction-
lessinclined plane as shown in the figure. Let
6 = a = 30°. Find the tension in the string.

problem 4.4:

(Filename:pfigure4.1.rp3)

4.5 A carton of mass 150Kkg is lifted with the
help of a pulley arrangement shown in the fig-
ure. If the movable (lower) pulley has a mass
of 50kg, find the force F required to hold the
carton (or lift it very sowly) in static equilib-
rium.

X

150 kg

|
-

50 kg
problem 4.5:
(Filename:pfigured.1.rp4)

4.6 An object of massm = 1Kkg is held in
equilibriumin the vertical plane by two strings
ACandBC.Let# =30°and 0 < k < 3. Find
and plot the tension in the two strings against
k6 and comment on thevariation of thetension.

B
A

5 k8

m
Ce
N
problem 4.6:
(Filename:pfigure4.1.rp5)

4.7 A solid sphere of massm = 5kg and ra-
dius R = 250 mm rests between two friction-
lessinclined planes. Let @ = 60°. Find the
magnitudes of normal reactions of the plane as
functions of g and plot normalized reactions
(N1/mg and N»/mg for 0 < 8 < 90°.

H=0

H=0

problem 4.7:
(Filename:pfigured.1.rp6)

4.8 A block rests on the inclined surface of a
cart that rests on the ground. The cart surface
makes an angle of & = 35° with the ground.
The coefficient of friction between the cart and
theblockis = 0.3. Find thelargest massthat
would rest on the cart without slipping.

problem 4.8:

(Filename:pfigure4.1.rp7)
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4.9 A spherical body of mass m = 10kg and
radius R = 100 mm hangs from a continuous
string as shown in the figure. The body is par-
tially submerged in water and angle o = 45°
(fixed). If the force of buoyancy is pV g where
p = 1000kg/ m3 = density of water, V is
the submerged volume of the body, and g is
the usual g; find the tension in the string as
afunction of the submerged volume V. Find
the maximum and the minimum tension corre-
sponding to fully and zero submerged volume
of the body respectively.

(Filename:pfigure4.1.rp8)

4.10 A weight W isheld in place with aforce
F = 100N applied through a massless pulley
as shown in the figure. The pulley is attached
to arod CB which, in turn, is held horizontal
with the help of a string AB. Find the force in
rod CB.C

problem 4.10:
(Filename:pfigure4.1.rp9)

4.11 For static equilibrium of the system and
the configuration shown in the figure, find the
support reaction at end A of the bar.

problem 4.11:

(Filename:pfigure4.1.rp10)

4.12 A hoarding issupported by atwo bar truss
as shown in the figure. The two bars have pin
joints at A, B, and C. If the total wind load
on the board is estimated to be 300N, find the
forcesin bars AB and BC.

B F

-

problem 4.12:
| (Filename:pfigure4.1.rp11)

4.13 A simply supported two bar truss supports
aload of 200N at joint B with the help of a
horizontal force F applied at joint C. Find F.

200N

problem 4.13:
(Filename:pfigure4.1.rp12)

4.14 1n the mechanism shown, find the maxi-
mum force F that can be applied at A normal
to the link AB such that the magnitude of the
forceinrod CD does not exceed 10kN.

problem 4.14:
(Filename:pfigure4.1.rp13)

4.15 What force should be applied to the end
of the string over the pulley at C so that the
mass at Aisat rest?

-2m--— 3m —
problem 4.15:

(Filename:f92hlpl.a)
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4.16 Assuming the spool is massless and that
thereisnofriction at point A, find the force on
the spoal at B in order to maintain equilibrium.
Answer in terms of some or all of r, R, g, 9,
and m.

problem 4.16:

(Filename:pfigure.spoolinwedge)

4.17 A weight M is steadily raised by pulling
withaforce F onaropegoing over anegligible-
mass pulley on an unlubricated journal bearing
(noball bearings). For anideal frictionlesspul-
ley F = Mg. Here we have afriction coeffi-
cient between the bearing and its axle which
isisu = tang. [Hint: Finding the location
of the contact point D is probably part of your
solution.]

a) Find F interms of M, g, R,r and u
(or ¢ or sing or cos¢ — whichever
is most convenient. For example
cos(tan—1(p)) isjust cos¢), and

b) Evauate F in the specia case that
M = 100kg,g = 10m/s&,r =
lcm,R = 2cm, and = +/3/3
(so ¢ = m/6,9in¢p = 1/2,cos¢p =
V3/2).

problem 4.17:

(Filename:pfigure.s01.p2.3)

4.18 Find theminimum coefficient of friction
needed for afront wheel drive car to go up hill.
Answer intermsof someor al of a, b, h,m, g
and 6.
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problem 4.18:

(Filename:pfigure.frontwheelup)

4.2 Elementary truss analy-
Sis
4.19 Find the support reactions on the truss

shown in the figure taking F = 5kN.

H

G
A 30
T J‘ 4 }° 2
1 F oy F F
f m —f m 4 1m ) 1m
problem 4.19:

(Filename:pfigure4.2.trussl)

4.20 How do the support reactions on the truss
shown in the figure change if the load at point
C isreplaced by three equal loads, F/3 each,
acting at points D, E, and F?

2m

problem 4.20:
(Filename:pfigure4.2.truss2)

4.21 Thestairstep trussshownin thefigure has
500 mm long horizontal and vertical bars. Find
the support reactions at A and E when a load
W = 1kN is applied at (a) point B, (b) Point
C, and (c) point D, respectively.

E

i

A

problem 4.21:
(Filename:pfigure4.2.truss3)

APPENDIX 4. Contact: friction and collisions

4.22 Find the support reactions at A and F
for aload F = 3kN acting at D at 45° with
respect to CD, if £ = 1mand # = 60°. How
will the support reactions changeif bar BF was
removed and used to connect joints A and E
instead of B and F?

problem 4.22:
(Filename:pfigured.2.truss4)

4.23 Find the support reactions for the
two trusses without any (written) calculations.
Should the support reactions be different?
Why?

T
I/
l
5kN 5kN
l
T
14
l
e
problem 4.23:

(Filename:pfigure4.2.truss5)

4.24 Findthezero-forcemembersinthetrusses

below.
F
a)

b) «—F

problem 4.24:

(Filename:pfigure.zeroforcetruss)

4.25 All of the bars in the symmetric truss

below are either level or at 30° from the hori-

zontal. Find all the bar forces and reactions.

Lealaf 3

I

problem 4.25:

(Filename:pfigure.simpl etruss)

4.26 Findtheforcesin barsFH, FB, and BC of
thetrussshowninthefiguretaking F = 10kN.
Now pretend that bars FC and CG are removed
and two new bars BH and HD are put in place.
Find the forces in bars FH, FB, and BC again.
Arethe forces different now? Why?

H

G

:A, %o. 115 < e —pF

LR
problem 4.26:

(Filename:pfigure4.2.truss6)

4.27 Find theforcesin barsBC and BD inthe
truss shown in the figure. How does the force
changein each of thesebarsif theload ismoved
to joint B from joint E?

8 L € 2
50 kN

problem 4.27:

(Filename:pfigure4.2.truss7)

4.28 For the truss shown, please find:
a) Thereaction at J.

b) The bar force in BC (tension or com-

pression).
¢) The force in bar CG (tension or com-
pression).
R
C
]
L A E G D
) |
J H \@ P 100N
_— >
o o
problem 4.28:

(Filename:pfigure.s01.p1.1)
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4.29 Analyzethetrussshownin thefigureand
find the forcesin all the bars.

2kN 5kN  2kN
R o 1.

A AN 4s 45°
A < S
fc

4
" e

problem 4.29:
(Filename:pfigure4.2.truss8)

4.30 Find the force in each bar of the stair-
case truss shown in the figure by writing the
required number of equilibrium equations and
then solving them on a computer.

E*
1501b
3001b D F
1501b €
R
1
A/ 1
G
problem 4.30:

(Filename:pfigure4.2.truss9)

4.31 Use method of jointsto analyze the truss
shown in the figure and find out forces in all
bars. Use symmetry to reduce the number of
equations you need to solve.

problem 4.31:

(Filename:pfigure4.2.truss10)

4.3 Advanced truss analy-
sis. determinacy, rigidity,
and redundancy

4.32 Find the tensions in all the bars, and all
the reactions for these structures.

a) A square supported by four bars. This
is perhaps the simplest rigid structure
that has no triangles.

b) The 9-bar structure shown. This struc-
ture aso has no triangles in that there
is no closed circuit that involves only
three bars (for example, from D to A to
B to C and back to D involves 4 bars).
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¢ 0

£t 4 9 2

| £ &
ne fnh at k
ne i ik
(("kV. 7 bavS m;ﬁ(/l
problem 4.32: problem 4.33:

(Filename:pfigure.adviruss1) (Filename:pfigure.advtruss2)

4.34 For thefollowing structuresfind at least 2
different sets of bar forces that can equilibrate
the applied load shown.

a) Two barsin aline with a force in the
sameline.

b) A square with two diagonal braces.

4.33 For thestructuresand | oading shown show
that thereisno set of bar forcesfor which equi-
librium is possible (at least with the geometry
shown). All of these structures are not rigid, F
they require either infinite bar forces or some
(or alot of) deformation to withstand the load

applied {baw
a) Two barsinastraight line. b) ﬁ B ; F
b) A sguare without a diagonal.
< )

¢) A regular hexagon with three diame-
ters. [This problem is hard and might
best be answered using linear algebra
methods on the matrix form of the sys-
tem of equilibrium equations.]

//

(Filename:pfigure.advtruss3)

problem 4.34:
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4.35 For each of the structures below and the
shown loading answer these questions:

i) Does a set of equilibrium bar forces and
ground reactions exist? ii) If so, find one such
set. iii) Arethesolutions, if they exist, unique?
iv) If not find at least two solutions. v) Isthe
structure rigid? vi) If not, how can it deform?

a) One hanging rod
b) A braced pole
c) A tower

d) Two barsholding avertical load. Com-
ment in your answers how they change
inthelimité — 0.

€) A regular hexagon with three diagonals
(thisisahard problem).

problem 4.35:
(Filename:pfigure.advtruss4)

4.4 |nternal forces

4.36 A cantilever beam AB isloaded as shown
in the figure. Find the support reactions on the
beam at the left end A.

1kN
500 N/m
222222221212 11%
IA B
| 2m |
problem 4.36:

(Filename:pfigure4.4.beamcl 1)

4.37 A ssmply supported beam AB of length
¢ = 6mispartly loaded with a uniformly dis-
tributed load asshowninthefigure. Inaddition,
there is a concentrated load acting at £/6 from
theleft end A. Find the support reactionson the
beam.

APPENDIX 4. Contact: friction and collisions

200N
20 N/m
pis FY
—| £16 L ‘% 02—
problem 4.37:

(Filename:pfigure4.4.beamss2)

4.38 An (inverted) L-shaped frame is loaded
with two equal concentrated forces of magni-
tude 50 N each as shown in thefigure. Find the
support reactions at A.

problem 4.38:
(Filename:pfigure4.4.frame3)

4.39 Find the shear force and the bending mo-
ment at the mid section of the simply supported
beam shown in the figure.

50 N/m
A B
=~
/2 ——— /2 —
problem 4.39:

(Filename:pfigure4.4.beamss4)

4.40 A cantilever beam ABC is loaded with
a linearly variable distributed load along two
thirds of its span. The intensity of the load at
theright end is 100 N/m. Find the shear force
and the bending moment at section B of the
beam.

600 N/m
I m
A B ‘C
|

} 3m
problem 4.40:

(Filename:pfigure4.4.beamcl5)

4.41 Analyzetheframeshowninthefigureand
find the shear force and the bending moment at
the end of the vertical section of the frame.

g 1Mo

problem 4.41:
(Filename:pfigured.4.frame6)

4.42 A force F = 1001bf isapplied to the bent
rod shown. Before doing any calculations, try
to figure out the tension at D in your head.

a) Findthereactionsat A and C.

b) Findthetension, shear and bendingmo-
ment at the section D. Check your an-
swer against what you figured out in

your head.
F
C
AT
3ft
A DE \
F—3ft——3ft—
problem 4.42:

(Filename:pfigure.bentrod)

4.43 Draw the shear force and the bending
moment diagramfor the cantilever beam shown
in the figure.

1kN

|
IA B

| Im |
problem 4.43:

(Filename:pfigure4.4.beamcl 7)

4.44 A smply supported beam AB is loaded
aong onethirds of its span from both endsby a
uniformly distributed load of intensity 20N/m.
Draw the shear force and the bending moment
diagram of the beam.

2 KkN/m 2 kKN/m
A 1 B
—/3— /3|
problem 4.44:

(Filename:pfigure4.4.beamss8)

4.45 The cantilever beam showninthefigureis
loaded with a concentrated load and a concen-
trated moment asshowninthefigure. Draw the
shear force and the bending moment diagram
of the beam.

100 N
‘ 50 N-m
| |
A B
| 2m |
problem 4.45:

(Filename:pfigure4.4.beamcl 9)
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4.46 A cantilever beam AB isloaded with atri-
angular shaped distributed load as shown inthe
figure. Draw the shear force and the bending
moment diagrams for the entire beam.

L 100 N/m

lllllllll‘*ivvv

|
A ;
I

} 2m
problem 4.46:

(Filename:pfigure4.4.beamcl 10)

447 A regulation 16 ft diving board is sup-
ported as shown.

a) Whereisthebending moment thegreat-
est and how big isit there?

b) Draw a bending moment diagram for

this board.
300 Ibfl

10 ft -

. .
F— 6ft —
problem 4.47:

(Filename:pfigure.divingboard)

4.48 The cantilever steel beam isloaded by its
own weight.

a) Find the bending moment and shear
forceat thefree and at the clamped end.

b) Draw ashear force diagram
c) Draw abending moment diagram

d) Thetension stress o in the beam at the
top edge where it isbiggest is given by
o = 12M/h3 where h = 1in for this
beam. The strength (the maximum ten-
sion stressthe material can bear) of soft
steel is about omax = 30, 0001bf/in2.
What is the longest a beam with this
cross section be made and still not fail?

| 5ft

=1 in—
T Cross section:
lin 1inch square stedl,
1 p =500 Ibm/in®
problem 4.48:
(Filename:pfigure.bendingownweight)

4.49 A frame ABC is much like a cantilever
beam with a short bent section of length 0.5m.
The frame is loaded as shown in the figure.
Draw the shear force and the bending moment
diagrams of the entire frame indicating how it
differs from an ordinary cantilever beam.

100 N/m

problem 4.49:
(Filename:pfigure4.4.framel1)

4.50 A 10 pound ball is suspended by along
steel wire. The wire has a density of about
5001bm/ ft3. The strength of the wire (the
maximum force per unit area it can carry) is
about omax = 60, 0001bf/ in2.

a) First, neglecting the weight of the wire
in the calculation of stress, what is

the weight of wire needed to hold the
weight?

b) Takingaccounttheweight of thewirein
theload calculation, what isthe weight

of wire needed to hold the weight? *

10 mi &

10 Ibm

problem 4.50:
(Filename:pfigure.hangingrod)

4.5 Springs

451 Find F in terms of some or al of kq, ko,
£oandé.
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problem 4.51:
(Filename:pfigure.springl)

452 Find F interms of some or al of k1,41,
ko, £2, Lo and . Notethat F is generaly not
zero even if § iszero.

a) Springsin pardlel.

b) Springsin series.

(G
A
/
problem 4.52:

(Filename:pfigure.spring2)

4.53 For small § what is the relation between
F and § (and g and ¢) for a static pendulum?

9d

problem 4.53: A pendulum as a spring.
(Filename:pfigure.spring3)

a) Springsin paralel.

b) Springsin series.

454 A zero length spring (relaxed length
£ = 0) with stiffness k = 5N/m supports
the pendulum shown. Assume g = 10 N/ m.
Find 6 for static equilibrium. *



5
L=3m
problem 4.54:

(Filename:pfigure2.blue.80.2.8)

4.55 The ends of three identical springs are
rooted at the corners of a 10 cm equilatera tri-
angle with base that isin the direction. Find

the force F needed to hold the ends of the
springs 5cm to the right of the triangle center
if

a) ¢o=0k=10N/cm?

b) €9 = 10/+/3cm, k = 10N/ cm?

Equilib position when
no force

|le— [ 0¢cm ’A\

problem 4.55:

(Filename:pfigure.threesprings)
4.56

a) interms of some or al of k, £g,r, and
0 find F. The hoop isrigid, round and
frictionless and the force is tangent to
the hoop.

b) How doesthe answer above simplify in
the special case that £ = 0? [You can
do this by simplifying the expression
above, or by doing the problem from
scratch assuming g = 0. In the lat-
ter case, an answer can be generated
quickly if vector methods are used.]

problem 4.56:

(Filename:pfigure.spring4)
457
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a) Find F for equilibrium for the paral-
lelogram structure shown assuming the
rest length of the spring is zero.

b) Comment on how your answer above
dependson 6.

/’(/Z’

problem 4.57:

(Filename:pfigure.spring5)

458 A common lamp design is shown. In
principle the lamp should be in equilibrium in
all positions. According to the original patent
from the 1930s it can be, even with no friction
in the joints. Unfortunately, the recent man-
ufacturers of this lamp seem to have lost the
wisdom of the original patent. Show how to
place what springs so this lamp is in equilib-
riumforall 0 < w/2and ¢ < 7/2. [Hint: use
springs with zero rest length.]

problem 4.58: Lamp.
(Filename:pfigure.spring6)

4.6 Structuresand machines

459 See also problems 6.17 and 6.18. Find
the ratio of the masses m; and my so that the
systemisat rest.

(Filename:pulley4.c)

4.60 (See aso problem 6.48.) What are the
forces on the disk due to the groove? Define
any variables you need.

y
01 02

X
problem 4.60:

(Filename:ch2.5.b)

4.61 Pulling on the handle causes the stamp
arm to press down at D. Neglect gravity and
assume that the hinges at A and B, as well as
theroller at C, are frictionless. Find the force
N that the stamp machine causes on the support
at D interms of some or al of F, w,d, ¢, h,
and s.

—
Fn
handle
A stamp arm
. K —iY
C D
| |
s h
B
LJ
— w a‘% d —-
L

problem 4.61: Stamp machine.
(Filename:pfigure.01.f3)

4.62 Twogear sat rest. Seealsoproblems7.76
and ??. At the input to a gear box, a 1001bf
force is applied to gear A. At the output, the
machinery (not shown) applies a force of Fg
to the output gear. Assume the system of gears
isat rest. What is Fg?

no slip

FA =1001b
problem 4.62: Two gears.
(Filename:pg131.3.3)

4.63 The structure consists of two pieces. bar
AB and ‘T’ EBCD. They are connected to each
other with ahinge at B. They are connected to
the ground with hinges at A and E. The force
of gravity is negligible. Find

a) Thereactionat A.

b) Thereactionat E.

¢) Why are these forces so big or small?
(Your answer should be in words).
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| B 10in*>‘c 10inﬂ‘

R )
3 E A }
T 101b

*‘3in ‘¢

13in h.‘

problem 4.63:
(Filename:pfigure.s01.p1.2)

4.64 Seeasoproblem 4.65. A reel of mass M
and outer radius R is connected by ahorizontal
string from point P acrossapulley to ahanging
object of mass m. The inner cylinder of the
reel hasradiusr = 1R. Theslopehasangled.
Thereisno dlip between the reel and the slope.
Thereis gravity.

a) Find theratio of the masses so that the

systemisat rest. *

b) Find the corresponding tension in the
string, intermsof M, g, R, and 6. *

¢) Findthecorrespondingforceonthereel
at its point of contact with the slope,
point C, intermsof M, g, R,and 6. *

d) Another

look at equilibrium. [Harder] Draw
a careful sketch and find a point where
the lines of action of the gravity force
and string tension intersect. For thereel
tobeinstaticequilibrium, thelineof ac-
tion of thereaction forceat C must pass
through this point. Using thisinforma-
tion, what must the tangent of theangle
¢ of the reaction force at C be, mea
sured with respect to the normal to the
slope? Doesthisanswer agreewith that
you would obtain from your answer in
part(c)? *

€) Whatistherelationship betweenthean-
gle ¢ of the reaction at C, measured
with respect tothenormal totheground,
and the mass ratio required for static
equilibrium of thereel? *

Check that for 6 = 0, your solution gives i =
Oand Fc = Mgj and for 6 = %, it gives
w =2and Fc = Mg(@ + 2j).

M massess

problem 4.64:
(Filename:pfigure2.blue.47.3.a)

4.65 Thisproblemisidentical to problem 4.64
except for the location of the connection point
of the string to the reel, point P. A reel of
mass M and outer radius R is connected by

an inextensible string from point P across a
pulley to ahanging object of massm. Theinner
cylinder of the reel hasradiusr = 3R. The
slopehasangle 6. Thereisno slip between the
reel and the slope. There is gravity. In terms
of M, m, R, and 6, find:

a) theratioof themassessothat thesystem

isat rest, *

b) the corresponding tension in the string,
and *

¢) thecorrespondingforceonthereel atits
point of contact with the slope, point C.
*

Check that for & = 0, your solution gives
W = 0and Fc = Mgj and for 6 = %,
itgives it = —2and Fc = Mg(i — 2j).The
negative mass ratio is impossible since mass
cannot be negative and the negative normal
forceisimpossibleunlessthewall or thereel or
both can‘suck’ or they can‘stick’ to each other
(that is, provide some sort of suction, adhesion,
or magnetic attraction).

problem 4.65:
(Filename:pfigure2.blue.47.3.b)

4.66 Two racks connected by three gears at
rest. See also problem 7.86. A 1001bf force
is applied to one rack. At the output, the ma-
chinery (not shown) applies a force of Fg to
the other rack. Assumethe gear-trainisat rest.

What is Fg?
y Fg="?
L \;

massless
rack -

massless

rack
problem 4.66: Two racks connected by

three gears.
(Filename:ch4.5.3)

4.67 Pipewrench. A wrench is used to turn
a pile as shown in the figure. Neglecting the
weight of the pipe, find
a) the torque of the pipe wrench forces
about the center of the pipe

b) theforcesonthe pipeat C and D

¢) the needed friction coefficient between
the wrench and pipe for the wrench not
to dip.

743

d) what design change would reduce this
needed coefficient of friction (what
change of dimensions)? *

€) given that the design change above is
possible, why isn’t it used? [hint: im-
plement the design change and calcu-
|ate the forces on the pipe.] *

! "y

fe— 4]

i t ' 25 1bf
Q[ w1

N
i |
piee |
fe 12" —«——J
problem 4.67:

(Filename:pfigure.wrench)

4.68 The pliers shown are made of five pieces
modeled as rigid: HEG and its mirror image,
DCE and its mirror image, and link CC’. You
may assume that the geometry is symmetric
about ahorizonta line(thetopisamirrorimage
of the bottom). The load F and dimensions
shown are given.

a) Findtheforce squeezing thepieceat D,

b) The stress (force per unit area) in piece
ccC.

¢) What happens to the squeezing forceif
d is made smaller, approaching zero?
(full credit for a coherently explained
answer even if the work above is
wrong). Why can’t this work in prac-

tice?
oot socdion o2
ok o 2L —1y
H Sldje— T
Whadle—fo D te—— fey — !
problem 4.68:

(Filename:pfigure.s01.p2.3.plyers)

4.69 In the flyball governor shown, the mass
of each ball ism = 5kg, and the length of
each link is ¢ = 0.25 m. There are friction-
less hinges at points A, B, C, D, E, F where
the links are connected. The central collar
has mass m/4. Assuming that the spring of
constant k = 500 N/m is uncompressed when
6 = m radians, what is the compression of the

spring?

problem 4.69:

(Filename:summer95p2.2.a)
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4.70 Assume a massless pulley is round and
has outer radius Ry. It slides on a shaft that
has radius R;. Assume there is friction be-
tween the shaft and the pulley with coefficient
of friction w, and friction angle ¢ defined by
= tan(¢). Assume the two ends of the line
that arewrapped around the pulley are parallel.

a) What is the relation between the two
tensions when the pulley is turning?
You may assume that the bearing shaft
touches the hole in the pulley at only
onepoint. * .

b) Plug in some reasonable numbers for
R, Rp and n (or ¢) to see one rea
son why wheels (say pulleys) are such
agood idea even when the bearings are
not all that well lubricated. *

c) (optiona) To further emphasize the
point look at the relation between the
two string tensions when the bearing is
locked (frozen, welded) and the string
slides on the pulley with same coeffi-
cient of friction u (see, for example,
Beer and Johnston Statics section 8.10).
Look at the force ratios from parts (a)
and (b) for areasonable value of 1, say
n=02*

FBD j
J Li
% \n
2 Forces of bearing
o

on pulley
problem 4.70:

(Filename:pfigure.blue.20.2)

4.71 A massless triangular plate rests against
africtionlesswall at point D and isrigidly at-
tached to amasslessrod supported by twoidea
bearings fixed to the floor. A ball of mass m
is fixed to the centroid of the plate. There is
gravity and the system is at rest What is the
reaction at point D on the plate?

d=c+(1U2)b /d”y

problem 4.71:
(Filename:ch3.1b)

4.72 Consider a bike on level ground that
is held from falling sideways with forces that
don’t push it forward or back. Assume that all
the bearings areideal and that the wheelsdon’t
dip.

APPENDIX 4. Contact: friction and collisions

R, = radius of rear whesel,
Rs = radius of rear sprocket,
Rp = crank length from crank-axle to pedal,
and
Rc = radius of chain wheel (front sprocket).
What backwardsforce F ontheseatisrequired
to keep the bike from going forward (i.e., to
maintain static equilibrium) if
a) A person sits on the bike and pushes
back on the bottom peda with aforce
Fp? (isF > 0?)

b) A person standing next to the bike
pushesback onthe pedal withforce Fp?
(isF > 0?
Your answer should be in terms of some or all
of Rr, Rs, Rp, Re, and Fp. Of great interest is
whether F is bigger or less than zero. So pay
close attention to signs.
To solve this problem you have to draw several
free body diagrams: 1) of the whole bike and
rider (if therider ison thebike), 2) of the crank-
pedal-chain-wheel system, with a little bit of
chain, 3) Therear wheel and rear sprocket, with
alittle bit of chain.
F=7 < Vs hee

cvank
reav spvocket

</ s Fension (n lower chain.
problem 4.72:

(Filename:pfigure.bikepedal back)

4.7 Hydrostatics

4.73 A balloon with volume V, whose mem-
branehasnegligiblemass, holdsagaswith den-
Sity p2. It issurrounded by a gas with density
p1.
a) Intermsof p1, p2, g, and V, find the
tension in the string.

b) By some means ook up the density of
Helium and air at atmospheric tempera-
ture and pressure and calculate the vol-
ume, in cubic feet and in cubic meters,
of aheliumballoon that could lift 75 kg.

VK
Air M

77 A A
problem 4.73: Baloon
(Filename:pfigure.hydro10)

4.74 The side of a pool is made of vertical
boards which are stuck in the ground. Assum-
ing that the boards, on average, get no support
from their neighbors, and neglect the weight of
the board itself,

a) caculate the force and moment from
the ground on one board (answer in
terms of some or dl of w, h, p, and
g.

b) For a one foot board and 8 foot deep
pooal, find the size of a force, and its
location, so the force is equivaent to
thewater pressure on the board (answer
in Ibf).

J3

777 S
problem 4.74:
(Filename:pfigure.hydrol)

4.75 A dluicegateisadam that can be opened.
Sometimes it is just a board in a dlot that is
opened by pulling up the board. For water with
density p and depth h pressing against a board
with width w pressing against one face of the
slot (the face away from the water) with coef-
ficient of friction u

a) find the force F needed to pull up the
boardintermsof g, p, h, and w.

b) Find the force in pounds force and
Newtons assuming g = 10m/s?, h =
1m, w = 1m,and p = 1000kg/ m3.

problem 4.75:

(Filename:pfigure.hydro2)

4.76 A concrete (density = pc) wall with height
¢, width w and length (into the paper) d rests
on aflat rigid floor and serves as a damn for
water with depth h and density p,,. Assume
the wall only makes contact at edges A and B.

a) Assumethereisasea at A, sono water
gets under the damn. What is the co-
efficient of friction needed to keep the
block from sliding?

b) What is the maximum depth of water
before the block tips?
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c) Assumethat thereisaseal at B and that
water gets under the block. What isthe
coefficient of friction needed to keep
the block from sliding?

d) What is the maximum depth of water
before the block tips?

problem 4.76:
(Filename:pfigure.hydro8)

4.77 A door holds back the water at a lock
on acana. The water surface is at the top of
the door. The rope AB keepsit from swinging
open. The door has hinges at C and D. The
height of the door is h, the width w. The point
B isadistance d above the top of the door and
is set back adistance L. Theweight density of
thewater isy .

a) What isthe total force of the water on

the door?

b) What isthe tension in the rope AB?

:
S~

problem 4.77:

(Filename:pfigure.s01.p1.3)

4.78 This problem somewhat explains the
workings of some toilet valves. Open the tank
of atoilet and look at the rubber piece at the
bottom that sits on the bottom but then floats
after initialy lifted by the turning of the flush
lever. The puzzle this problem solves is this:
Why does the valve stick to the bottom, but
then float when lifted.

a) A hollow cylinder with an open bottom
(like an upside down but open can) is
filled with air but is under water. What
force is required to hold it under water
(intermsof p,r, h, andg? *

b) The samecanisonthebottom of atank
of water and its edges are sealed. The
bottomisopento atmosphericair. How
much force is needed to hold the can
down now (so there is no force from
the bottom of the tank onto the edges of
the cylinder)? *

AT ¢ide vies

problem 4.78:
(Filename:pfigure.hydro3)

Some puzzles. The following puzzles are

sometimes presented as brain teasers. You
should be able to reason the answers carefully
and irrefutably.

4.79 A personisinaboatinapool with surface
area A. She is holding a ball with volume V
and mass m in a still pool. The ball is then
thrown into the pool, no water is splashed out
and the pool comesto rest again.

a) Assuming the ball floats, by how much
does the pool level go up or down?

b) Assuming the ball sinks to the bottom
by how much does the pool level go up
or down?

problem 4.79:
(Filename:pfigure.hydro5)

4.80 A steel boat with massm and density ps is
floating in a pool of water with density p,, and
cross sectional area A. By how much does the
pool level go up or down when the boat sinks
to the bottom?

problem 4.80:

(Filename:pfigure.hydro6)
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4.81 Two cupsof water arebalanced. Youthen
gently stick your finger into one of them. Does
this upset the balance? This experiment can be
set up with two cups and a hexagonal -cross-
section pencil. The cups need not be identical,
they just need to be balanced at the start.

O K

H - ]
(Filename:pfigure.hydro4)

problem 4.81:

4.82 A tray of water is suspended and level.

a) A hand is gently placed in the tray but
does not touch the edges or bottom. Is
the level of the tray upset.

b) Challenge: Assuming thetray ismass-
less with width w and water depth h,
how high must be the hinge so the equi-
librium is stable. That is, imagine the
tray isrotated slightly about the hinge,
thewater pressureshould causeatorque
which tends to restore the vertical ori-
entation shown.

problem 4.82:
(Filename:pfigure.hydro7)

4.83 Challenge: This challenge problem is
closely related to the challenge problem above,
but is much more famous. It seems to have
been first solved by Leonard Euler and Pierre
Bouguer in about 1735. This solution seems
to be the first mechanics problem in which the
significance of the area moment of inertiawas
appreciated [thisisahint].

For simplicity assumethat aboat is shaped
like a box with width h and and length into
the paper of b. Assume that the boat floats
with its bottom a depth d under water. Now
rotate the boat about an axis at the surface of
the water and along its length (into the paper).
Imagine that giant hands hold the boat in this
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position. In this rotated position the effect of
thewater pressureontheboat isabuoyant force
and moment. Thisis equivaent to aforce that
is displaced dlightly sideways.

Your goal isto find the height of the point
that the line of action of this force intersects a
mast of the boat. For small angles of boat tip
the location is independent of the amount of
tip.

This point is called the metacenter of the
hull, and itsdistance up fromthe centroid of the
boat’s submerged volumeisthe hull’smetacen-
tric height. The condition of boat stability is
that the metacenter be above the center of mass
of the boat (thus the moment of the buoyant
forces about the center of masswill tend to re-
store the boat to level).

Euler and Bouguer did the calculation you
are asked to do here after, e.g., , the launch-
ing of the ‘great’ Swedish ship Vasa, which
capsized in the harbor on day 1. Thiswas un-
fortunate for Sweden at the time, but fortunate
now, because the brand-new 375 year old ship
isasee-worthy tourist attraction in Stockholm.

/

problem 4.83: Ship stability.
(Filename:pfigure.hydro9)

4.8 Advanced statics

4.84 See aso problem 5.123. For the three
cases (a), (b), and (c), below, find the tension
inthestring AB. Inall casesthe stringshold up
themassm = 3kg. You may assume the local
gravitational constant is g = 10m/s2. In all
cases the winches are pulling in the string so
that the velocity of the massisaconstant 4 m/s

upwards (in the k direction). [ Note that in
problems (b) and (c), in order to pull the mass
up at constant rate the winches must pull in the
strings at an unsteady speed.] *

APPENDIX 4. Contact: friction and collisions

problem 4.84:
(Filename:f92h1p1)

4.85 The strings hold up the mass m = 3kg.
You may assume the loca gravitational con-
stant is g = 10m/s?. Find the tensionsin the
stringsif the massis at rest.

problem 4.85:
(Filename:f92h1pl.b)

4.86 Uniform plate ADEH withmassmiscon-

nected to the ground with aball and socket joint

at A. Itisaso held by three massless bars (IE,

CH and BH) that have ball and socket joints at

each end, one end at the rigid ground (at I, C

and B) and one end on the plate (at E and H).
Interms of someor al of m, g, and L find
a) thereactionat A (theforceof theground

on the plate),

b) T,
©) Tch,
d) Tau.

problem 4.86:

(Filename:pfigure.01.f1)

4.87 Hanging ashelf. A uniform 5kg shelf is
supported at one corner with a ball and socket
joint and the other three corners with strings.
At the moment of interest the shelf is at rest.
Gravity acts in the—k direction. The shelf is
in the xy plane.

a) Draw aFBD of the shelf.

b) Challenge: without doing any calcula-
tions on paper can you find one of the
reaction force components or the ten-
sionin any of the cables? Giveyourself
a few minutes of staring to try to find
thisforce. If you can't, then come back
to this question after you have done al
the calculations.

¢) Write down the equation of force equi-
librium.

d) Write down the moment bal ance equa-
tion using the center of mass as arefer-
ence point.

€) By taking components, turn (b) and
(c) into six scalar equations in six un-
knowns.

f) Solvethese equationsby hand or onthe
computer.

g) Instead of using a system of equations
try to find a single equation which can
be solved for Tgy. Solve it and com-
pare to your result from before. *

h) Challenge: For how many of the reac-
tions can you find one eguation which
will tell you that particular reaction
without knowing any of the other reac-
tions? [Hint, try moment balance about
various axes aswell asforce balancein
an appropriate direction. It is possible
to find five of the six unknown reaction
components this way.] Must these so-
lutions agree with (d)? Do they?

problem 4.87:

(Filename:pfigure.s94h2p10.a)

4.88 The signis held up by 6 rods. Find the
tensionin bars

a) BH*
b) EB*
c) AE*
d) IA*
e ID*
f) EC*

[One game you can play is to see how many
of the tensions you can find without knowing
any of the others. Another approach is to set
up and solve 6 equations in 6 unknowns.]
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problem 4.88:

(Filename:pfigure.crookedsign)

4.89 Below isahighly schematic picture of a
tricycle. The wheelsare at C, B and A. The
person-trike system has center of mass at G
directly over therear axle. Thewheelsat C and
A are good free-turning, high friction wheels.
The whedl at B isin a smal ditch and can’t
move. Assume no slip and that F, m, g, w, ¢,
and h are given.

a) Of the 9 possible reaction components
at A, B, and C, which do you know are
zero a priori.

b) Find all the reaction components (the
full reaction force) at A.

¢) Find the vertical component of the re-
action at C.

d) Find the x and z reaction components
at B.

e) Find the sum of the y components of
thereactionsat B and C.

f) Can you find the y component of the
reaction at C? Why or why not?

problem 4.89:

(Filename:pfigure.trikerock)

4.90 A 3-wheeled robot with massmisparked
onabhill with slope . Theideal massessrobot
wheels arefreeto roll but not to slip sideways.
The robot steering mechanism has turned the
wheelssothat wheelsat A and C arefreetoroll
inthe j direction and the wheel at B isfreeto
roll inthei direction. The center of massof the
robot at G is h above (normal to the slope) the
trailer bed and symmetrically above the axle
connecting wheels A and B. Thewheels A and
B areadistanceb apart. Thelength of therobot
ist.

Find the force vector F 5 of the ground
on the robot a A in terms of some or al of
m,g,¢,0,b,h,i,j,andk . *

problem 4.90:

(Filename:pfigure.threewheel parked)
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APPENDIX 5. Contact: friction and collisions

Problems for Chapter 5

Unconstrained motion of particles

5.1 Force and motion in 1D

5.1 In elementary physics, peoplesay “F =
ma“ What is a more precise statement of an
equation we use here that reducesto F = ma
for one-dimensional motion of a particle?

5.2 Does linear momentum depend on ref-
erence point? (Assume all candidate points
are fixed in the same Newtonian reference
frame.)

5.3 The distance between two points in a bi-
cycleraceis 10 km. How many minutes does
abicyclist take to cover this distance if he/she
maintains a constant speed of 15 mph.

5.4 Given that X = k; + kot, ki =
1ft/s, ko = 1ft/s?, and x(0) = 1ft,
what is x(10s)?

5.5 Find x(3s) given that
x=x/(1ls) and x(0)=1m
or, expressed dlightly differently,
x=cx and x(0)=Xp,

wherec = 151 and xg = 1 m. Make asketch
of x versust. *

5.6 Given that x = Asin[(3rad/9)t], A =
0.5m/s, and x(0) = Om, whatis Xx(7/29)?

5.7 Giventhat X = x/s and x(0s) = 1m,
find x(59).

58Leta= % = —kv? and v(0) = vo. Find
t such that v(t) = Svo.

5.9 A sinusoida force acts on a 1kg mass as
shown in thefigure and graph below. Themass
isinitialy till; i. e,

X(0) = v(0) = 0.

a) What is the velocity of the mass after
27 seconds?

b) What is the position of the mass after
27 seconds?

¢) Plot position x versustimet for themo-
tion.

}—x
F(t)
————

|
problem 5.9:

(Filename:pfigure.blue.6.1)

5.10 A motorcycle accelerates from Omph to
60 mph in 5 seconds. Find the average accel-
eration in m/s?. How does this acceleration
compare with g, the acceleration of an object
falling near the earth’'s surface?

5.11 A particle moves along the x-axis with
an initial velocity vx = 60m/s at the origin
when t = 0. For thefirst 5sit has no accelera-
tion, and thereafter it is acted upon by aretard-
ing force which givesit aconstant acceleration
ay = —10m/s2. Calculatethevelocity and the
x-coordinate of the particle when t = 8s and
whent =125, and find the maximum positive
x coordinate reached by the particle.

5.12 The linear speed of a particle is given as
v = vg + at, wherev isin m/s, vg = 20m/s,
a = 2m/s?, and t isin seconds. Define ap-
propriate dimensionless variables and write a
dimensionless equation that describestherela
tion of v and t.

5.13 A ball of massm has an acceleration @ =
cv?i. Find the position of the ball asafunction
of velocity.

5.14 A ball of mass m is dropped from rest at
aheight h above the ground. Find the position
and velocity as afunction of time. Neglect air
friction. When does the ball hit the ground?
What is the velocity of the ball just before it
hits?

5.15 A ball of mass m is dropped verticaly
from rest a a height h above the ground. Air
resistance causes a drag force on the ball di-
rectly proportional to the speed v of the ball,
Fg = bv. The drag force acts in a direction
opposite to the direction of motion. Find the
velocity and position of the ball as a function
of time. Find the velocity as a function of po-
sition. Gravity is non-negligible, of course.

5.16 A grain of sugar falling through honey has
anegative acceleration proportional to the dif-
ference between its velocity and its ‘terminal’

velocity (whichisaknown constant vt). Write
this sentence as a differential equation, defin-
ing any constantsyou need. Solvethe equation
assuming some given initial velocity vg. [hint:
acceleration isthetime-derivative of velocity]

5.17 The mass-dashpot system shown below
is released from rest at x = 0. Determine an
equation of motion for the particle of mass m
thatinvolvesonly x and x (afirst-order ordinary
differential equation). Thedamping coefficient
of the dashpot isc.

c 91
)

problem 5.17:
(Filename:pfigure.blue.151.2)

5.18 Due to gravity, a particle fallsin air with
adrag force proportional to the speed squared.

@ Writt Y F = ma in terms of vari-
ables you clearly define,

(b) find a constant speed motion that satis-
fiesyour differential equation,

(c) pick numerical values for your con-
stantsandfor theinitial height. Assume
theinitial speed is zero

(i) setuptheequationfor numerica
solution,
(ii) solve the equation on the com-
puter,
(iii) make a plot with your computer
solution and show how that plot
supports your answer to (b).

5.19 A ball of mass m is dropped verticaly
from rest at a height h above the ground.
Air resistance causes a drag force on the ball
proportional to the speed of the ball squared,
Fg = cv2. The drag force acts in a direction
opposite to the direction of motion. Find the
velocity as a function of position.

5.20 A force pullsaparticle of massm towards
the origin according to the law (assume same
equation worksfor x > 0, x < 0)

F = AX + Bx% 4+ Cx

Assume x(0) = 0.
Using numerical solution, find values of
A, B, C, m, and Xg so that

(a) the mass never crosses the origin,
(b) the mass crosses the origin once,
(c) themass crossesthe origin many times.
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5.21 A car acceleratesto theright with constant
acceleration starting fromastop. Thereiswind
resistance force proportiona to the square of
the speed of the car. Define al constants that
you use.

a) What is its position as a function of
time?

b) What is the total force (sum of all
forces) on the car asafunction of time?

¢) How much power P is required of the
engineto accelerate the car inthisman-
ner (as afunction of time)?

<\

\U\

problem 5.21: Car.

(Filename:s97p1.2)

5.22 A ball of mass m is dropped verticaly
from a height h. The only force acting on the
ball in its flight is gravity. The ball strikes
the ground with speed v~ and after collision
it rebounds vertically with reduced speed v+
directly proportional to the incoming speed,
vt = ev™,where0 < e < 1. Whatisthemax-
imum height the ball reaches after one bounce,
intermsof h, e, and g. *

a) Do this problem using linear momen-
tum balance and setting up and solving
the related differential equations and
“jump” conditions at collision.

b) Dothisproblemagainusing energy bal-
ance.

5.23 A ball isdropped from aheight of hg =
10 montoahard surface. Afterthefirst bounce,
it reaches aheight of hy = 6.4m. What isthe
vertical coefficient of restitution, assuming it
is decoupled from tangential motion? What is
the height of the second bounce, hy?

problem 5.23:
(Filename:Danef94s1q7)

5.24 In problem 5.23, show that the number of
bounces goes to infinity in finite time, assum-
ing that the vertical coefficient is fixed. Find
thetimeintermsof theinitial height hg, the co-
efficient of restitution, e, and the gravitational
constant, g.

5.2 Energy methodsin 1D

5.25 A small flat disk of massm = 0.2kg rests
on a horizontal surface. The disk is pushed
with an initial velocity vg = 2m/s. The disk
dlidesonastraight pathfor 20 mbeforeit comes
to a complete stop. Assuming that there is a
constant friction force between the disk and the
horizontal surface and that it isthe only energy
dissipative mechanism, find the friction force
between the two surfaces.

5.26 A block of massm = 0.5kg is released
from point A of aninclined (9 = 45°) friction-
less surface. The mass slides down the incline
for a distance of 2m before hitting an obstacle
at point C. Find the velocity of the block just
beforeit hits the obstacle.

B
problem 5.26:

(Filename:pfigure5.2.rpl)

5.27 A particular mechanical system is mod-
eled asasingle degree of freedom mass-spring
system where the spring exhibits nonlinear
characteristics. The potential energy of the
spring is given by the function P(x) = %kx“.
Derive the equation of motion of the system.

5.28 Consider a spring-mass system withm =
2kg and k = 5N/m. The massis pulled to
the right a distance x = xp = 0.5m from the
unstretched position and released fromrest. At
theinstant of release, no external forces act on
themassother thanthe spring forceand gravity.

a) What istheinitia potential and kinetic
energy of the system?

b) What is the potentia and kinetic en-
ergy of the system as the mass passes
through the static equilibrium (un-
stretched spring) position?

=

problem 5.28:

(Filename:ch2.10.a)

5.29 The power available to a very strong ac-
celerating cyclist is about 1 horsepower. As-
sume a rider starts from rest and uses this
constant power. Assume a mass (bike +
rider) of 150lbm, a redlistic drag force of
.006 1bf /( ft/ 9)?v2. Neglect other drag forces.

(@ What isthe peak speed of the cyclist?
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(b) Using analytic or numerica methods
make a plot of speed vs. time.

(c) What isthe acceleration ast — oo in
this solution?

(d) What is the acceleration ast — 0in
your solution?

2
5.30 Given v = —grL;, where g and R are

constantsandv = %%. Solvefor v asafunction
of rif u(r = R) = vg. [Hint: Usethe chain
rule of differentiation to diminatet, i.e., %% =
gu. gt — vy Orfind arelated dynamics
problem anéruse conservation of energy.]

Also see several problems in the harmonic os-
cillator section.

5.3 The harmonic oscillator

The first set of problems are entirely about
the harmonic oscillator governing differential
equation, with no mechanics content or con-
text.

5.31 Given that X = —(1/?)x, X(0) = 1m,
and x(0) = 0find:

a) X(ws) =?

b) X(rs) =?

5.32 Given that X + x = 0, x(0) = 1, and
Xx(0) =0, findthevalueof x att = n/2 s.

5.33 Given that X + 42x = Cg, X(0) = Xg, and
x(0) =0, findthevalueof x att = /A s.

Thenext set of problemsconcern onemasscon-
nected to one or more springsand possibly with
aconstant force applied.

5.34 Consider amassmon frictionlessrollers.
Themassisheldin place by aspring with stiff-
ness k and rest length £. When the spring is
relaxed the position of the massisx = 0. At
timest = Othemassisat x = d and islet go
with no velocity. The gravitational constant is
g. Interms of the quantities above,

a) What isthe acceleration of the block at
t=0"?

b) What is the differential equation gov-
erning x(t)?

¢) What is the position of the mass at an
arbitrary timet?

d) What is the speed of the mass when it
passes through x = 0?
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problem 5.34:

(Filename:pfigure.blue.25.1)

5.35 Spring and mass. A spring with rest
length £¢ is attached to a mass m which slides
frictionlessly on ahorizontal ground as shown.
At timet = O the mass is released with no
initial speed withthespring stretched adistance
d. [Remember to define any coordinates or
base vectors you use.]

a) What istheacceleration of themassjust
after release?

b) Find a differential equation which de-
scribes the horizontal motion of the
mass.

¢) What is the position of the mass at an
arbitrary timet?

d) What is the speed of the mass when it
passes through the position where the
spring is relaxed?

‘ o d
| NSUSUSUUIN
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problem 5.35:

(Filename:s97f1)

5.36 Reconsider the spring-mass system from
problem 5.34.

a) Findthe potential and kinetic energy of
the spring mass system as functions of
time.

b) Using the computer, make a plot of the
potential and kinetic energy as a func-
tion of time for several periods of os-
cillation. Are the potential and kinetic
energy ever equal at the same time? If
so, at what position x(t)?

c) Make a plot of kinetic energy versus
potential energy. What is the phase re-
|ationship between the kinetic and po-
tential energy?

5.37 For the three spring-mass systems shown
inthefigure, find the equation of motion of the
massineach case. All springsaremasslessand
are shown in their relaxed states. Ignore grav-
ity. (In problem (c) assume vertical motion.) *

APPENDIX 5. Contact: friction and collisions
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m
problem 5.37:

(Filename:summer95f.3)

5.38 A spring and mass systemisshowninthe
figure.

a) First,asareview, letks, ko, andks equal
zero and kg be nonzero. What is the
natural frequency of this system?

b) Now, let al the springs have non-zero
stiffness. What is the stiffness of asin-
gle spring equivalent to the combina-
tion of kq, ko, k3, ks? What is the fre-
quency of oscillation of mass M?

€) What isthe equivalent stiffness, keq, of
all of the springs together. That is, if
you replace all of the springs with one
spring, what would its stiffness have to
be such that the system has the same
natural frequency of vibration?

problem 5.38:

(Filename:pfigure.blue.159.3)

5.39 Themassshown inthefigure oscillatesin
thevertical direction once set in motion by dis-
placing it from its static equilibrium position.
The position y(t) of the massis measured from
the fixed support, taking downwards as posi-
tive. The static equilibrium position is ys and
the relaxed length of the spring is £g. At the
instant shown, the position of themassisy and
its velocity y, directed downwards. Draw a
free body diagram of the mass at the instant of
interest and evaluate the left hand side of the
energy balance equation (P = Ek).

Ys| K

problem 5.39:
(Filename:pfig2.3.rpl)

5.40 Masshanging from aspring. A massm
ishanging from a spring with constant k which
hasthe lengthlg whenitisrelaxed (i. e., when
no mass is attached). It only moves vertically.

a) Draw aFreeBody Diagram of themass.

b) Writethe equation of linear momentum
balance. *

¢) Reduce this equation to a standard dif-
ferential equation in x, the position of
the mass. *

d) Verify that one solution is that x(t) is
constant at X = lg + mg/ k.

e) What is the meaning of that solution?
(That is, describe in words what is go-
ingon.) *

f) Define anew variable X = x — (g +
mg/K). Substitutex = X+ (lp+mg/ k)
into your differential equation and note
that the equation is simpler in terms of
thevariable X. *

g) Assume that the massis released from
an an initial position of x = D. What
is the motion of the mass? *

h) What isthe period of oscillation of this
oscillating mass? *
i) Why might thissolution not make phys-

ical sense for a long, soft spring if
D > £g+2mg/k)? *

problem 5.40:
(Filename:pg141.1)
The following problem concerns simple
harmonic motion for part of the motion. Itin-
volves pasting together solutions.

5.41 One of the winnersin the egg-drop con-
test sponsored by alocal chapter of ASME each
spring, was a structure in which rubber bands
held the egg at the center of it. In this prob-
lem, we will consider the simpler case of the
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egg to be a particle of mass m and the springs
to be linear devices of spring constant k. We
will also consider only atwo-dimensional ver-
sion of the winning design as shown in the fig-
ure. If the frame hits the ground on one of the
straight sections, what will be the frequency
of vibration of the egg after impact? [Assume
small oscillations and that the springs are ini-
tially stretched.]

ground
problem 5.41:

(Filename:pfigure.blue.149.1)

5.42 A person jumpson atrampoline. The
trampoline is modeled as having an effective
vertical undamped linear spring with stiffness
k = 2001bf/ft. The person is modeled as a
rigid massm = 1501bm. g = 32.2ft/s?.

a) What isthe period of motion if the per-
son’s motion is so small that her feet
never leave the trampoline? *

b) What isthe maximum amplitude of mo-
tion for which her feet never leave the
trampoline? *

c) (harder) If sherepeatedly jumps so that
her feet clear thetrampoline by aheight
h = 5ft, what is the period of this mo-
tion? *

problem5.42: A personjumpsonatram-
poline.

(Filename:pfigure3.trampoline)

54 More on vibrations:
damping

543 1f X +cx +kx = 0,
%(0) = 0, find x(t).

x(0) = Xxp, and

5.44 A mass moves on a frictionless surface.
It isconnected to adashpot with damping coef-
ficient b to itsright and a spring with constant
k and rest length ¢ to itsleft. At the instant of
interest, the massismoving to theright and the
spring is stretched a distance x from its posi-
tion where the spring is unstretched. Thereis
gravity.

a) Draw afree body diagram of the mass

at the instant of interest.

b) Derive the equation of motion of the
mass. *

problem 5.44:
(Filename:ch2.11)

5.45 The equation of motion of an unforced
mass-spring-dashpot systemis, mX+cx+kx =
0, as discussed in the text. For a system with
m = 0.4kg, c = 10kg/s,andk = 5N/m,

a) Find whether the system is under-
damped, critically damped, or over-
damped.

b) Sketch atypical solution of the system.

¢) Make an accurate plot of the response
of thesystem (displacement vstime) for
theinitia conditions x(0) = 0.1 m and
%(0) = 0.

5.46 Experiments conducted on free oscilla-
tions of adamped oscillator reveal that the am-
plitude of oscillations drops to 25% of its peak
valuein just 3 periods of oscillations. The pe-
riod os oscillation is measured to be 0.6 s and
the mass of the system is known to be 1.2kg.
Find the damping coefficient and the spring
stiffness of the system.

5.47 You are required to design a mass-spring-
dashpot system that, if disturbed, returns to
its equilibrium position the quickest. You are
given a mass, m = 1Kkg, and a damper with
¢ = 10kg/s. What should be the stiffness of
the spring you will need?
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5.5 Forced oscillations and
resonance

5.48 A 3kg mass is suspended by a spring
(k = 10N/m) and forced by a5 N sinusoidally
oscillating force with a period of 1s. What is
the amplitude of the steady-state oscillations
(ignore the “homogeneous” solution)

5.49 Given that § + k%0 = g sinwt, 9(0) = 0,
and 0(0) = 6, find O(t) .

5.50 A machine produces a steady-state vi-
bration due to a forcing function described by
Q(t) = Qosinwt, where Qg = 5000N. The
machine rests on a circular concrete founda-
tion. Thefoundation restson anisotropic, €las-
tic half-space. The eguivalent spring constant
of the half-space is k = 2, 000, 000N-m and
has a damping ratiod = c/c; = 0.125. The
machine operates at a frequency of w = 4 Hz.

(@) Whatisthenatura frequency of thesys-
tem?

(b) If the system were undamped, what
would the steady-state displacement
be?

(c) What is the steady-state displacement
giventhat d = 0.125?

(d) How much additional thickness of con-
crete should be added to the footing to
reduce the damped steady-state ampli-
tude by 50%? (The diameter must be
held constant.)

5.6 Coupled motionsin 1D

The primary emphasis of this section is setting
up correct differential equations (without sign
errors) and solving these equations on the com-
puter. Expertsnote: normal modesare covered
in the vibrations chapter. These first problems
arejust math problems, using someof the skills
that are needed for the later problems.

5.51 Write thefollowing set of coupled second
order ODE's as a system of first order ODE's.

ka(x2 — x1) — kixg
kaxz — Ka(X2 — X1)

X1 =
X2

5.52 See also problem 5.53. The solution of a
set of asecond order differential equationsis:

£(t) = Asinot + Bcoswt + £*
£(t) = Awcosot — Bosinet,

where A and B are constants to be determined
from initial conditions. Assume A and B are
the only unknowns and write the equations in
matrix form to solve for A and B in terms of
§(0) and £(0).

5.53 Solve for the constants A and B in Prob-
lem 5,52 using the matrix form, if £(0) =
0, £(0) =05, w=0.5rad/sand&* = 0.2.
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5.54 A set of first order linear differential equa-
tionsis given:

X1 = X2
Xo +kx1 +¢cxp =0

Write these equations in the form X = [A]X,
wherex = | X

=1 % [
5.55Writethefollowing pair of coupled ODE's
asaset of first order ODE'’s.
X2 sint
X1 cost

X1+X1 =
Xo+Xo =

5.56 Thefollowing set of differential equations
can not only be written in first order form but
in matrix form X = [A]X + ¢. In general
things are not so simple, but this linear case
is prevalent in the analytic study of dynamical
systems.

X1 = X3
X2 = X4
X3 + 5Q2%x1 — 4Q%% = 2Q%v}
X4 — 492%x1 + 5Q%%p = —Q%vi

5.57 Write each of the following equations as
asystem of first order ODE's.

a) 6§ + 120 = cost,
b) X + 2px + kx = O,
C) X+ 2cx +ksnx =0.

5.58 A trainismoving at constant absolute ve-
locity vi. A passenger, idealized as a point
mass, iswalking at an absolute absol ute veloc-
ity uz, where u > v. What is the velocity of
the passenger relative to the train?

5.59 Two equal masses, each denoted by the
letter m, are on an air track. One massis con-
nected by a spring to the end of the track. The
other massis connected by a spring to the first
mass. The two spring constants are equal and
represented by the letter k. In the rest (springs
arerelaxed) configuration, themassesareadis-
tance ¢ apart. Motion of thetwo masses x; and
X2 ismeasured relative to this configuration.

a) Draw a free body diagram for each
mass.

b) Writethe equation of linear momentum
balance for each mass.

¢) Write the equations as a system of first
order ODEs.

d) Pick parameter values and initial con-
ditions of your choice and simulate a
motion of this system. Make a plot of
the motion of, say, one of the massesvs
time,

APPENDIX 5. Contact: friction and collisions

e) Explain how your plot does or does
not make sense in terms of your under-
standing of this system. Is the initia
motion in the right direction? Are the
solutions periodic? Bounded? etc.

problem 5.59:

(Filename:pfigure.s94f1p4)

5.60 Two equal masses, each denoted by the
letter m, are on an air track. One massis con-
nected by a spring to the end of thetrack. The
other mass is connected by a spring to the first
mass. The two spring constants are equal and
represented by the letter k. In the rest config-
uration (springs are relaxed) the masses are a
distance ¢ apart. Motion of the two masses x1
and x» is measured relative to this configura-
tion.

a) Writethepotential energy of thesystem
for arbitrary displacements x; and xo at
sometimet.

b) Write the kinetic energy of the system
at thesametimet intermsof X1, X2, m,
and k.

c) Writethe total energy of the system.

problem 5.60:

(Filename:pfigure.twomassenergy)

5.61 Normal Modes. Three equal springs (k)
hold two equal masses (m) in place. Thereis
no friction. x1 and x are the displacements of
the masses from their equilibrium positions.

a) How many independent normal modes
of vibration aretherefor this system? *

b) Assumethesystemisinanorma mode
of vibrationand it isobserved that x; =
Asin(ct) + B cos(ct) where A, B, and
c are constants. What is x2(t)? (The
answer isnot unique. You may express
your answer in termsof any of A, B, c,
mandk. ) *

¢) Find al of the frequencies of normal-
mode-vibration for thissystemin terms

of mand k. *
k k

Sy \

© ]
X1 X2

problem 5.61:
(Filename:pfigure.f93f2)

k

5.62 A two degree of freedom spring-mass
system. A two degree of freedom mass-spring
system, made up of two unequal massesm, and
my and three springs with unequal stiffnesses
k1, ko and k3, isshown in the figure. All three
springs are relaxed in the configuration shown.
Neglect friction.

a) Derive the equations of motion for the
two masses. *

b) Does each mass undergo simple har-
monic motion? *
X1 X2

W Tk ks

problem 5.62:

(Filename:pfigure.s94h5p1)

5.63 For the three-mass system shown, draw
a free body diagram of each mass. Write the
spring forcesin terms of the displacements x1,
X2, and Xs.

L L —— L —}— L —
‘ | | | ‘

problem 5.63:

(Filename:s92f1p1)

5.64 The springs shown are relaxed when
XA = Xg = Xp = 0. Interms of some or al
of ma, mg, Mp, Xa, Xg, XD, XA, Xg, Xc, and
ki, k2, k3, kg, c1, and F, find the acceleration
of block B. *

| XA | XB | XD
ks | o |
= H

Mg ||| kg Mp
LA

A: : B : : D : :

problem 5.64:
(Filename:pfigure.s95g3)

5.65 A system of three masses, four springs,
and one damper are connected as shown. As-
sume that al the springs are relaxed when
Xa = Xg = Xp = 0. Given kl, k2, k3, k4,
C1, Ma, Mg, Mp, XA, XB, XD, XA, X, and Xp,
find the acceleration of massB, ag = Xgi. *

X8 )
PN

A
Mgl ks ||Md

problem 5.65:

(Filename:pfigure.s95f1)

5.66 Equations of motion. Two masses are
connected to fixed supportsand each other with
thethree springs and dashpot shown. Theforce
F acts on mass 2. The displacements x; and
Xp are defined so that x; = xo = 0 when the
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springsareunstretched. Thegroundisfriction-
less. The governing equations for the system
shown can be written in first order form if we
define vy = X1 and vy = Xo.

a) Writethe governing equationsin aneat
first order form. Your equations should
beintermsof any or al of the constants
my, My, k1, ko,k3, C, the constant force
F, and t. Getting the signsright isim-
portant.

b) Write computer commands to find and
plot v1(t) for 10 units of time. Make
up appropriate initial conditions.

¢) For constants and initial conditions of
your choosing, plot x1 vst for enough
time so that decaying erratic oscilla-
tions can be observed.

problem 5.66:

(Filename:p.f96.f.3)

5.67 x1(t) and x»(t) are measured positions
on two points of avibrating structure. x1(t) is
shown. Some candidates for x»(t) are shown.
Which of thexz(t) could possibly beassociated
with anormal mode vibration of the structure?
Answer “could” or “could not” next to each
choice. (If acurvelooks likeit is meant to be
asine/cosine curve, itis.)

X(0)
[

3 X21
?

b) >,<72f

) )gzi

d)%_}} >

) >,<)21

problem 5.67:

(Filename:pfigure.blue.144.1)

5.68 For the three-mass system shown, one of
the normal modes is described with the eigen-
vector (1, 0, -1). Assumex; = Xo = x3 =0
when all the springs are fully relaxed.

a) Whatistheangular frequency w for this
mode? Answer in terms of L, m, kK,
and g. (Hint: Note that in this mode
of vibration the middle mass does not
move.) *

b) Makeaneat plot of x, versusx; for one
cycle of vibration with this mode.

L L L —— L —
X1 X2 X3
K F’k F’ f’k
[m A mam

problem 5.68:
(Filename:pfigure.blue.160.2)

5.69 Thethree beads of massesm, 2m, and m

connected by massless linear springs of con-

stant k slide freely on a straight rod. Let X

denote the displacement of the it" bead from
its equilibrium position at rest.

a) Write expressions for the total kinetic
and potential energies.

b) Write an expression for the total linear
momentum.

c) Draw free body diagramsfor the beads
and use Newton’s second law to derive
the equationsfor motion for the system.

d) Verify that total energy and linear mo-
mentum are both conserved.

€) Show that the center of mass must el-
ther remain at rest or move at constant
velocity.

f) What can you say about vibratory (si-
nusoidal) motions of the system?

Static
equilibrium

configuration. ;.. @AAM,@M,@
X ! X!
problem 5.69:

(Filename:pfigure.blue.161.1)

5.70 The system shown below comprisesthree
identical beads of mass m that can slide fric-
tionlessly ontherigid, immobile, circular hoop.
The beads are connected by threeidentical lin-
ear springs of stiffness k, wound around the
hoop as shown and equally spaced when the
springs are unstretched (the strings are un-
stretched when 1 = 6o = 63 = 0.)
a) Determine the natural frequencies and
associated mode shapes for the system.
(Hint: you should be able to deduce a
‘rigid-body’ mode by inspection.)

b) If your calculationsin (a) are correct,
then you should have also obtained the
mode shape (0, 1, —1)T. Write down
themost general set of initial conditions
so that the ensuing motion of the system
issimple harmonic in that mode shape.

) Since (0,1, —-1)T is a mode shape,
then by “$/mmetry", (-1,0,1)7 and
(1,-1,0)" arealsomodeshapes(draw
apicture). Explain how we can have
three mode shapes associated with the
same frequency.

d) Without doing any calculations, com-
pare the frequencies of the constrained
system to those of the unconstrained
system, obtained in (a).
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m
problem 5.70:
(Filename:pfigure.blue.158.1)

5.71 Equations of motion. Two masses are
connected to fixed supports and each other
with the two springs and dashpot shown. The
displacements x1 and x» are defined so that
X1 = X2 = 0 when both springs are un-
stretched.

For thespecial casethat C = 0and Fg = 0
clearly define two different set of initial condi-
tions that lead to normal mode vibrations of
this system.

problem 5.71:

(Filename:p.s96.p3.1)

5.72 Asin problem 5.65, a system of three
masses, four springs, and one damper are con-
nected as shown. Assume that all the springs
arerelaxed when xp = Xxg = xp = 0.

a) In the specia case when k; = ko =
ks = kg = k,cg = 0, and mp =
mg = mp = m, find a norma mode
of vibration. Defineit in any clear way
and explain or show why it isanormal
mode in any clear way. *

b) Inthesame special caseasin (a) above,
find another normal mode of vibration.
*

\XD
ko |
ks ||
DT T

problem 5.72:

(Filename:pfigure.s95f1a)

5.73 Asin problem 5.149, a system of three
masses, four springs, and one damper are con-
nected as shown. In the special case when
¢y = 0, find the norma modes of vibration.
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problem 5.73:

(Filename:pfigure.s95q3a)

5.74 Normal modes. All three masses have
m = 1kg and all 6 springsarek = 1N/ m.
The system is at rest when x; = Xo = x3 = 0.

a) Findasmany differentinitial conditions
as you can for which normal mode vi-
brations result. In each case, find the
associated natural frequency. (we will
call two initia conditions [v] and [w]
different if thereis no constant ¢ so that
[v1 v2 v3] = c[wy w2 w3]. Assume
theinitial velocities are zero.)

b) For theinitial condition
[xo] =[0.1m 0 0],
[X] =[0 2m/s 0]
what istheinitial (immediately after the
start) acceleration of mass 2?

X1 X2 X3

[

’_~
k

problem 5.74:

(Filename:pfigure3.f95p2p2)

5.75 Two blocks with masses M and m are
connected by a spring with constant k and
free length ¢q that can sustain compression.
MassM is resting on the ground at the start.
There is gravity. The upwards vertical dis-
placement of mass mis x, which is zero when
the spring is at its rest length and M is on the
ground.

a) For what value of x is the system in
static equilibrium?

b) Find a differential equation governing
the motion of the m assuming M re-
mains on the ground.

c) Draw afree body diagram of M.

d) For what value of x is M on the verge
of lifting off the ground.

e) Defining y as the height of the lower
mass, write two coupled differentia
equations for the motion of m and M
if both masses arein theair.

f) Find the value of x < 0 so that if the
system is started from rest with that x
andy = Othat thegroundreactionforce
on M just goes to zero.

APPENDIX 5. Contact: friction and collisions

g) Starting here, this problemismore of a
project than a typical homework prob-
lem. Assume x(t = 0) isless than the
value computed above. Write a com-
puter program that integrates the equa-
tionsof motionuntil M liftsoff andthen
switchestointegrating theequationsfor
the two massesin the air.

h) modify your program so that if M
hits the ground again, it sticks until
the ground reaction force goes to zero
again.

i) By playing around, this way or that,
see if you can find a specia value for
X(t = 0) so that the bouncing contin-
ues indefinitely. (Thisis aperhaps sur-
prising result, that asystem with plastic
collisionscan continueto bounceindef-
initely.)

777777777777 77777777

problem 5.75:
(Filename:pfigure.2blocksandspring)

5.7 Timederivative of avec-
tor: position, velocity and
acceleration

5.76 The position vector of aparticlein the xy-
planeisgivenas F = 3.0mi + 2.5mj. Find
(a) the distance of the particle from the origin
and (b) aunit vector in the direction of 7.

5.77 Given F(t) = Asin(wt)i + Btj + Ck,
find

@ v

(b awv

(0 F(t) x a().

5.78 A particle of mass =3kg travels in space
with its position known as a function of time,

= (sinls)mi+(cost—s)mj+teé my/sk. At
t = 3s, find the particle’s

a) velocity and
b) acceleration.

5.79 A particle of massm = 2kg travelsin the
xy-plane with its position known as a function
of time, 7 = 3t2m/s%i +4t3s—”;j. Att =55,
find the particle’s

a) velocity and *

b) acceleration. *

580 If ¥ = (UpSiNQt)E + vof and F(0) =
Xol + YoJ, with ug, vo, and €, find F(t) =
x®OL+ynj. *

5.81 The velocity of a particle of mass m
on a frictionless surface is given as v =
(0.5m/9)i — (1.5m/s)j. If the displacement
is given by AF = t, find (a) the distance
traveled by the massin 2 secondsand (b) a unit
vector aong the displacement.

582 For ¥ = vxi + vyj + vk and @ =
2m/s2i — (3m/s2 —1m/sB t) j — 5 m/st t2k,

write the vector equation ¥ = [ @ dt asthree
scalar equations.

5.83 Find r (5s) given that

F =visinct)i+vj and F(0) =2mi+3mj

and that v1 isaconstant 4m/s, v, isaconstant
5m/s, and cisaconstant 4s 1 Assumei and
J are congtant.

584 Let ¥ = vocosal + vosinaj +

(votan6 — gtA)I:t, where vg, a, 0, and g are
constants. If 7 (0) = O, find 7 (t).

5.85 On a smooth circular helical path the

velocity of a particle is ¥ = —Rsinti +
Reostj + gtk. If r@0) = Ri, find
r((z/3)9).

5.86 Draw unit vectors along

® = (4.33rad/s)i + (2.50rad/s)jand F =
(0.50ft)i — (0.87ft) j and find the angle be-
tween the two unit vectors.

5.87 What is the angle between the x-axis and
the vector v = (0.31 — 2.0] + 2.2k) m/s?

5.88 The position of a particle is given by
— N t N

F(t) = (t2m/s’f + es mj). What are the
velocity and acceleration of the particle? *

5.89 A particletravelson apathinthe xy-plane
given by y(x) = sin?(%)m. where x(t) =
t3(S—r2). What are the velocity and acceleration
of the particle in cartesian coordinates when
1

t=(r)3s?

5.90 A particle travels on an eliptical path
given by y2 = b%(1 — %) with constant
speed v. Find the velocity of the particle when
x=a/2andy > Ointermsof a, b, and v.
5.91 A particletravelsonapathinthe xy-plane
givenby y(x) = (1— e*%) m. Makeaplot of
the path. It is known that the x coordinate of
the particle is given by x(t) = t2m/s2. What
is the rate of change of speed of the particle?
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What angle doesthe velocity vector make with
the positive x axiswhent = 3s?

5.92 A particle starts at the origin in the xy-
plane, (xg = 0, yo = 0) and travelsonly in the
positive xy quadrant. Its speed and x coordi-

/1+ (siz)tZ m/s
and x(t) =t my/s, respectively. What is 7 (t)
in cartesian coordinates? What are the veloc-
ity, acceleration, and rate of change of speed of
the particle as functions of time? What kind of
path is the particle on? What are the distance
of the particle from the origin and its velocity
and acceleration when x = 3m?

nateareknowntobev(t) =

5.8 Spatial dynamics of a
particle

5.93 What symbolsdo we usefor thefollowing
quantities? What are the definitions of these
quantities? Which are vectors and which are
scalars? What arethe Sl and US standard units
for the following quantities?

a) linear momentum

b) rate of change of linear momentum

¢) angular momentum

d) rate of change of angular momentum

€) kinetic energy

f) rate of change of kinetic energy

g) moment

h) work

i) power

5.94 Doesangular momentum depend on refer-
ence point? (Assume that al candidate points
are fixed in the same Newtonian reference
frame.)

5.95 Does kinetic energy depend on refer-
ence point? (Assume that al candidate points
are fixed in the same Newtonian reference
frame.)

5.96 What istherel ation between the dynamics
‘Linear Momentum Balance’ equation and the
statics ‘ Force Balance' equation?

5.97 What is the relation between the dynam-
ics‘Angular Momentum Balance' equationand
the statics ‘Moment Balance' equation?

5.98 A ball of massm = 0.1kg isthrown from
a height of h = 10m above the ground with
velocity ¥ = 120km/hi — 120km/hj. What
isthe kinetic energy of theball at itsrelease?

5.99 A ball of mass m = 0.2kg is thrown
from a height of h = 20m above the ground
withvelocity v = 120km/hi — 120km/hj —
10km/hk. What is the kinetic energy of the
ball at its release?

5.100 How do you calculate P, the power of
al external forcesacting on aparticle, fromthe

forces F; and the velocity v of the particle?

5.101 A particle A has velocity ¥ o and mass
ma. A particle B hasvelocity Vg = 2 ¥ 5 and
mass equal to the other mg = ma. Whatisthe
relationship between:

@ LaandLg,
b) ﬁ/_\/candﬁg/c, and
C) EKA and EKB?

5.102 A bullet of mass 50 g travels with ave-
locity ¥ = 0.8km/si + 0.6km/sj. (&) What
isthelinear momentum of the bullet? (Answer
in consistent units.)

5.103A particlehasposition 7 = 4mi+7mj,
velocity ¥ = 6m/sl — 3m/sj, and accelera-
tion @ = —2m/s% + 9m/s?j. For each po-
sition of apoint P defined below, find H p, the
angular momentum of the particle with respect
to the point P.

a Fp=4mi+7mj,

b) Fp=-2mi+7mj,and
¢) Fp=0mi+7mj,

d) Fp=0

5.104 The position vector of a particle of mass
1kga aningant t is 7 = 2mi — 0.5mj.
If the velocity of the particle at this instant is
v = —4m/si + 3m/sj, compute (a) the lin-
ear momentum L = mv and (b) the angular
momentum (H o = ?/O x (MV)).

5.105 The position of a particle of massm =
0.5kgis F(t) = £ sin(wt)i + hj; wherew =
2rad/s,h =2m, ¢ =2m, and F is measured
from the origin.

a) Find the kinetic energy of the particle
at=0sandt =5s.

b) Findtherateof changeof kinetic energy
at=0sandt =5s.

5.106 For a particle
E ! m
= = v,
K=2

Why doesit follow that Ex =m v - @? [hint:
writev2 as U - ¥ and then use the product rule
of differentiation.]

5.107 Consider aprojectile of massm at some
instant in time t during its flight. Let v be
the velocity of the projectile at thisinstant (see
the figure). In addition to the force of gravity,
a drag force acts on the projectile. The drag
forceis proportional to the square of the speed
(speed= |V| = v) and acts in the opposite
direction. Find an expression for the net power
of theseforces(P = Y F - v) ontheparticle.
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problem 5.107:
(Filename:pfig2.3.rp3)

5.108 A 10gm wad of paper is tossed into
the air. At a particular instant of interest, the
position, velocity, and acceleration of its cen-

ter of mass are ¥ = 3mi + 3mj + 6mk,
v = —9m/sl + 24m/sj + 30m/sk, and

a = —10m/$i + 24m/S2j + 32m/k, re-
spectively. What isthetranslational kinetic en-
ergy of the wad at the instant of interest?

5.109 A 2 kg particlemoves so that itsposition
r isgiven by

F(t) = [5sin(at)i + bt2j + ctk]m

wherea= 7/ sec, b = .25/ sec?, ¢ = 2/ sec.
a) Whatisthelinear momentum of thepar-
ticleatt = 1sec?
b) What isthe force acting on the particle
att = 1sec?

5.110 A particle A has mass mp and velocity
V. A particle B at the same | ocation has mass
mg = 2 ma and velocity equal to the other
Vg = v a. Point Cisareference point. What
isthe relationship between:

a) EA and EB,
b) ﬁA/C and ﬁB/C: and
C) EKA and EKB?
5.111 A particle of mass m = 3kg moves

in space. Its position, velocity, and acceler-
ation at a particular instant in time are ¥ =

2mi+3mj+5mk, ¥ = —3m/si+8m/sj+
10m/sk, and @ = —5m/%i + 12m/s2j +

16 m/szle, respectively. For this particle at the
instant of interest, find its:

a) linear momentum L,

b) rate of change of linear momentum E ,

) angular momentum about the origin
H,,

d) rate of change of angular momentum
about the origin ﬁo,

e) kinetic energy Ex, and

f) rate of change of kinetic energy Ex.

5.112 A particle has position 7 = 3mi —
2mj+4mk,velocity v = 2m/si —3m/sj +
7m/sk, and acceleration @ = 1m/s%i —
8m/s2j + 3m/s’k. For each position of a
point P defined below, findtherateof changeof
angular momentum, H p, of the particle with
respect to the point P.
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a rp =3mi—2mj+4ml%,

b) Fp=6mi—4mj +8mk,

Q) Fp=—9mi+6mj —12mk, and

d rp=0

5.113 A particleof massm = 6kgismovingin
space. Its position, velocity, and acceleration
a apartlcular instant intimeare 7 = 1mi —
2m]+4mk v =3m/si+4m/sj— 7m/sk
and @ = 5m/s% + 11m/s2j — 9m/s°k, re-
spectively. For this particle at the instant of
interest, find its:
a) thenet force Z F onthe particle,

b) the net moment on the particle about
the origin > Mg due to the applied
forces, and

c) the power P of the applied forces.

Particle FBD

F

problem 5.113: FBD of the particle
(Filename:pfigurel.1.part.fbdb)

5.114 At a particular instant of interest, a par-
ticle of massm; = 5kg has position, veIOCIty,
and acceleration 1 = 3mi, V1 = —4m/s],

anda = 6m/52] respectively, and aparticle
of mass my = 5kg has posm on, veIOC|ty, and
acceleration 7o = —6mi, vy = 5m/sj, and
a, = —4m/s? ], respectively. For the system
of particles, find its

a) linear momentum L,

b) rate of change of linear momentum E

¢) angular momentum about the origin
H,,

d) rate of change of angular momentum
about the origin ﬁo,

e) kinetic energy Ex, and

f) rate of change of kinetic energy Ex.

5.115 A particle of mass m = 250 gm is shot
straight up (parallel to the y-axis) from the x-
axisat adistanced = 2mfromtheorigin. The
velocity of the particle isgivenby ¥ = vj
where v2 = v3 — 2ah, vg = 100m/s, a =
10 m/<? and h isthe height of the particle from
the x-axis.

a) Find the linear momentum of the parti-
cle at the outset of motion (h = 0).

b) Find the angular momentum of the par-
ticle about the origin at the outset of
motion (h = 0).

¢) Findthelinear momentum of the parti-
clewhen the particle is 20 m above the
X-axis.
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d) Find the angular momentum of the par-
ticle about the origin when the particle
is 20 m above the x-axis.

5.116 Foraparticle, Y F = ma. Twoforces

F1 and F5 act on amass P as shown in the
figure. P has mass 2lbm. The acceleration
of the mass is somehow measured to be @ =
—2ft/i + 5ft/s2].

a) Write the equation

Z F =ma
in vector form (evaluating each side as

much as possible).

b) Write the equation in scalar form (use
any method you like to get two scalar
equations in the two unknowns F1 and
F?).

c) Write the equation in matrix form.

d) Find Fy = |F1|and Fp = | F| by the
following methods:

(a) from the scalar equations using

hand algebra,
(b) fromthe matrix equation using a
computer, and
(c) from the vector equation using a
cross product.
y
P
Fl A‘%
- 30°
X
problem 5.116:
(Filename:h1.63a)
5117 Three forces, F; = 20Ni -

5Nj, F2— F2Xl+F22k anng— Fg)»

where A = zl + %J, act on a body with
mass 2kg. The acceleration of the body is
a = -02m/s’i +22m/s?j + 1.7m/Sk.
Writetheequation Y F = ma asscalar equa-
tions and solve them (most conveniently on a
computer) for Fox, Foz, and F3.

5.118 The rate of change of linear momen-
tum of a particle is known in two directions:

= 20kgm/s?, Ly = —18kgm/s® and
unknown in the z direction. The forces act-
ingontheparticleare F; = 25 Ni+32Nj+

75Nk Fz = F2xl+F2yJ andF3 = —F3k

Usmgz F-1L, separatethevector equation
into scalar equations in the x, y, and z direc-
tions. Solve these equations (maybe with the
help of acomputer) tofind Fpy, Fay, and Fs.

5.119 A block of mass 100 kg is pulled with
two strings AC and BC. Given that thetensions
Ty = 1200N and T> = 1500N, neglecting
gravity, find the magnitude and direction of the
acceleration of theblock. [ >~ F = ma ]

FBD z
1.2m
12m_.- /B
/4
N 7
b s L
. Tohp :12m
1.2m: T15»1 -
i) Z im y
Im
X
mg
problem 5.119:

(Filename:efigl.2.7)

5.120 Inthree-dimensional spacewith no grav-
ity aparticlewithm = 3kg at A is pulled by
three strings which pass through points B, C,
and D respectively. The acceleration is known
tobea@ = (1i +2j +3k) m/s?. Theposition
vectors of B, C, and D relative to A are given
in the first few lines of code below. Complete
the pseudo-code to find the three tensions. The
last lineshould read T = with T being
assigned to be a 3-element column vector with
the three tensions in Newtons. [ Hint: If x, v,
and z are three column vectors then A=[ x y
z] isamatrix with x, y, and z as columns.]

% | nconpl et e PSEUDO- CODE fil e

m =3

a =[1239%%

rAB=1[] 235]%$8$;

rAC = [-3 4 2]$' $;

rAD=1[ 111]%$;

UAB = r AB/ (magni tude of rAB);
T =

5.121 Neglecting gravity, theonly forceacting
on the mass shown in the figure is from the
string. Find the acceleration of the mass. Use
the dimensions and quantities given. Recall
that Ibf isapound force, Ibmisapound mass,
and Ibf/lbm = g. Use g = 32ft/s2. Note
alsothat 32 + 4% + 122 = 132,
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X
problem 5.121:

(Filename:pfigure.blue.4.1)

5.122 Three strings aretied to the mass shown
withthedirectionsindicated inthefigure. They
have unknown tensions Ty, T, and T3. There
is no gravity. The acceleration of the mass is
givenasa = (—0.5i + 2.5 + 3k) m/s’.
a) Giventhefreebody diagramin thefig-
ure, write the equations of linear mo-
mentum balance for the mass.

b) Findthetension Ts. *
A3 = (=30 +12j + 4k)
T3 =7
Taks

//

AJ "
1l
—5»——
m=6kg/l T, Y
X it

a=(—5i+25j+ 363
problem 5.122:
(Filename:pfigure.blue.1.2)

5.123 For part(c) of problem 4.84, assume now
that the mass at A has non-zero acceleration of
Am/sdi + (2m/s?) j + (3m/sdk. Find the
tension in the three ropes at the instant shown.

5.124 A small object (mass= 2kg) is being
pulled by three strings as shown. The accel-
eration of the object at the position shown is

a= (—o.ei —02j + 2.013) m/.
a) Draw afreebody diagram of the mass.

b) Writethe equation of linear momentum
balance for the mass. Use A’s as unit
vectors along the strings.

¢) FindthethreetensionsTy, To, and T3 at
the instant shown. You may find these
tensions by using hand algebrawith the
scalar equations, using acomputer with
the matrix equation, or by using across
product on the vector equation.

V4
e am N T
) 3
T, \
/:I;m
m "2m y
ﬁ:?m c
problem 5.124:

(Filename:pfigure.s94h2p9)

5.125 Use a computer to draw a square with
cornersat (1, 0), (0, —1), (-1, 0), (O, 1). This
must be done with scientific software and not
with a purely graphics program.

5.126 Draw a Circle on the Computer. We
will be interested in keeping track of the mo-
tions of systems. A simple example is that of
a particle going in circles at a constant rate.
One can draw a circle quite well with a com-
pass or with simple drawing programs. But,
more complicated motions will be more diffi-
cult. Draw acircle on the computer and label
the drawing (using computer generated letter-
ing) with your name and the date.

a) You can program thecircular shapeany
way that you think is fun (or any other
way if youdon't feel like having agood
time). Your circle should be round.
Measure its length and width with a
ruler, they should bewithin 10% of each
other (mark the dimensions by hand on
your drawing).

b) A good solution will clearly document
and explain the computer methodol ogy.

5.127 What curve is defined by x = cos(t)2
and y = sin(t) xcos(t) for 0 <t <= ?
Try to figure it out without a computer. Make
acomputer plot.

5.128 Particle moves on a strange path.
Given that a particle movesin the xy plane for
1.77 s obeying

r = (5m) cos’(t?/ 2)i+(5m) sin(t?/ &) cos(t?/ $°) j .

where x and y are the horizontal distance in
meters and t is measured in seconds.

a) Accurately plotthetrajectory of thepar-
ticle.

b) Mark on your plot wherethe particleis
going fast and where it is going slow.
Explain how you know these points are
the fast and slow places.

5.129 Computer question: What's the plot?
What's the mechanics question? Shown are
shown some pseudo computer commands that
are not commented adequately, unfortunately,
and no compurter is available at the moment.

a) Draw asaccurately asyou can, assign-
ing numbers etc, the plot that results
from running these commands.
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b) Seeif you can guessamechanical situ-
ation that is described by this program.
Sketch the system and define the vari-
ables to make the script file agree with
the problem stated.

ODEs = {zldot = z2
z2dot=0
ICs ={z1 =1, z2=1

Solve ODEs with ICs from t=0 to t=5

plot z2 and z1 vs t on the same plot

problem 5.129:
(Filename:pfigure.s94f1p3)

Here begins a series of problems concerning
the motion of particles over non-infinitesimal
time.

5.130 A particleisblown out through the uni-
form spiral tube shown, which liesflat onahor-
izontal frictionless table. Draw the particle’s
path after it is expelled from the tube. Defend
your answe.

problem 5.130:
(Filename:pfigure.blue.29.1)

5.131 A ball going to the left with speed vg
bounces against africtionlessrigid ramp which
issloped at an angle 6 fromthe horizontal. The
collision is completely elastic (the coefficient
of restitution e = 1). Neglect gravity.
a) Find the velocity of the ball after the
collison. You may express your an-
swer in terms of any combination of m,
6,vo, i, j, R, and A.

= snoi+cosbj

A = —cosdi +singj
i= sinom+—cosoi
Jj= ocosén+ snhA

b) For what value of 6 would the vertica
component of the speed be maximized?

problem 5.131:

(Filename:balIramp)
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5.132 Bungy Jumping. In anew safer bungy
jumping system, people jump up from the
ground while suspended from a rope that runs
over a pulley a O and is connected to a
stretched spring anchored at B. The pulley has
negligible size, mass, and friction. For the sit-
uation shown the spring AB has rest length
o = 2m and a stiffness of k = 200N/ m.
The inextensible massless rope from A to P
has length ¢, = 8 m, the person has a mass of
100 kg. Take O to be the origin of an xy co-
ordinate system aligned with the unit vectors
and j
a) Assume you are given the position of
thepersonr = xi+y j andthevelocity
of thepersonv = xi+y j. Find her ac-
celeration in terms of someor &l of her
position, her velocity, and the other pa-
rametersgiven. Usethenumbersgiven,
where supplied, in your final answer.

b) Given that bungy jumper’sinitial posi-
tionand velocity arerg = 1mi —5mj
and vg = Owrite MATLAB commands
to find her position at t = 7/v/2s.

¢) Find the answer to part (b) with pencil
and paper (afina numerica answer is
desired).

i 10m ‘

lg =10 m/s?

ground, no contact
~ after jump off

problem 5.132:

(Filename:s97p1.3)

5.133 A softball pitcher releases aball of mass
m upwards from her hand with speed vg and
angle 6g from the horizontal. The only exter-
nal force acting on the ball after its release is
gravity.
a) What is the equation of motion for the
ball after its release?

b) What are the position, velocity, and ac-
celeration of the ball?

¢) What isits maximum height?

d) Atwhat distance doestheball return to
the elevation of release?

€) What kind of path does the ball follow
and what isits equation y as afunction
of x?

5.134 Find the trajectory of a not-vertically-
fired cannon ball assuming the air drag is pro-
portiona to the speed. Assume the mass is
10kg, g = 10m/s, the drag proportionality
constant isC = 5N/(m/s). The cannon ball
islaunched at 100m/s at a 45 degree angle.

o Draw afree body diagram of the mass.

APPENDIX 5. Contact: friction and collisions

o Writelinear momentum balancein vec-
tor form.

e Solve the equations on the computer
and plot the trajectory.

e Solve the equations by hand and then
use the computer to plot your solution.

5.135 A baseball pitching machine releases a
baseball of mass m from its barrel with speed
vo and angle 6g from the horizontal. The only
external forcesactingontheball after itsrelease
aregravity and air resistance. The speed of the
ball is given by v2 = %2 4+ y2. Taking into
account air resistance on the ball proportional
to its speed squared, Fy = —bv?éy, find the
equation of motion for theball, after itsrelease,
in cartesian coordinates. *

5.136 The equations of motion from prob-
lem 5.135 are nonlinear and cannot be solved
in closed form for the position of the baseball.
Instead, solvetheequationsnumerically. Make
acomputer simulation of theflight of the base-
ball, asfollows.

a) Convert the equation of motion into a
system of first order differential equa
tions. *

b) Pick values for the gravitational con-
stant g, the coefficient of resistance b,
and initial speed vg, solvefor the x and
y coordinates of the ball and make a
plotsitstrajectory for variousinitial an-
gles 6.

¢) UseEuler's, Runge-Kutta, or other suit-
able method to numericaly integrate
the system of equations.

d) Use your simulation to find the initial
angle that maximizes the distance of
travel for ball, with and without air re-
sistance.

e) If the air resistance is very high, what
isaqualitative description for the curve
described by the path of the ball?

5.137 A particle of massm movesin aviscous
fluid which resists motion with aforce of mag-
nitude F = c|v|, where ¥ isthe velocity. Do
not neglect gravity.
a) (easy) Interms of someor dl of g, m,
and ¢, what is the particle’s terminal
(steady-state) falling speed?

b) Starting with a free body diagram and
linear momentum balance, find two
second order scalar differential equa-
tionsthat describe the two-dimensional
motion of the particle.

c) (Challenge, long calculation) Assume
the particleisthrown from 7 = 0 with
6\ = Uxoi + Uyoj at a vertical wall
a distance d away. Find the height h
along the wall where the particle hits.
(Answer in terms of some or al of
vx0, Vyo, M, g, ¢, and d.) [Hint: i) find
x(t) and y(t) like in the homework, ii)
eliminate t, iii) substitute x = d. The

answer isnot tidy. Inthelimitd — 0
the answer reducesto a sensible depen-
dence ond (The limit c — O isaso
sensible)).]

d) (Challenge, computer simulation). Do
a computer simulation of the problem
and find the solutioninyour simulation.
Choose non-trivial numbersfor all con-
stants. To get an accurate solution you
need an accurate interpolation to find at
what time the particle hits the wall.

5.138 Someone in aviolent part of the world
shot a projectile at someone else. The basic
facts:

Launched from the origin.

Projectile mass = 1kg.

Launch angle 30° above horizontal.

Launch speed 172m/s.

Drag proportional to cv? with ¢ = .01kg/ m.
Gravity g = 10m/s.

a) Write and execute computer code to
find the height at t = 1s. [Hints
sketch of problem, FBD, write drag
force in vector form, LMB, 1st order
equations, num setup, find height at 1
s.

b) Estimate the height at t = 1s using
pencil and paper. An answer in meters
is desired. [Hints: Assume g is negli-
gible. Good calculus skills are needed
but no involved arithmetic is needed.
1+ 1.72 = 2.72 ~ e. After you have
found a solution check that the force
of gravity isasmall fraction of the drag
forcethroughout thefirst second of your
solution.]

5.139 In the arcade game shown, the object of
the game is to propel the small ball from the
gjector deviceat O in such away that is passes
through the small aperture at A and strikes the
contact point at B. The player controls the
angle 6 at which the ball is ejected and the
initial velocity vo. The trajectory is confined
to thefrictionless xy-plane, which may or may
not be vertical. Find the value of 6 that gives
success. The coordinates of A and B are (2¢,
2¢) and (3¢, ¢), respectively, where ¢ is your
favorite length unit.

’ T,

A
..
X

\

" gjector device X
problem 5.139:
(Filename:pfigure.blue.32.1)
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59 Central force motion
and celestial mechanics

Experts note that none of these problems use
polar or other fancy coordinates. Such descrip-
tions come later in the text. At this point we
want to lay out the basic equationsand the qual -
itative features that can be found by numerical
integration of the equations.

5.140 Under what circumstancesisthe angular
momentum of a system, calculated relative to
apoint C whichisfixed in aNewtonian frame,
conserved?

5.141 A satelliteis put into an elliptical orbit
around the earth (that is, you can assume the
orbit is closed) and has avelocity v p at posi-
tion P. Find an expression for the velocity ¥ o
at position A. Theradii to A and P are, respec-
tively, r o andrp. [Hint: both total energy and
angular momentum are conserved.]

problem 5.14I: o

(Filename:pfigure.blue.64.2)

5.142 Themechanicsof nuclear war. A mis-
sile, modelled as a point, is launched on a bal-
listic trgjectory from the surface of the earth.
The force on the missile from the earth’s grav-
ity is F = mgR?/r? and is directed towards
the center of the earth. When it is launched
from the equator it has speed vg and in the di-
rection shown, 45° from horizontal. For the
purposes of this calculation ignore the earth’s
rotation. That is, you can think of this problem
astwo-dimensiona in the plane shown. If you
need numbers, use the following values:

m = 1000kg is the mass of the missile,

g = 10m/s? is earth’s gravitational con-
stant at the earth’s surface,

R = 6,400,000m is the radius of the
earth, and

vo = 9000m/s

r (t) isthe distance of the missile from the
center of the earth.

a) Draw afree body diagram of the mis-
sile. Write the linear momentum bal-
ance equation. Break thisequation into
X and y components. Rewrite these
equations as a system of 4 first order
ODE's suitable for computer solution.
Write appropriate initial conditions for
the ODE's.

b) Using the computer (or any other
means) plot the trajectory of the rocket
after it is launched for a time of 6670
seconds. [Use a much shorter time
when debuggingyour program.] Onthe
same plot draw a (round) circle for the
earth.

problem 5.142:

(Filename:pfigure.s94q12p1)

5.143 A particle of mass 2kg moves in the
horizontal xy-plane under the influence of a
central force F = —kF (attraction force pro-
portional to distance from the origin), where
k = 200N/m and 7 is the position of the par-
ticle relative to the force center. Neglect al
other forces.

a) Show that circular trajectories are pos-
sible, and determine the relation be-
tween speed v and circular radius rq
which must hold on a circular trajec-
tory. [hint: Write F = ma, break into
x and y components, solve the separate
scalar equations, pick fortuitous values
for thefree constantsin your solutions.]

b) It turns out that trajectories are in gen-
eral elliptical, as depicted in the dia-
gram.

For aparticular elliptical trajectory with
a = 1mand b = 0.8m, the velocity
of the particle at point 1 is observed to
be perpendicular to theradial direction,
with magnitude v1, as shown. When
the particle reaches point 2, its veloc-
ity is again perpendicular to the radia
direction.

Determine the speed increment Av
which would have to be added (in-
stantaneously) to the particle's speed
at point 2 to transfer it to the circular
trajectory through point 2 (the dotted
curve). Express your answer in terms
of vy.
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problem 5143,
(Filename:pfigure.blue.72.1)

5.10 Coupled motions of
particlesin space

5.144 Linear momentum balance for genera
systemswith multipleinteracting partsmoving
more or less independently reduces to F' =
ma if you interpret the terms correctly. What
doesthismean? What is F? Whatism? What
isa?
5.145 A particle of massm; = 6kg and apar-
ticleof massmy = 10kgaremoving inthexy-
plane. At aparticular instant of interest, par-
ticle 1 has position, velocity, and acceleration
F1=3mi+2mj, v; = —16m/si+6m/sj,
and @1 = 10m/s’f —24m/s% ], respectively,
and particle 2 has position, velocity, and accel-
eration Fp = —6mi —4mj, v, = 8m/si +
4m/sj, and @, = 5m/s?f — 16m/<% ], re-
spectively.

@ Find the linear momentum L and its

rate of change L of each particle at the
instant of interest.

b) Find the linear momentum L and its

rate of change E of the system of the
two particles at the instant of interest.

¢) Findthe center of massof the system at
the instant of interest.

d) Findthevelocity and acceleration of the
center of mass.

5.146 A particle of massm; = 5kg and a par-
ticle of massm, = 10kg are moving in space.
At aparticular instant of interest, particle 1 has
position, velocity, and acceleration

ri1 = 1mi+1mj
vy = 2m/sj
a, = 3m/<k

respectively, and particle 2 has position, veloc-
ity, and acceleration

ro = 2mi
v, = lm/Sle
a, = 1m/52j

respectively. For the system of particles at the
instant of interest, find its
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a) linear momentum L,

b) rate of change of linear momentum f ,

) angular momentum about the origin
H,,

d) rate of change of angular momentum
about the origin ﬁo,

e) kinetic energy Ex, and

f) rate of change of kinetic energy.

5.147 Two particles each of mass m are con-
nected by a massless elastic spring of spring
constant k and unextended length 2R. Thesys-
tem slideswithout friction onahorizontal table,
so that no net external forces act.

a) Is the total linear momentum con-
served? Justify your answer.

b) Can the center of mass accelerate? Jus-
tify your answer.

c) Draw free body diagrams for each
mass.

d) Derivetheequationsof motion for each
mass in terms of cartesian coordinates.

€) What are the total kinetic and potential
energies of the system?

f) For constant values and initial condi-
tions of your choosing plot thetrajecto-
riesof thetwo particlesand of the center
of mass (on the same plot).

problem 5.147:

(Filename:pfigure.blue.65.2)

5.148 Two ice skaters whirl around one an-
other. They are connected by a linear elastic
cord whose center is stationary in space. We
wishto consider themotion of oneof theskaters
by modeling her asamass m held by acord that
exerts k Newtons for each meter it is extended
from the central position.

a) Draw afree body diagram showing the
forcesthat act on themassisat an arbi-
trary position.

b) Writethedifferential equationsthat de-
scribe the motion.

c) Describein physical and mathematical
terms the nature of the motion for the
three cases

d o< yk/m;
b) o= k/m;

c) o> Jk/m.

APPENDIX 5. Contact: friction and collisions

(You are not asked to sol ve the equation

of motion.)
ice ?ater 1
r
/ 1 \?
ice skater 2~ 0 (fixed)
problem 5.148:

(Filename:pfigure.blue.154.1)

5.149 Theory question. If you are given the
total mass, the position, the velocity, and the
acceleration of the center of mass of a system
of particlescanyoufind theangular momentum
H ; of the system, where O isnot at the center
of mass? If so, how and why? If not, then give
areason and/or a counter example. *

5.150 The equation (V) — V) i = e(Vy —
V1) - 11 relates relative velocities of two point
masses before and after frictionless impact
|n the normal direction n of the |mpact If
Ill = lel + v]_y] 1)2 = —vol e =
0.5, vy = 0, V1 = 2ft/sl — 5ft/sj, and
n= «/15(1 + ), find the scalar equation relat-
ing the velocities in the normal direction.

5.151 Assuming 6, vg, and e to be known

quantities, writethefollowing equationsin ma-
trix form set up to solve for v’ ax and v’ ay:

sinBv’ ax + cosOv’ py = evp cosd
cosOv’ ax — Siﬂ@v/Ay =vgsing.

5.152 Set up the following equations in ma-
trix form and solve for va and vg, if vg
26m/s, e = 0.8, mp = 2kg, and mg
500g:

Mmavg = Mava + MBUB
—€evg = va — UB.

5.153 The following three equations are ob-
tained by applying the principle of conserva-
tion of linear momentum on some system.

Movg = 24.0m/smg — 0.67mgvg — 0.58mcvc
0= 36.0m/smp + 0.33mguvg + 0.3mcvc
0=233m/smp — 0.67mgvg — 0.58mcvc.

Assume v, vg, and vc aretheonly unknowns.
Write the eguations in matrix form set up to
solve for the unknowns.

5.154 See also problem 5.155. The following
three equations are obtained to solve for ”/Ax’

/ / .
Vay: and Uy

(Vgy — Upy) COSO = vj\ysine —10m/s
Vp, SING = v:,_\y cosd — 36m/s
MBvg, + MAVR, = (—60m/s) Ma.

Set up these equations in matrix form.

5.155 Solve for the unknowns U/Ax’ v’Ay, and
vg, inproblem 5.154 taking 6 = 50°, mp =
1.5mpg and mg = 0.8kg. Use any computer
program.

5.156 Using the matrix form of equations in
Problem 5.151, solvefor v/ ax and v’ ay if 6 =
20° and vg = 5ft/s.

5.157 Two frictionlessmassesma = 2kg and
mass mg = 5kg travel on straight collinear
paths with speeds Vo = 5m/s and Vg =
1m/s, respectively. The masses collide since
Va > V. Find the amount of energy lost in
the collision assuming normal motionisdecou-
pled fromtangential motion. The coefficient of
restitutionise = 0.5.

A B
—_— —_—
VA VB
problem 5.157:

(Filename:Danef94s3q7)

5.158 Two frictionless puckssliding onaplane
collide as shown in the figure. Puck A isini-
tidly at rest. Given that (Vg); = 1.0m/s,
(Va)i = 0, and (Va)f = 0.5m/s, find the
approach angle ¢ and rebound angle y. The
coefficient of restitutionise = 0.9.

(Va)s

Q (Va)i=0
7/ / 5

(VB)I

(VB)f

problem 5.158:
(Filename:Danef94s2q8)

5.159 Reconsider problem 5.158. Given in-
stead that y = 30°, (Va)i = 0, and (Va)f =
0.5my/s, find theiinitial velocity of puck B.

5.160 A bullet of mass m with initial speed
v is fired in the horizontal direction through
block A of massma and becomesembedded in
block B of mass mg. Each block is suspended
by thinwires. Thebullet causesA and B to start
moving with speed of v and vg respectively.
Determine

a) theinitial speed vg of thebulletinterms
of VA and VB, *

b) the velocity of the bullet as it travels
from block A to block B,and *

c) the energy loss due to friction as the
bullet (1) moves through block A and
(2) penetrates block B. *
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& m]  [m]
A B

problem 5.160:

(Filename:pfigure.blue.23.1)

5.161 A masslessspringwith constant kisheld
compressed adistance § fromitsrelaxed length
by athread connecting blocks A and B which
aredtill on africtionlesstable. Theblockshave
mass ma and mg, respectively. The thread is
suddenly but gently cut, theblocksfly apart and
the spring falls to the ground. Find the speed
of block A asit slides away. *

problem 5.161:

(Filename:pfigure.blue.32.2)

761



762

APPENDIX 6. Contact: friction and collisions

Problems for Chapter 6

Constrained straight line motion

6.1 1-D constrained motion
and pulleys

6.1 Thetwo blocks, m; = mp = m, are con-
nected by aninextensiblestring AB. Thestring
canonly withstand atension Tey . Find themax-
imum value of the applied force P so that the
string does not break. The sliding coefficient
of friction between the blocks and the ground

ispu.
|

B P
my My | e—)
ey

problem 6.1:

(Filename:Danef94s3q5)

6.2 A train engine of mass m pulls and accel-
erates on level ground N cars each of mass m.
The power of the engineis Py and its speed is
vt. Find thetension Ty, between car n and car
n+1. Assume thereis no resistance to rolling
for al of the cars. Assume the cars are con-
nected with rigid links. *

n=N-2 n=N-1 n=N

n=1 n=2

giox-i@%%@

problem 6.2:

(Filename:pfigure.newtrain)

6.3 Two blocks, each of massm, are connected
together across their tops by a massless string
of length S; the blocks' dimensions are small
compared to S. They slide down a slope of
angle 6. Do not neglect gravity but do neglect
friction.

a) Draw separate free body diagrams of
each block, the string, and the system
of the two blocks and string.

b) Write separate equationsfor linear mo-
mentum balance for each block, the
string, and the system of blocks and
string.

¢) What isthe acceleration of the center of
mass of the two blocks?

d) What isthe forcein the string?

€) What isthe speed of the center of mass
for the two blocks after they have trav-
eled adistanced downtheslope, having
started from rest. [Hint: You need to
dot your momentum balance equations
with aunit vector along therampin or-
der to reduce this problem to aproblem
in one dimensional mechanics.]

problem 6.3:

(Filename:pfigure.blue.27.1)

6.4 Two blocks, each of massm, are connected
together across their tops by a massless string
of length S; the blocks' dimensions are small
compared to S. They dlide down a slope of
angle#. The materials are such that the coeffi-
cient of dynamic friction on the top block is
and on the bottom block is /2.

a) Draw separate free body diagrams of
each block, the string, and the system
of the two blocks and string.

b) Write separate equationsfor linear mo-
mentum balance for each block, the
string, and the system of blocks and
string.

¢) What isthe acceleration of the center of
meass of the two blocks?

d) What istheforcein the string?

€) What isthe speed of the center of mass
for the two blocks after they have trav-
eled adistanced downtheslope, having
started from rest.

f) How would your solutions to parts (a)
and (c) differ in thefollowing two vari-
aions: i.) If the two blocks were in-
terchanged with the slippery one on top
or ii.) if the string were replaced by a
meassless rod? Qualitative responses to
this part are sufficient.

problem 6.4:

(Filename:pfigure.blue.27.1a)

6.5 A cart of mass M, initially at rest, canmove
horizontally along a frictionless track. When
t = 0, aforce F isapplied asshown to the cart.
During the acceleration of M by theforce F, a
small box of massm slides along the cart from
the front to the rear. The coefficient of friction
betweenthe cart and box is i, and it isassumed
that the acceleration of the cart is sufficient to
cause dliding.

a) Draw free body diagrams of the cart,

the box, and the cart and box together.

b) Writetheequation of linear momentum
balance for the cart, the box, and the
system of cart and box.

¢) Show that the equations of motion for
the cart and box can be combined to
give the equation of motion of the mass
center of the system of two bodies.

d) Find the displacement of the cart at the
timewhen thebox hasmoved adistance
£ aong the cart.

- { —
m: F
M ———
) . no friction
problem 6.5:

(Filename:pfigure.blue.28.1)

6.6 A motor at B alows the block of mass
m = 3kg shown in the figure to accelerate
downwards at 2m/s?. Thereis gravity. What
isthetension in the string AB?

B

problem 6.6:
(Filename:pfigure.blue.12.2)

6.7 For the mass and pulley system shown in
the figure, the point of application A of the
force movestwice asfast asthe mass. At some
instant in time t, the speed of the massis x to
the left. Find the input power to the system at
timet.

L F

problem 6.7:
(Filename:pfig2.3.rp8)
6.8 Pulley and masses. Two massesconnected
by an inextensible string hang from an ideal
pulley.
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a) Find the downward acceleration of
mass B. Answer in terms of any or all
of ma, mg, g, andthepresent velocities
of the blocks. Asacheck, your answer
should giveag = g whenmpa = 0 and
ag = Owhenmpa =mpg. *.

b) Find the tension in the string. As a
check, your answer should give T =
mpg = mag when ma = mg and
T =0whenmpa =0. *

mg

problem 6.8:
(Filename:pfigure3.f95p1p2)
6.9 The blocks shown are released from rest.
Make reasonable assumptions about strings,
pulleys, string lengths, and gravity.
a) What is the acceleration of block A at
t = Ot (just after release)?

b) What isthe speed of block B after it has
fallen 2 meters?

problem 6.9:
(Filename:pfigure.blue.29.2)

6.10 What isthe acceleration of block A? Use
g = 10m/s?. Assume the string is massless
and that the pulleys are massless, round, and
have frictionless bearings.

32kg

problem 6.10:

(Filename:pfigure.f93g4)

6.11 For the system shown in problem 6.8, find
the acceleration of mass B using energy bal-
ance (P = Ek).

6.12 For the various situations pictured, find
the acceleration of the mass A and the point
B shown using balance of linear momentum

o F = ma). Define any variables, coordi-
nates or sign conventions that you need to do
your calculations and to define your solution.
*

@ A B

m

b

(b) B__F

———

© = é_I_@—E;J

O s —"p
m

problem 6.12:

(Filename:pulley1)

6.13 For each of the various situations pictured
in problem 6.12 find the acceleration of the
mass using energy balance (P = Ek). Define
any variables, coordinates, or sign conventions
that you need to do your calculations and to
define your solution.

6.14 What is the ratio of the acceleration of
point A tothat of point B in each configuration?
In both cases, the strings are inextensible, the
pulleys massless, and the mass and force the
same. *

A F
= ) 3
e
m B F
—
problem 6.14:

(Filename:sum95.p1.p3)

6.15 Find the acceleration of pointsA andB in
termsof F andm. Assumethat thecartsstay on
the ground, have good (frictionless) bearings,
and have wheels of negligible mass.

F
mB—b

problem 6.15:

(Filename:pfigure.s94q5p1)
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6.16 For the situation pictured in problem 6.15
find the accelerations of the two masses using
energy balance (P = Ek). Define any vari-
ables, coordinates, or sign conventionsthat you
need to do your calculations and to define your
solution.

6.17 For the various situations pictured, find
the acceleration of the mass A and the point
B shown using balance of linear momentum
()" F = ma). Define any variables, coordi-
nates or sign conventions that you need to do
your calculations and to define your solution.

a *
b) *
@

L m]

(©)
A B F
[m]fe = {|=>
—@—I
mésslees
problem 6.17:

(Filename:pulley4)

6.18 For thevarioussituationspictured in prob-
lem 6.17 find the acceleration of the mass us-
ing energy balance (P = Ek). Define any
variables, coordinates, or sign conventionsthat
you need to do your calculations and to define
your solution.

6.19 A person of mass m, modeled as arigid
body is sitting on a cart of mass M > m and
pulling themasslessinextensiblestring towards
herself. The coefficient of friction between her
seat and the cart is . All wheels and pulleys
are massless and frictionless. Point B is at-
tached to the cart and point A is attached to the
rope.

a) If youaregiven that sheis pulling rope
in with acceleration ag relative to her-
self(thatis,aA/B =ap—ag = —apl)
and that she is not dipping relative to
the cart, find @a. (Answer in terms of
someor al of m, M, g, u, L and ag.)
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b) Find the largest possible value of ag
without the person slipping off the cart?
(Answer in terms of some or al of
m, M, g and . You may assume her
legsget out of theway if she slips back-
wards.)

c) If instead, m < M, what is the largest
possible value of ag without the person
slipping off the cart? (Answer in terms
of some or al of m, M, g and . You
may assume her legs get out of the way
if she dlips backwards.)

~

gl JLi

ideal pulley

problem 6.19: Pulley.

(Filename:s97p2.2)

6.20 Two blocks and a pulley. Two equal
masses are stacked and tied together by the pul-
ley asshown. All bearings arefrictionless. All
rotating parts have negligible mass. Find

a) the acceleration of point A, and

b) thetensionintheline.

jI_.
F

e

problem 6.20:

(Filename:p.s96.p1.1)

6.21 The pulleysare massessand frictionless.
Neglect air friction. Include gravity. x mea-
sures the vertical position of the lower mass
fromequilibrium. y measuresthevertical posi-
tion of the upper mass from equilibrium. What
isthe natural frequency of vibration of thissys-
tem? *

APPENDIX 6. Contact: friction and collisions

y

S

[]m
x|
problem 6.21:
(Filename:pfigure.s95q4)

6.22 For the situation pictured, find the ac-
celeration of the mass A and the points B and
C shown using balance of linear momentum
(O~ F = ma). Define any variables, coordi-
nates or sign conventions that you need to do
your calculations and to define your solution.
[Hint: the situation with point C is tricky and
the answer is subtle.]

2 C o0y

A
m .

problem 6.22:
(Filename:pulley2)

6.23 For situation pictured in problem 6.22,
find the acceleration of point A using energy
balance (P = Ek). Define any variables, co-
ordinates, or sign conventions that you need to
do your calculations and to define your solu-
tion.

6.24 Design apulley system. You areto design
apulley system to move amass. There is no
gravity. Point A hasaforce F = Fi pulling
it to the right. Mass B has mass mg. You
can connect the point A to the mass with any
number of ideal strings and ideal pulleys. You
can make use of rigid walls or supports any-
where you like (say, to the right or left of the
mass). You must design the system so that the
mass B accelerates to the left with ﬁ (ie,
ag = — ﬁi)
a) Draw the system clearly. Justify your
answer with enough words or equa-
tions so that a reasonable person, say

a grader, can tell that you understand
your solution.

b) Find the acceleration of point A.

6.25 Pulley and spring. For the mass hang-
ing at the right, find the period of oscillation.
Assume amassless pulley with good bearings.
The massless string is inextensible. Only ver-
tical motion is of interest. There is gravity.
[Hint: Draw FBD, carefully keeptrack of string

length to figure spring stretch, set up equations
of motion and solve them.]

()

m

problem 6.25:
(Filename:pfigure.s94h4p4)

6.26 The spring-mass system shown (m = 10
slugs(= Ib-sec</ft),k = 101lb/ft) isexcited
by moving the free end of the cable vertically
according to §(t) = 4sin(wt)in, as shown in
thefigure. Assumingthat thecableisinextensi-
bleand massl essand that the pulley ismassless,
do the following.

a) Derive the equation of motion for the
block in terms of the displacement x
from the static equilibrium position, as
shown in the figure.

b) If w = 0.9rad/s, check to seeif the pul-
ley is always in contact with the cable
(ignore the transient solution).

Static equilibrium
positionat § =0
andx=0

problem 6.26:

(Filename:pfigure.blue.151.1)

6.27 Theblock of massm hanging onthespring
with constant k and astring shown in thefigure
is forced (by an unseen agent) with the force
F = Asin(wt). (Do not neglect gravity). The
pulley is massless.

a) What is the differential equation gov-
erning the motion of the block? You
may assumethat theonly motionisver-
tical motion. *

b) Given A, mand k, for what values of w
would the string go slack at some point
inthecyclical motion? (You should ne-
glect the homogeneous solution to the
differential equation.) *
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3

F = Asin(wt)

problem 6.27:
(Filename:pfigure.blue.155.1)

6.28 Block A, with mass ma, is pulled to the
right a distance d from the position it would
have if the spring were relaxed. It is then re-
leased from rest. Assume ideal string, pulleys
and wheels. The spring has constant k.

a) What isthe acceleration of block A just
after it isreleased (in terms of k, ma,
and d)? *

b) What isthe speed of the mass when the
mass passes through the position where
the spring isrelaxed? * .

problem 6.28:
(Filename:pfi gure.f93q5)‘

6.29 What is the static displacement of the
mass from the position where the spring isjust

|
|

e
m DY

problem 6.29:
(Filename:pulley3.8)

6.30 For the two situations pictured, find the
acceleration of point A shown using balance
of linear momentum (}_ F = ma). Assum-
ing both masses are defl ected an equal distance
from the position where the spring is just re-
laxed, how much smaller or bigger is the ac-
celeration of block (b) than of block(a). Define
any variables, coordinate system origins, coor-
dinates or sign conventions that you need to do
your calculations and to define your solution.

problem 6.30:

(Filename:pulley3)

6.31 For each of the various situations pictured
in problem 6.30, find the acceleration of the
mass using energy balance (P = Ek). Define
any variables, coordinates, or sign conventions
that you need to do your calculations and to
define your solution.

6.2 2D
and 3D forces even though
the motion is straight

6.32 Mass pulled by two strings. F; and F»
are applied so that the system shown acceler-
atestotherightat5m/s? (i.e., @ = 5m/s?i +
0j) and has no rotation. The mass of D and
forces F1 and F» are unknown. What is the
tension in string AB?

A
4 —— Fl
3
5 /7/
m D
3
j 43 e
i
problem 6.32:
(Filename:pg9.1)

6.33 A point mass m is attached to a piston
by two inextensible cables. The piston has up-
wards acceleration ay j. There is gravity. In
terms of someor all of m, g, d, and ay find the
tension in cable AB. *

765
59 5d ~c
6d
B
J
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1
problem 6.33:

(Filename:ch3.13)

6.34 A point mass of mass m moveson afric-
tional surface with coefficient of friction u and
is connected to a spring with constant k and
unstretched length ¢. Thereis gravity. At the
instant of interest, the mass is at a distance x
to the right from its position where the spring
isunstretched and is moving with X > Oto the
right.

a) Draw afree body diagram of the mass
at the instant of interest.

b) Attheinstant of interest, writetheequa-
tion of linear momentum balance for
the block evaluating the left hand side
as explicitly as possible. Let the accel-
eration of the block be @ = Xi.

=

problem 6.34:
(Filename:ch2.10a)

6.35 Find the tension in two strings. Con-
sider the mass at B (2kg) supported by two
strings in the back of atruck which has accel-
eration of 3m/s?. Use your favorite value for
the gravitational constant. What is the tension
Tap inthestring AB in Newtons?

problem 6.35:

(Filename:pfigure.s94h2p8)

6.36 Guyed plate on a cart A uniform rect-
angular plate ABCD of mass m is supported
by arod DE and ahingejoint at point B. The
dimensions are as shown. The cart has accel-
eration axi dueto aforce F. Thereisgravity.
What must the acceleration of the cart be in
order for therod DE to bein tension? *
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problem 6.36: Uniform plate supported
by a hinge and a cable on an accelerating cart.
(Filename:tfigure3.2D.a.guyed)

6.37 A uniform rectangular plate of massmis
supported by two inextensible cables AB and
CD and by a hinge at point E on the cart as
shown. The cart has acceleration ayZ dueto a
force not shown. Thereis gravity.

a) Draw afree body diagram of the plate.

b) Writetheequation of linear momentum
balance for the plate and evaluate the
left hand side as explicitly as possible.

¢) Writethe equation for angular momen-
tum balance about point E and evaluate
theleft hand side as explicitly as possi-

ble.
|53 3a —|2 ;_7
2}3
jI_. S E 2Ia
; |

problem 6.37:
(Filename:ch2.12)

6.38 A uniform rectangular plate of mass m
is supported by an inextensible cable CD and
a hinge joint at point E on the cart as shown.
The hinge joint is attached to a rigid column
welded to the floor of the cart. The cart is at
rest. Thereisgravity. Find thetensionin cable
CD.

J4
D
20
B |
G C t
2 @ 2
JL E f
i

(®)

problem 6.38:

(¥

(Filename:ch3.11.b)
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6.39 A uniform rectangular plate of mass m
is supported by an inextensible cable AB and
a hinge joint at point E on the cart as shown.
The hinge joint is attached to a rigid column
welded to the floor of the cart. The cart has
acceleration axZ. There is gravity. Find the
tension in cable AB. (What's ‘wrong’ with
this problem? What if instead point B was at
the bottom left hand corner of the plate?) *

.3y . 3p L
A 3¢ 3¢ D—T
20
S C |
G
5 @ 20
JL E |
i
a:axi

(¥

(Filename:ch3.11a)

problem 6.39:

6.40 A block of massmissitting on afriction-
less surface and acted upon at point E by the
horizontal force P through the center of mass.
Draw afree body diagram of the block. There
is gravity. Find the acceleration of the block
and reactions on the block at points A and B.

2b
—b—
d
o ELY
G 2d
A B
problem 6.40:

(Filename:ch3.9)

6.41 Reconsider the block in problem 6.40.
This time, find the acceleration of the block
and the reactions at A and B if the force P is
applied instead at point D. Are the acceler-
ation and the reactions on the block different
from those found if P isapplied at point E?

6.42 A block of massmissitting on africtional
surface and acted upon at point D by the hori-
zontal force P. The block isresting on asharp
edge at point B and is supported by an ideal
wheel at point A. Thereis gravity. Assuming
the block is dliding with coefficient of friction
w at point B, find the acceleration of the block
and the reactions on the block at points A and
B.

2b
—b—
¢ r
el |
65G
A ; \
problem 6.42:

(Filename:ch3.12)

6.43 A force F¢ isappliedtothe corner C of a
box of weight W with dimensionsand center of
gravity at G as shown in the figure. The coef-
ficient of liding friction between the floor and
the points of contact A and B is . Assuming
that the box slideswhen F¢ isapplied, find the
acceleration of the box and the reactions at A
and B intermsof W, F¢, 6, b, and d.

P

-

o

T
b
|

problem 6.43:
(Filename:Mikes92p3)

6.44 Forcesof rod on acart. A uniform rod
with mass my rests on a cart (mass m¢) which
is being pulled to the right. Therod is hinged
at one end (with africtionless hinge) and has
no friction at the contact with the cart. The cart
isrolling on wheelsthat are modeled as having
no mass and no bearing friction (ideal massless
wheels). Find:

a) The force on the rod from the cart at
point B. Answer intermsof g, my, mc,

6 and F.
b) The force on the rod from the cart at
point A.
A
%
B F
“
problem 6.44:

(Filename: pfigure.s94h3p3)

6.45 At theinstant shown, the massis moving
to theright at speed v = 3m/s. Find the rate
of work done on the mass.
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m=10kg

R

. frictionless

]
problem 6.45:

(Filename:pfig2.3.rp9)

6.46 A point mass‘m’ ispulled straight up by
two strings. Thetwo strings pull themasssym-
metrically about the vertical axiswith constant
and equal force T. At aninstant intimet, the
position and the velocity of the massare y(t) j
and y(t) j, respectively. Find the power input
to the moving mass.

T L 4{ T
D o) ‘ —
h
y
X —
problem 6.46:

(Filename:pfig2.3.rp2)

6.47 The box shown in the figure is dragged
in the x-direction with a constant accelera-
tion @ = 0.5m/s%i. At the instant shown,
the velocity of (every point on) the box is
v =08m/si.

a) Find the linear momentum of the box.

b) Find the rate of change of linear mo-
mentum of the box.

¢) Find the angular momentum of the box
about the contact point O.

d) Find therate of change of angular mo-
mentum of the box about the contact

point O.
y m=2Kkg
|
2m
&
Im
30°
@) X
problem 6.47:

(Filename:pfigure3.mom.rp1)

6.48 The groove and disk accelerate upwards,
a = aj. Neglecting gravity, what are the
forces on the disk due to the groove?

y
01 02

X
problem 6.48:

(Filename:ch2.5.ba)

6.49 The following problems concern a box
thatisintheback of apickup truck. The pickup
truck is accelerating forward at an acceleration
of a;. The truck’s speed is vt. The box has
sharp feet at the front and back ends so theonly
place it contacts the truck is at the feet. The
center of mass of the box is at the geometric
center of thebox. The box hasheight h, length
¢ and depth w (into the paper.) Its mass is
m. There is gravity. The friction coefficient
between the truck and the box edgesis .

In the problems below you should express
your solutionsin termsof thevariablesgivenin
thefigure, ¢, h, u, m, g, at, and vt. If any vari-
ables do not enter the expressions comment on
why they do not. In all cases you may assume
that the box does not rotate (though it might be
on the verge of doing so).

a) Assuming the box does not slide, what
isthetotal forcethat the truck exertson
the box (i.e. the sum of the reactions at
A and B)?

b) Assuming the box does not slide what
are the reactions at A and B? [Note:
You cannot find both of them without
additional assumptions.]

¢) Assuming the box does slide, what is
the total force that the truck exerts on
the box?

d) Assuming the box does slide, what are
thereactions at A and B?

€) Assuming the box does not slide, what
is the maximum acceleration of the
truck for which the box will not tip over
(hint: just at that critical acceleration
what isthe vertical reaction at B?)?

f) What is the maximum acceleration of
the truck for which the block will not
dide?

g) The truck hits a brick wall and stops
instantly. Does the block tip over?

Assuming the block does not tip over,
how far doesit dide on thetruck before
stopping (assume the bed of the truck
is sufficiently long)?
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problem 6.49:

(Filename:pfigure.blue.22.1)

6.50 A collection of uniform boxes with var-
ious heights h and widths w and masses m sit
onahorizontal conveyer belt. Theacceleration
a(t) of the conveyer belt gets extremely large
sometimes due to an erratic over-powered mo-
tor. Assume the boxes touch the belt at their
left and right edges only and that the coefficient
of friction thereis w. It is observed that some
boxes never tip over. What is true about u, g,
w, h, and m for the boxes that always maintain
contact at both theright and | eft bottom edges?
(Write an inequality that involves some or all
of these variables.)

1 ]

(.

problem 6.50:

motor
£)

(Filename:pfigure.f93qg3)

6.51 After failureof her normal brakes, adriver
pulls the emergency brake of her old car. This
actionlockstherear wheel s(friction coefficient
= ) but leaves the well lubricated and light
front wheels spinning freely. The car, braking
inadeguately asisthe case for rear wheel brak-
ing, hits a tiff and slippery phone pole which
compresses the car bumper. The car bumper is
modeled here as alinear spring (constant = k,
rest length = o, present length = Is). The
car is still traveling forward at the moment of
interest. The bumper is at a height hy, above
the ground. Assume that the car, excepting the
bumper, is a non-rotating rigid body and that
the wheels remain on the ground (that is, the
bumper iscompliant but thesuspensionisstiff).

e What is the acceleration of the car in
terms of g, m, u, lf, Iy, K, hp, hem,
lo, and Is (and any other parameters if
needed)?

problem 6.51:

(Filename:pfigure.s94q4p1)
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6.52 Car braking: front brakesversusrear
brakesversusall four brakes. Thereareafew
puzzlesin dynamicsconcerning the differences
between front and rear braking of a car. Here
isoneyou can deal with now. What isthe peak
deceleration of acar when you apply: thefront
brakes till they skid, the rear brakes till they
skid, and all four brakestill they skid? Assume
that the coefficient of friction between rubber
and road is . = 1 (about right, the coefficient
of friction between rubber and road varies be-
tween about .7 and 1.3) and that g = 10m/s?
(2% error). Pick the dimensions and mass of
the car, but assume the center of mass height h
is above the ground. The height h, should be
lessthan half thewheel base w, the distance be-
tween thefront and rear wheel. Further assume
that the CM is halfway between the front and
back wheels (i.e., If = Iy = w/2). Assume
a sothat the car hasastiff suspension so the car
does not move up or down or tip during brak-
ing; i. e, thecar doesnot rotatein thexy-plane.
Neglect the mass of the rotating wheels in the
linear and angular momentum balance equa-
tions. Treat this problem as two-dimensional
problem; i. e, thecar issymmetricleft toright,
does not turn left or right, and that the left and
right wheels carry the sameloads. To organize
your work, here are some steps to follow.

a) Draw a FBD of the car assuming rear
wheel is skidding. The FBD should
show the dimensions, the gravity force,
what you know a priori about theforces
on the wheels from the ground (i.e.,
that the friction force Fr = uN;, and
that there is no friction at the front
wheels), and the coordinate directions.
Label pointsof interest that you will use
in your momentum balance eguations.
(Hint: also draw a free body diagram
of the rear wheel.)

b) Write down the equation of linear mo-
mentum balance.

¢) Writedown theequation of angular mo-
mentum balance relative to a point of
your choosing. Some particularly use-
ful pointstouseare: the point abovethe
front wheel and at the height of the cen-
ter of mass; the point at the height of the
center of mass, behind the rear wheel
that makes a45 degree angle line down
to the rear wheel ground contact point;
and the point on the ground straight un-
der the front wheel that isas deep asthe
wheel baseislong.

d) Solvethemomentum balanceequations
for thewheel contact forces and the de-
celeration of the car. If you have used
any or all of therecommendationsfrom
part (c) you will have the pleasure of
only solving one equation in one un-
known at atime. *

€) Repeat steps (a) to (d) for front-wheel
skidding. Note that the advantageous
points to use for angular momentum
balance are now different. Does a car
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stop faster or slower or the same by
skidding the front instead of the rear
wheels? Would your solution to (€) be

different if the center of mass of the car
was at ground level(h=0)? *

f) Repeat steps (a) to (d) for al-wheel
skidding. There are some shortcuts
here. You determine the car deceler-
ation without ever knowing the wheel
reactions (or using angular momentum
balance) if you look at the linear mo-
mentum balance equations carefully. *

g) Does the deceleration in (f) equa the
sum of the deceleration in (d) and (€)?
Why or why not? *

h) What peculiarity occursin the solution
for front-wheel skidding if the wheel
baseistwicetheheight of the CM above
groundand p = 1? *

i) What impossibility does the solution
predict if the wheel baseis shorter than
twice the CM height? What wrong as-
sumption gives rise to this impossibil-
ity? What would really happen if one
tried to skid a car thisway? *

problem 6.52:

(Filename:pfigure.s94h3p6)

6.53 Assuming massless wheels, an infinitely
powerful engine, astiff suspension (i.e., horo-
tation of the car) and a coefficient of friction
between tires and road,

a) what is the maximum forward acceler-
ation of this front wheel drive car? *

b) what is the force of the ground on the
rear wheels during this acceleration?

c) what is the force of the ground on the
front wheels?

problem 6.53:

(Filename:pfigure.f00p1.3)

6.54 Attimet = 0, the block of mass mis
released at rest on the slope of angle ¢. The
coefficient of friction between the block and
dopeis .
a) What istheacceleration of theblock for
uw>0?*

b) Whatistheacceleration of theblock for
n=0?*
¢) Find the position and velocity of the

block as a function of timefor . > 0.
*

d) Find the position and velocity of the
block as a function of time for © = 0.

problem 6.54:
(Filename:Danef94s1qg5)

6.55 A small block of massm; isreleased from
rest at dtitude h on africtionless slope of angle
«. Attheinstant of release, another small block
of mass my is dropped vertically from rest at
the same atitude. The second block does not
interact with the ramp. What is the velocity of
thefirst block relative to the second block after
t seconds have passed?

problem 6.55:

(Filename:ch8.7)

6.56 Block dliding on a ramp with friction.
A square box issliding down aramp of angle 6
with instantaneous velocity vi’. It is assumed
to not tip over.

a) What istheforce on the block from the
ramp at point A? Answer in terms of
anyoralof6,¢,mg,u v i, and j.
Asacheck, your answer should reduce
to 32 j when6 = = 0. *

b) In addition to solving the problem by
hand, seeif you can write a set of com-
puter commands that, if 6, u, £, m, v
and g were specified, would give the
correct answer.

¢) Assuming & = 80° and 1 = 0.9, can
the box dlide this way or would it tip
over? Why? *

problem 6.56:

(Filename:pfigure3.f95p1pl)
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6.57 A coinisgiven asliding shove up aramp
with angle ¢ with the horizontal . It takestwice
as long to dide down as it does to slide up.
What is the coefficient of friction « between
the coin and the ramp. Answer in terms of
some or al of m, g, ¢ and the initial sliding
velocity v.

6.58 A skiddingcar. What isthebraking accel-
eration of thefront-wheel braked car asit slides
downhill. Expressyour answer asafunction of
any or al of the following variables: the slope
6 of the hill, the mass of the car m, the wheel
base ¢, and the gravitational constant g. Use
u=21*

problem 6.58: A car skidding downhill
on aslope of angle 6

(Filename:pfigure3.car)

6.59 Two blocks A and B are pushed up afric-
tionless inclined plane by an external force F
as shown in the figure. The coefficient of fric-
tion between the two blocksis u = 0.2. The
masses of the two blocks are ma = 5kg and
mg = 2kg. Find the magnitude of the maxi-
mum allowable force such that no relative slip
occurs between the two blocks.

=0.2 n=0
K B

problem 6.59:

(Filename:summer95f.1)

6.60 A bead slideson africtionlessrod. The
spring has constant k and rest length ¢g. The
bead has mass m.

a) Given x and x find the acceleration of
the bead (in terms of some or al of
D, ¢o, X, X, m, k and any base vectors
that you define).

b) If the bead is allowed to move, as con-
strained by the dippery rod and the
spring, find a differential equation that
must be satisfied by thevariable x. (Do
not try to solvethissomewhat ugly non-
linear equation.)

¢) In the specia case that ¢p = 0* find
how long it takesfor the block to return
toitsstarting position after release with
no initial velocity at x = Xg.

problem 6.60:
(Filename:p.s96.p1.2)

6.61 A bead oscillateson astraight frictionless
wire. The spring obeys the equation F = k
(¢ — €o), where ¢ = length of the spring and £g
isthe’rest’ length. Assume

X(t = 0) = X, X(t = 0) = 0.

a) Write a differential equation satisfied
by x(t).

b) What is x when x = 0? [hint: Don’t
try to solve the equation in (a)!]

¢) Note the simplification in (8) if £, =
0 (spring is then a so-called “zero—
length” spring).

d) For this specia case (¢o = 0) solve
the equation in (a) and show the result
agrees with (b) in this special case.

problem 6.61:

(Filename:pfigure.blue.60.1)

6.62 A cartonaspringy leash. A cart B (mass
m) rolls on africtionless level floor. One end
of an inextensible string is attached to the the
cart. The string wraps around a pulley at point
A and the other end is attached to a spring with
constant k. When the cartisat point O, itisin
static equilibrium. The spring and room height
are such that the spring would be relaxed if the
end of the cart B was in the air at the ceiling
pulley, point A. The ceiling height ish. The
gravitational constant is g. The cart is pulled
a horizontal distance d from the center of the
room (at O) and released.

a) Assuming that the cart never leavesthe
floor, what isthe speed of the cart when
it passesthrough the center of the room,
intermsof m, h,gandd. *

b) Doesthe cart undergo simple harmonic
motion for small or large oscillations
(specify which if either)? (Simple har-
monic motion iswhen position is sine-
wave and/or cosine-wave function of
time.) *

problem 6.62:

(Filename:cartosc)

6.63 The cart moves to the right with con-

stant acceleration a. The ball has mass m.

Thespring hasunstretched length £ and spring

constantk. Assumingtheball isstationary with

respect to the cart find the distance from O to

Aintermsof k, £g, and a . [Hint: find 6 first.]
@)

A
0
C D
problem 6.63:

(Filename:Danef94s3q6)

6.64 Consider a person, modeled as a rigid
body, riding an accelerating motorcycle (2-D).
The motorcycleis accelerating. The person is
arigid body. The person is sitting on the seat
and cannot dlide fore or &ft, but is free to rock
in the plane of the motorcycle(as if there is a
hinge connecting the motorcycleto the rider at
the seat). The person’s feet are off the pegs
and the legs are sticking down and not touch-
ing anything. The person’s arms are like ca-
bles (they are masslessand only carry tension).
Assume all dimensions and masses are known
(you haveto definethem carefully with asketch
and words). Assume the forward acceleration
of themotorcycleisknown. You may use num-
bers and/or variables to describe the quantities
of interest.

a) Draw a clear sketch of the problem
showing needed dimensioninformation
and the coordinate system you will use.

b) Draw aFreeBody Diagram of therider.

¢) Writethe equations of linear and angu-
lar momentum balance for the rider.

d) Findall forcesontherider fromthemo-
torcycle(i.e., at the hands and the seat).

e) What are the forces on the motorcycle
from the rider?

6.65 Acceleration of a bicycle on level
ground. 2-D . A very compact bicycler (mod-
eled as a point mass M at the bicycle seat C
with height h, and distance b behind the front
wheel contact), ridesavery light old-fashioned
bicycle (all components have negligible mass)
that is well maintained (all bearings have no
frictional torque) and streamlined (neglect air
resistance). Therider appliesaforce Fp to the
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pedal perpendicular to the pedal crank (with
length L¢). No force is applied to the other
pedal. The radius of the front wheel is R .

a) Assuming no dip, what is the forward
acceleration of the bicycle? [ Hint:
draw a FBD of the front wheel and
crank, and another FBD of the whole
bicycle-rider system.] *

b) (Harder) Assuming the rider can push
arbitrarily hard but that « = 1, what is
the maximum possible forward accel-
eration of the bicycle. *

_ c®
h=2R
Kﬁc 1
Ry
A— . |.B
—
problem 6.65:
(Filename:f.3)

6.66 A 3201bm massisattached at thecorner C
of alight rigid piece of pipebent asshown. The
pipeissupported by ball-and-socket jointsat A
and D and by cable EF. Thepoints A, D, and
E arefastened to the floor and vertical sidewall
of apick-uptruck whichisacceleratinginthez-
direction. The acceleration of thetruck is@ =
5ft/s2k. Thereisgravity. Find thetension in
cable EF. *

problem 6.66:

(Filename:mikef91pl)

6.67 A 5ft by 8ft rectangular plate of uniform
density has massm = 101bm and is supported
by a ball-and-socket joint at point A and the
lightrodsCE,BD, and GH. Theentiresystem
is attached to a truck which is moving with
acceleration @1. The plate is moving without
rotation or angular acceleration relative to the
truck. Thus, the center of mass accel eration of
theplateisthe sameasthetruck’s. Dimensions
are as shown. Points A, C, and D are fixed to
thetruck but the truck is not touching the plate
at any other points. Findthetensioninrod BD.
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a) If the truck’s acceleration is aem =
(5ft/s2)k, what is the tension or com-
pressioninrod BD? *

b) If the truck’s acceleration is dcn =
(5ft/2) j + (6ft/)k, what istheten-
sion or compressioninrod GH? *

y |
-
A - ‘

problem 6.67:

(Filename:Mikesp92p1)

6.68 Hanging a shelf. A shelf with negligible
mass supports a 0.5kg mass at its center. The
shelf is supported at one corner with aball and
socket joint and the other three corners with
strings. At the moment of interest the shelf is
in arocket in outer space and accelerating at
10m/s? inthe k direction. The shelf isin the
Xy plane.

a) Draw aFBD of the shelf.

b) Challenge: without doing any calcula-
tions on paper can you find one of the
reaction force components or the ten-
sion in any of the cables? Give your-
self afew minutes of staring to try this
approach. If you can't, then come back
to this question after you have done all
the calculations. *

c) Write down the linear momentum bal-
ance equation (a vector equation). *

d) Writedowntheangular momentum bal-
ance equation using the center of mass
as areference point. *

€) By taking components, turn (b) and
(c) into six scalar equations in six un-
knowns. *

f) Solvethese equationsby hand or onthe
computer. *

0) Instead of using a system of equations
try to find a single equation which can
be solved for Te. Solve it and com-
pare to your result from before. *

h) Challenge: For how many of the reac-
tions can you find one equation which
will tell you that particular reaction
without knowing any of the other re-
actions? [Hint, try angular momentum
balance about various axes as well as
linear momentum balance in an appro-
priate direction. It is possible to find
five of the six unknown reaction com-
ponentsthisway.] Must these solutions
agree with (d)? Do they?

/ k
—/D i)\j

problem 6.68:
(Filename:pfigure.s94h2p10)

6.69 A uniform rectangular plate of mass m
is supported by an inextensible cable CD and
ahinge joint at point E on the cart as shown.
The hinge joint is attached to a rigid column
welded to the floor of the cart. The cart has
acceleration axZ. There is gravity. Find the
tension in cable CD.

L
-— 3¢ 3¢
D
—A =
20
B |
G C t
A . 2¢
JL E |
i
Zi=axi

(¥

(Filename:ch3.11)

problem 6.69:

6.70 Theuniform 2kg plate DBFH is held by
six massless rods (AF, CB, CF, GH, ED, and
EH) which are hinged at their ends. The sup-
port paintsA, C, G, and Eareall acceleratingin
thex-directionwith accelerationa = 3m/s%.
Thereis no gravity.

a) Whatis{}_ Fy.ifor the forces acting
on the plate?
b) What isthe tension in bar CB?
z

H

problem 6.70:
(Filename:pfigure.s94q3p1)

6.71 A massless triangular plate rests against
africtionlesswall of apick-up truck at point D
and is rigidly attached to a massless rod sup-
ported by two ideal bearings fixed to the floor
of the pick-up truck. A ball of mass mis fixed
to the centroid of the plate. There is gravity.



Problems for Chapter 6

The pick-up truck skids across aroad with ac-

celeration@ = axi+azk. Whatisthereaction
at point D on the plate?

d=c+(U2)b d- y

problem 6.71:
(Filename:ch3.14)

6.72 Towing a bicycle. A bicycle on the level
xy planeis steered straight ahead and is being
towed by a rope. The bicycle and rider are
modeled as a uniform plate with mass m (for
the convenience of the artist). The tow force
F applied at C has no z component and makes
an angle o with the x axis. The rolling wheel
contacts are at A and B. The bike is tipped an
angle ¢ from the vertical. The towing force F
is just the magnitude needed to keep the bike
accelerating in a straight line without tipping
any more or less than the angle ¢. What isthe
acceleration of the bicycle? Answer in terms
of someor al of b, h, «, ¢, m, g and j (Note:
F should not appear in your final answer.)

X

problem 6.72:

(Filename:s97f3)

6.73 An airplane in flight. An airplaneisin
straight level flight but is accelerating in the
forward direction. In terms of some or al of
the following parameters,

o Mot = the total mass of the plane (in-
cluding the wings),

e D=thedrag force on the fuselage,

e Fp=thedrag force on each wing,

e g= gravitational constant, and,

e T =thethrust of one engine.
a) What isthelift on eachwing F ? *

b) What is the acceleration of the plane
ap?*

c) A free body diagram of one wing is
shown. The mass of one wing is m,,.
What, in terms of mtet, My, FL, Fp,
g, a,b, ¢, and ¢ are the reactions at the
base of the wing (where it is attached
totheplane), F = Fxl + Fyj + Fzk

and M = Myi + Myj + Mk? *

FBD of airplane X

L
problem 6.73: Anairplaneinflight, afree
body diagram of the plane, and a free body
diagram of onewing
(Filename:pfigure3.airplane)

6.74 A rear-wheel drive car on level ground.
The two left wheels are on perfectly slippery
ice. The right wheels are on dry pavement.
The negligible-mass front right wheel at B is
steered straight ahead and rolls without dlip.
Theright rear wheel at C also rollswithout slip
and drives the car forward with velocity ¥ =
vj and acceleration @ = aj. Dimensions are
as shown and the car hasmassm . What isthe
sideways force from the ground on the right
front wheel at B? Answer in terms of any or
alofm,g,a,b, ¢, w,andi. *

771

problem 6.74:

(Filename:pfigure3.f95p1p3)

6.75 A somewhat crippled car slams on the
brakes. The suspension springsat A, B, andC
arefrozen and keep the car level and at constant
height. The normal force at D is kept equal
to Np by the only working suspension spring
which is on the left rear wheel at D. The only
brake which isworking isthat of the right rear
wheel at C which slides on the ground with
friction coefficient u. Wheels A, B, and D roll
freely without slip. Dimensions are as shown.

a) Findtheacceleration of thecar interms
of someorall of m, w, ¢, b, h, g, 1, ,
and Np.

b) From the information given could you
aso find al of the reaction forces at all
of the wheels? If so, why? If not, what
can't you find and why? (No credit for
correct answer. Credit dependsonclear
explanation.)

Front wheels
roll without slip

Suspension at |eft rear

wheel keeps normal

force equal to Np
\

Right rear wheel J
locks with friction 1

problem 6.75:

(Filename:s97p2.3)

6.76 Speeding tricycle getsa branch caught
in theright rear wheel. A scared-stiff tricy-
clist riding on level ground gets a branch stuck
in the right rear wheel so the wheel skids with
friction coefficient n. Assume that the center
of massof thetricycle-person systemisdirectly



772 APPENDIX 6. Contact: friction and collisions

above the rear axle. Assume that the left rear
wheel andthefront wheel havenegligiblemass,
good bearings, and have sufficient friction that
they roll in the j direction without dlip, thus
constraining the overall motion of the tricy-
cle. Dimensionsare shown in thelower sketch.
Findtheacceleration of thetricycle (intermsof
someordlof ¢, h, b, m, [I1°M], u, g, I, J,
and k).

[Hint: check your answer against special cases
for which you might guess the answer, such as
when u = 0orwhenh =0]

i ,
k,j problem 6.77:
A (Filename:pfigure.threewheelrobot)
1
. rolling
rolling G < contact
G branch caught
in spokes,
skiddin
9 G °
/( i A
D A k”
~ i
~ e
>N
problem 6.76:

(Filename:p.f96.f.1)

6.77 3-wheeled robot. A 3-wheeled robot
with mass m is being transported on a level
flatbed trailer also with mass m. The trailer
is being pushed with a force Fj. The ideal
massless trailer wheels roll without dip. The
ideal massless robot wheels aso roll without
slip. The robot steering mechanism has turned
the wheels so that wheels at A and C are free
to roll in the j direction and the wheel at B
isfreetoroll intheZ direction. The center of
mass of therobot at G ish abovethetrailer bed
and symmetrically above the axle connecting
wheels A and B. The wheels A and B are a
distance b apart. The length of the robot is ¢.

Find the force vector F a of the trailer
on the robot at A in terms_of some or al of
m,g,¢, F,b,h,Z,j, and k . [Hints Usea
free body diagram of the cart with robot to
find their acceleration. With referenceto afree
body diagram of therobot, useangular momen-
tum balance about axis BC to find Faz.]
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7.1 Kinematics of a particle
in circular motion

7.11f aparticlemovesalongacircle at constant
rate (constant 0) following the equation

7 (t) = Rcos(6t)i + Rsin(dt) j
which of these things are true and why? If not
true, explain why.

(@ v=0

(b) v = constant
(©) |v| = constant
(da=0

(&) @ = constant
(f) |a@| = constant
@ via

7.2 The motion of a particle is described by
the following equations:

x(t) = 1m-cos((5rad/s)-t),
y(t) = 1m-sin((5rad/s)-t).

a) Show that the speed of the particle is
constant.

b) There are two points marked on the
path of the particle: P with coordi-
nates (0, 1m) and Q with coordinates
(1m, 0). How much time does the par-
ticle take to go from P to Q?

c) What isthe acceleration of the particle
at point Q?

7.3 A bead goes around a circular track of
radius 1 ft at aconstant speed. It makesaround
thetrack in exactly 1s.

a) Find the speed of the bead.

b) Find the magnitude of acceleration of
the bead.

7.4 A 200 mm diameter gear rotates at a con-
stant speed of 100 rpm.
a) What isthe speed of a peripheral point
on the gear?

b) If no point on the gear is to exceed
the centripetal acceleration of 25m/s?,
find the maximum allowable angular
speed (in rpm) of the gear.

7.5 A particle executes circular motion in
the xy-plane at a constant angular speed § =
2rad/s. Theradiusof thecircular pathis0.5m.
Theparticle' smotionistracked fromtheinstant
whend = 0,ie,at =0, 6 = 0. Find the
velocity and acceleration of the particle at

a) t=0.5sand
b) t =15s.

Draw the path and show the position of the
particle at each instant.

7.6 A particle undergoes constant rate circular
motion in the xy-plane. At someinstant to, its
velocity isv(tg) = —3m/sl +4m/sj and after
5sthevelocity isv(tg +55) = 5/+/2m/s(f +
J). If the particle has not yet completed one
revolution between the two instants, find

a) theangular speed of the particle,

b) the distance traveled by the particle in
5s,and

c) the acceleration of the particle at the
two instants.

7.7 A bead onacircular path of radius Rinthe
xy-plane has rate of change of angular speed
o = bt2. The bead startsfrom rest at 6 = 0.

a) What is the bead’s angular position 6
(measured fromthepositive x-axis) and
angular speed w as afunction of time ?

b) What is the angular speed as function
of angular position?

7.8 Reconsider the bead from problem 7.7.
This time, it has rate of change of angular
speed proportional to angular position rather
than time, « = c6%2. The bead starts from
rest at & = 0. What isthe angular position and
speed of the bead as a function of time? [Hint:
this problem has 2 answers! (one of which you
can find with a quick guess.)]

79 Solvew = «, given w(0) = wgp and « isa
constant.

7.10 Solve § = «, given H(0) = bg, 6(0) =
wp, and « is a constant.

711 Givenw = %? = « (aconstant), find an
expression for w as a function of 0 if w(0 =
0) = wo.

7.12 Giventhat § — 220 = 0,0(0) = 7/2, and
0(0) =0, findthevalueof § att = 1s.

7.13 Two runners run on a circular track side-
by-side at the same constant angular rate w =
0.25/radpers about the center of the track.
The inside runner isin a lane of radiusr; =
35m and the outside runner isin alane of ra-
diusro = 37m. What is the velocity of the
outside runner relative to the inside runner in
polar coordinates?

7.14 A particle oscillates on the arc of acircle
with radius R according to the equation 6 =
6o cos(At). What are the conditions on R, 6,
and X so that the maximum acceleration in this
motion occurs at 6§ = 0. “Acceleration” here
meansthemagnitude of the accel eration vector.

7.2Dynamicsof aparticlein
circular motion

7.15Forceon aperson standing on theequa-
tor. Thetotal force acting on an object of mass
m, moving with a constant angular speed w
on a circular path with radius r, is given by
F = mw?r. Find the magnitude of the total
force acting on a 1501bm person standing on
the equator. Neglect the motion of the earth
around the sun and of the sun around the solar
system, etc. Theradius of the earth is3963 mi.
Give your solution in both pounds (1bf) and
Newtons (N). *

7.16 The sum of forces acting on amass m =
10lbmis F = 100Ibfi — 1201bf j. The par-
ticle is going in circles at constant rate with
r = 18inand ér = cos30°7 +sin30°j. Us
ing)  F =ma,findv.

7.17 The acceleration of a particle in planar
circular motionisgivenby @ = ar ég —w?r ér,
where « is the angular acceleration, w is the
angular speed andr istheradius of the circular
path. Using Y F = ma, find the expressions
for Y Fxand ) Fyintermsof o, w, r, and
6, given that &, = coséi + sindj and &g =
—sinéi +cosh j.

7.18 Consider aparticlewithmassmincircular
motion. Letd = &, 0 = w,and 7 = —ri.
LG(ZF == Z Frér +Z FQéQ,Whereér ==
—iandéy = k. Using > F = ma, express
> Frand) Fyintermsof o, w,r,andm.

7.19 A bead of mass m on a circular path of
radius R in the xy-plane has rate of change of
angular speed o« = ct3. The bead starts from
restat 0 = 0.

a) What is the angular momentum of the
bead about the originatt = t1?

b) What is the kinetic energy of the bead
at=tp.

7.20 A 200 gm particle goesin circles about a
fixed center at a constant speed v = 1.5m/s.
It takes 7.5 s to go around the circle once.

a) Find the angular speed of the particle.

b) Find the magnitude of acceleration of
the particle.

c) Takecenter of thecircleto betheorigin
of a xy-coordinate system. Find the
net force on the particle when it is at
6 = 30° from the x-axis.
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7.21 A racecar cruiseson acircular track at a
constant speed of 120 mph. It goes around the
track once in three minutes. Find the magni-
tude of the centripetal force on the car. What
applies this force on the car? Does the driver
have any control over thisforce?

7.22 A particle moves on a counter-clockwise,
origin-centered circular path in the xy-plane at
a constant rate. The radius of the circleisr,
the mass of the particle is m, and the particle
completes onerevolutionintimet.

a) Neatly draw the following things:

1. The path of the particle.

2. A dot on the path when the
particle is a ¢ = 0°, 90°,
and 210°, where 6 is mea
sured from the x-axis (positive
counter-clockwise).

3. Arrows representing ég, €q, v,
and @ at each of these points.

b) Calculateall of thequantitiesin part (3)
above at the points defined in part (2),
(represent vector quantities in terms of
the cartesian base vectors 7 and j). *

¢) If this motion was imposed by the ten-
sioninastring, what would that tension
be? *

d) Isradia tensionenoughtomaintainthis
motion or is another force needed to
keep the motion going (assuming no
friction) ? *

e) Again, if this motion was imposed by
the tension in a string, what is Fy, the
x component of the force in the string,
when 6 = 210°? Ignore gravity.

7.23 The velocity and acceleration of a 1kg
particle, undergoing constant rate circular mo-
tion, are known at someinstant t:

v =-10m/s@ +j), @=2m/234 - j).
a) Writetheposition of theparticleat time
t using € and éy base vectors.

b) Findthenetforceontheparticleattime
t.

c) At some later timet*, the net force on
theparticleisinthe — j direction. Find
theelapsed timet — t*.

d) After how much time does the force on
the particle reverseits direction.

7.24 A particle of mass 3kg moves in the xy-
plane so that its position is given by

2rt . 2wt .
r(t):4m[cos(?)l+sm(?)]].
a) What isthe path of the particle? Show

how you know what the path is.

b) What isthe angular velocity of the par-
ticle? Is it constant? Show how you
know if it is constant or not.

¢) What is the velocity of the particle in
polar coordinates?

APPENDIX 7. Contact: friction and collisions

d) What isthe speed of the particleat t =
3s?

€) What net force does it exert on its sur-
roundings at t = 0s? Assume the x
and y axis are attached to a Newtonian
frame.

f) What is the angular momentum of the
particleatt = 3 sabout point O located
at the origin of the coordinate system
that the particle is referenced to?

7.25 A comparison of constant and noncon-
stant rate circular motion. A 100 gm mass
is going in circles of radius R = 20cm at a
constant rate & = 3rad/s. Another identical
massis going in circles of the same radius but
at anon-constant rate. The second massis ac-
celerating at 6 = 2rad/s? and at position A, it
happens to have the same angular speed as the
first mass.

a) Find and draw the accelerations of the
two masses (call them | and I1) at posi-
tion A.

b) Find ﬁo for both masses at position
A*

c) Find ﬁo for both massesat positionsA
and B. Do the changesin H ¢ between

the two positions reflect (qualitatively)
the results obtained in (b)? *

d) If themassesare pinned to the center O
by masslessrigid rods, istensionin the
rods enough to keep the two motions

going? Explain.
0
B
! LA
,‘ = X
o
‘\\\;»>/,’ 0=0
(i
B
' \45° LA
,‘ = X
N ,/..
o d=2rad/S
problem 7.25:

(Filename:pfigure.s94h8p2)

7.26 A small massmisconnected to one end of
aspring. The other end of the spring isfixed to
the center of acircular track. Theradius of the

track is R, the unstretched length of the spring
islp(< R), and the spring constant is k.

a) With what speed should the mass be
launched in the track so that it keeps
going at a constant speed?

b) If the spring is replaced by another
spring of same relaxed length but twice
the stiffness, what will be the new re-
quired launch speed of the particle?

7.27 A bead of mass mis attached to a spring
with constant k. The bead slides without fric-
tion in the tube shown. Thetubeisdriven at a
constant angular rate wg about axis AA" by a
motor (not pictured). Thereis no gravity. The
unstretched spring lengthisrg. Find theradial
position r of the bead if it is stationary with
respect to the rotating tube. *

Al

| "
@o

problem 7.27:

(Filename:Danef94s2q6)

7.28 A particle of mass m is restrained by a
string to move with a constant angular speed
w around acircle of radius R on a horizontal
frictionless table. If the radius of the circle
is reduced to r, by pulling the string with a
force F through a hole in the table, what will
the particle's angular velocity be? |s kinetic
energy is conserved? Why or why not?

problem 7.28:
(Filename:pfigure.blue.44.1)

7.29 An ‘L’ shaped rigid, massless, and fric-
tionless bar is made up of two uniform seg-
ments of length £ = 0.4m each. A collar of
mass m = 0.5kg, attached to a spring at one
end, slides frictionlessly on one of the arms of
the‘L’. The spring is fixed to the elbow of the
‘L’ and has a spring constant k = 6 N/m. The
structure rotates clockwise at a constant rate
o = 2rad/s. If the collar is steady at a dis-
tance %e = 0.3m away from the elbow of the
‘L’, find the relaxed length of the spring, £g. *
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motor \w L
: 9 : X

problem 7.29: Forces in constant rate
circular motion.
(Filename:pfigure.Lbar)

7.30 A massless rigid rod with length_£_at-
tached to a ball of mass M spins at a constant
angular rate w which is maintained by a motor
(not shown) at the hinge point. The rod can
only withstand a tension of T¢r before break-
ing. Find the maximum angular speed of the
ball so that the rod does not break assuming

a) thereisno gravity, and

b) there is gravity (neglect bending

stresses).
M
y /
w L
X
problem 7.30:

(Filename:Danef94s2q5)

7.31 A 1m long massless string has a particle
of 10gramsmassat oneend andistiedto asta-
tionary point O at the other end. The particle
rotates counter-clockwise in circles on a fric-
tionless horizontal plane. The rotation rate is
27 rev/sec. Assume an xy-coordinate system
in the plane with its origin at O.

a) Make aclear sketch of the system.

b) What is the tension in the string (in
Newtons)? *

¢) What is the angular momentum of the
mass about O? *

d) Whenthestring makesa45° anglewith
the positive x and y axis on the plane,
the string is quickly and cleanly cut.
Wheat is the position of the mass 1 sec
later? Make a sketch. *

7.32 A bal of mass M fixed to an inextensi-
ble rod of length ¢ and negligible mass rotates
about africtionless hinge as shown in the fig-
ure. A motor (not shown) at the hinge point
accelerates the mass-rod system from rest by
applying aconstant torque M. Therodisini-
tialy lined up with the positive x-axis. The
rod can only withstand atension of T¢r before
breaking. At what time will the rod break and
after how many revolutions? Include gravity if
you like.

M

problem 7.32:

(Filename:pfigure5.mike.sum95)

7.33 A particle of mass m, tied to one end of
arod whose other end is fixed at point O to a
motor, moves in a circular path in the vertical
plane at aconstant rate. Gravity actsinthe —j
direction.

a) Find the difference between the maxi-
mum and minimum tension in the rod.
*

b) Find the ratio L where AT =

Tmax — Tmin- A criterion for ignor-
ing gravity might be if the variation in
tensionislessthan 2% of the maximum
tension; i.e., when Tﬁ;all—x < 0.02. Fora
given length r of therod, find the rota-
tion rate w for which this condition is
met. * .

¢) For o = 300rpm, what would be the
length of the rod for the condition in
part (b) to be satisfied? * .

problem 7.33;.
(Filename:pfigured.rph)

7.34 A masslessrigid bar of length L ishinged
at thebottom. A force F isapplied at point A at
the end of thebar. A massmisglued to the bar
at point B, adistance d from the hinge. There
isno gravity. What is the acceleration of point
A at the instant shown? Assume the angular
velocity isinitialy zero.

775
A F
— o m—)
L
T I8 y
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- x
problem 7.34:

(Filename:pfigure.blue.10.1)

7.35 The mass m is attached rigidly to the
rotating disk by the light rod AB of length ¢.
Neglect gravity. Find M 5 (the moment on the
rod AB fromitssupport point at A) in terms of
6 and . What isthe sign of M if 6 = 0 and
6 > 0? Whatisthesignif 6 = 0and 6 > 0?

problem 7.35:
(Filename:pfigure.blue.84.2)

7.36 Pendulausing ener gy methods. Findthe
equations of motion for the pendula in prob-
lem 7.94 using energy methods. * .

7.37 Tension in asimplependulum string. A
simple pendulum of length 2m with mass 3kg
is released from rest at an initial angle of 60°
from the vertically down position.
a) What is the tension in the string just
after the pendulum is released?
b) What is the tension in the string when
the pendulum has reached 30° from the
vertical?

7.38 Simply the simple pendulum. Find the
nonlinear governing differential equation for a
simple pendulum

é:—lgsine

as many different ways as you can.

N

problem 7.38: A simple pendulum.
(Filename:spend)
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7.39 Tension in arope-swing rope. Model a
swinging person as a point mass. The swing
startsfromrest at an angle® = 90°. When the
rope passes through vertical the tension in the
ropeishigher (it is hard to hang on). A person
wants to know ahead of time if she is strong
enough to hold on. How hard does she have
to hang on compared, say, to her own weight?
You are to find the solution two ways. Usethe
samem, g, and L for both solutions.

a) Findé asafunctionof g, L, 6, and m.
This equation is the governing differ-
ential equation. Write it as a system
of first order equations. Solvethem nu-
merically. Onceyou know 6 at thetime
the rope is vertical you can use other
mechanicsrelationsto find the tension.
If you like, you can plot the tension as
afunction of time asthe massfalls.

b) Use conservation of energy to find 6
a 6 = 0. Then use other mechanics
relationsto find thetension. *

problem 7.39:
(Filename: pfigure.s94h8p5)

7.40 Pendulum. A pendulum with a
negligible-mass rod and point mass m is re-
leased from rest at the horizontal position § =
/2.

a) Find the acceleration (a vector) of the
massjust afteritisreleasedat 6 = /2
intermsof £, m, g and any base vectors
you define clearly.

b) Find the acceleration (a vector) of
the mass when the pendulum passes
throughthevertical at 6 = Ointermsof
¢, m, g and any base vectorsyou define
clearly

¢) Findthestring tension when the pendu-
lum passesthroughthevertical at6 = 0
(intermsof ¢, m and g).

problem 7.40:

(Filename:s97p2.1)
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7.41 Simple pendulum, extended version. A
point mass M = 1kg hangs on a string of
length L = 1m. Gravity pulls down on the
mass with force Mg, where g = 10m/s2.
The pendulum liesin avertica plane. At any
timet, the angle between the pendulum and the
straight-down position is 6 (t). Thereisno air
friction.

& Equation of motion. Assuming that
you know both 6 and 6, find 6. There
are several ways to do this problem.
Use any ways that please you. *

b) Tension. Assuming that you know 6
and 0, find the tension T in the string.

¢) Reaction components. Assuming you
know 6 and 6, find the x and y compo-
nents of the forcethat the hinge support
causes on the pendulum . Define your
coordinate directions sensibly.

d) Reduction to first order equations.
The equation that you found in () is
anonlinear second order ordinary dif-
ferential equation. It can be changed to
apair of first order equations by defin-
ing a new varisble « = 6. Write the
equation from (a) asapair of first order
equations. Solving these equations is
equivalent to solving the original sec-
ond order equation. *

e) Numerical solution. Given the ini-
tial conditions 6(t = 0) = /2 and
at = 0 = 0t = 0 = 0, one
should be able to find what the posi-
tion and speed of the pendulum is as
a function of time. Using the results
from (b) and (c) one can also find the
reaction components. Using any com-
puter and any method you like, find:
0(t), 6(t) & T(t). Make asingle plot,
orthreevertically aligned plots, of these
variables for one full oscillation of the
pendulum.

f) Maximum tension. Using your nu-
merical solutions, find the maximum
value of the tension in the rod as the
mass swings. *

g) Period of oscillation. How long does
it take to make one oscillation?

h) Other observations. Make any obser-
vations that you think are interesting
about this problem. Some questions:
Does the solution to (f) depend on the
length of the string? Is the solution
to (f) exactly 30 or just a number near
30? How does the period found in (g)
compareto the period found by solving
the linear equation § + (g/1)6 = 0,
based on the (inappropriate-to-use in
this case) small angle approximation
sng =67?

7.42 Bead on a hoop with friction. A bead
dlideson arigid, stationary, circular wire. The
coefficient of friction between the bead and the
wireis . The bead isloose on the wire (not a

tight fit but not so loose that you have to worry
about rattling). Assume gravity is negligible.

a) Givenv,m, R, & u; whatisv? *

b) If v(6 = 0) = vo, how does v depend
oné@, i, vgpandm? *

y
\\
e
m
0 0
R X
problem 7.42:

(Filename:pfigure.s94h10p1)

7.43 Particle in a chute. One of a million
non-interacting ricegrainsisslidingin acircu-
lar chute with radius R. Its massis m and it
dides with coefficient of friction o (Actually
it dides, rolls and tumbles — p isjust the ef-
fective coefficient of friction from all of these
interactions.) Gravity g acts downwards.

a) Find adifferential equation that is sat-
isfied by 6 that governsthe speed of the
rice asit slides down the hoop. Param-
eters in this equation can be m, g, R
and u [Hint: Draw FBD, write egs of
mechanics, express as ODE.]

b) Find the particle speed at the bottom of
the chute if R = .5m, m = .1grams,
g=10m/$, and p = .2 aswell as
the initial values of 6y = 0 and itsini-
tial downward speed is vg = 10m/s.
[Hint: you are probably best off seek-
ing anumerical solution.]

problem 7.43:

(Filename:p.f96.p3.1)

7.44 Dueto apush which happened in the past,
the collar with massmisdiding up at speed vg
on the circular ring when it passes through the
point A. Thering is frictionless. A spring
of constant k and unstretched length R is aso
pulling on the collar.

a) What isthe acceleration of the collar at
A. Solveintermsof R, vg, m, k, g and
any base vectors you define.
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b) What isthe force on the collar from the
ring when it passes point A? Solve in
terms of R, vg, M, k, g and any base
vectors you define.

collar

problem 7.44:
(Filename:s93g4Ruina)

7.45 A toy used to shoot pelletsismadeout of a
thin tube which has a spring of spring constant
k ononeend. The springisplaced in astraight
section of length ¢; it is unstretched when its
length is ¢. The straight part is attached to a
(quarter) circular tubeof radius R, which points
upintheair.

a) A pellet of massmis placed in the de-
vice and the spring is pulled to the left
by an amount A¢. Ignoring friction
along the travel path, what is the pel-
let'svelocity D asit leaves the tube? *

b) What force acts on the pellet just prior
to its departure from the tube? What
about just after? *

k R

R

L
problem 7.45:

(Filename:pfigure.blue.toygun)

7.46 A block withmassmismovingtotheright
at speed vg when it reaches acircular friction-
less portion of the ramp.

a) What isthe speed of the block when it
reaches point B? Solve in terms of R,
vo, mand g.

b) What isthe force on the block from the
ramp just after it gets onto the ramp at
point A? Solveintermsof R, vg, mand
g. Remember, forceis a vector.

problem 7.46:

(Filename:s93g4Sachse)

7.47 A car moves with speed v along the sur-
face of the hill shown which can be approxi-
mated as a circle of radius R. The car starts at
a point on the hill at point O. Compute the
magnitude of the speed v such that the car just
leaves the ground at the top of the hill.

. °

problem 7.47:
(Filename:pfigure.blue.65.1)

7.3 Kinematics of a rigid
body in planar circular mo-
tion

7.48 FindV = @ x F, if @ = 1.5rad/sk and
F=2mi —3mj.

7.49 A rod OB rotates with its end O fixed
as shown in the tigure with angular veloc-
ity @ = Srad/sk and angular acceleration
o = 2rad/s?k at themoment of interest. Find,

draw, and label the tangential and normal ac-
celeration of end point B given that § = 60°.

y

problem 7.49:

(Filename:efigl.2.18)

7

7.50 A motor turns a uniform disc of radius
R counter-clockwise about its mass center at
a constant rate w. The disc lies in the xy-
plane and its angular displacement 6 is mea-
sured (positive counter-clockwise) from the x-
axis. What isthe angular displacement 6 (t) of
thedisc if it startsat #(0) = 6y and 6(0) = w?
What are the velocity and acceleration of a
point P at position ¥ = xi + yj?

7.51 A disc rotates at 15 rpm. How many
seconds does it take to rotate by 180 degrees?
What istheangular speed of thediscin rad/s?

7.52 Two discs 4 and B rotate at constant
speeds about their centers. Disc A rotates at
100 rpmand disc B rotatesat 10rad/s. Which
isrotating faster?

7.53 Find the angular velocities of the second,
minute, and hour hands of a clock.

7.54 A motor turns a uniform disc of radius
R counter-clockwise about its mass center at
a constant rate w. The disc lies in the xy-
plane and its angular displacement 6 is mea-
sured (positive counter-clockwise) from the x-
axis. What are the velocity and acceleration of
apoint P at position Fp = ci + dj relative
to the velocity and acceleration of a point Q
a position 7 g = 0.5(—di + ¢ ) on the disk?
(2 +d? < R2)

755 A 0.4m long rod AB has many holes
aong its length such that it can be pegged at
any of thevariouslocations. It rotates counter-
clockwise at a constant angular speed about a
peg whose location is not known. At some
instant t, the velocity of end B is g =
—3m/sj. After % s, the velocity of end B is
Vg = —3mysi. If therod has not completed
one revolution during this period,

a) findtheangular velocity of therod, and

b) find the location of the peg along the
length of the rod.

problem 7.55:

(Filename:pfigure4.3.rp9)

7.56 A circular disc of radiusr = 250mm
rotates in the xy-plane about a point which is
atadistanced = 2r away fromthecenter of the
disk. Attheinstant of interest, the linear speed
of the center C is 0.60m/s and the magnitude
of its centripetal acceleration is 0.72m/s2.

a) Find therotational speed of the disk.
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b) Isthe given information enough to lo-
cate the center of rotation of the disk?

c) If the acceleration of the center has no
component inthe j direction at the mo-
ment of interest, can you locatethe cen-
ter of rotation? If yes, isthe point you
locate unique? If not, what other in-
formation is required to make the point
unique?

~

JL.A

1
problem 7.56:

(Filename:pfigure4.3.rp8)

757 A disc C spins at a constant rate of
two revolutions per second counter-clockwise
about itsgeometric center, G, whichisfixed. A
point Pis marked on the disk at aradius of one
meter. At the moment of interest, point Pison
the x-axis of an xy-coordinate system centered
at point G.

a) Draw anesat diagram showing the disk,
the particle, and the coordinate axes.

b) What istheangular velocity of the disk,
@7
e
€) What isthe angular acceleration of the
disk, @c?
d) What isthe velocity v p of point P?
€) What istheacceleration @ p of point P?

7.58 A uniform disc of radiusr = 200mmis
mounted eccentrically on amotor shaft at point
O. The motor rotates the disc at a constant an-
gular speed. At theinstant shown, the velocity
of the center of massis Vg = —1.5m/sj.

a) Find the angular velocity of the disc.

b) Find the point with the highest linear
speed on thedisc. What isits velocity?

problem 7.58:

(Filename:pfigure4.3.rp4)
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7.59 The circular disc of radius R = 100 mm
rotates about its center O. At a given instant,
point Aonthedisk hasavelocity va = 0.8 m/s
inthedirection shown. Atthesameinstant, the
tangent of the angle 6 made by the total accel-
eration vector of any point B withitsradial line
to O is0.6. Compute the angular acceleration
«a of thedisc.

problem 7.59:
(Filename:pfigure.blue.43.2)

7.60 Show that, for non-constant rate circular
motion, the acceleration of all pointsin agiven
radial line are parallel.

€ —
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problem 7.60:

(Filename:pfigure.DH.5.1a)

7.61 A motor turns a uniform disc of radius
R about its mass center at a variable angu-
lar rate @ with rate of change @, counter-
clockwise. The disc lies in the xy-plane and
its angular displacement 6 is measured from
the x-axis, positive counter-clockwise. What
are the velocity and acceleration of a point
P at position Fp = ci + dj relaive to the
velocity and acceleration of a point Q at po-
sition g = 0.5(—di + yj) on the disk?
(2 +d? < R2)

7.62 Bit-stream kinematics of a CD. A Com-
pact Disk (CD) has bits of data etched on con-
centric circular tracks. Thedatafromatrack is
read by a beam of light from a head that is po-
sitioned under the track. The angular speed
of the disk remains constant as long as the
head is positioned over a particular track. As
the head moves to the next track, the angular
speed of the disk changes, so that the linear
speed at any track isalwaysthe same. Thedata
stream comes out at a constant rate 4.32 x 10°
bits/second. When the head is positioned on
the outermost track, for whichr = 56 mm, the
disk rotates at 200 rpm.

a) What is the number of bits of data on
the outermost track.

b) find theangular speed of the disk when
the head is on theinnermost track (r =
22mm), and

¢) find the numbers of bits on the inner-
most track.

7.63 A horizontal disk & of diameter d =
500mm is driven at a constant speed of
100rpm. A small disk € can be positioned
anywhere between r = 10mm and r =
240mmondisk O by dliding it along the over-
head shaft and then fixing it at the desired po-
sition with a set screw (see the figure). Disk
C rolls without slip on disk &. The over-
head shaft rotates with disk € and, therefore,
itsrotational speed can bevaried by varying the
position of disk C. This gear systemis called
brush gearing. Find the maximum and mini-
mum rotational speeds of the overhead shaft. *

Side View

Set screw

bearing -

Top View

. 100rpm
problem 7.63:
(Filename:pfigured.rpc)

7.64 Two points A and B are on the same ma-
chine part that is hinged at an as yet unknown
location C. Assume you are given that points
a positions r, and r'g are supposed to move
in given directions, indicated by unit vectorsas

XA and XB. For each of the parts below, illus-
trate your results with two numerical examples
(in consistent units): i) F, = 1i, rg = 1j,
Aa=1j,anddg = —1i (thus F = 0), and
ii) amore complex example of your choosing.

@) Describein detail what equations must
be satisfied by the point 7.

b) Writeacomputer program that takesas
input the4 pairsof numbers[r .1, [rg],
[X A] and [i g] and gives as output the
pair of numbers [Ac].

¢) Find aformula of the form 7 = ...
that explicitly gives the position vector

for point C in terms of the 4 given vec-
tors.
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7.4Dynamicsof arigid body
in planar circular motion

7.65 Thestructure shown in thefigure consists
of two point masses connected by three rigid,
massless rods such that the whole structure be-
haves like arigid body. The structure rotates
counterclockwise at a constant rate of 60 rpm.
At theinstant shown, find theforcein each rod.

m=0.5k m
® g

45°
N

G

problem 7.65:

(Filename:pfig4.1.rp10)

7.66 The hinged disk of mass m (uniforml
distributed) is acted upon by aforce P show

in the figure. Determine theinitial angular ac:
celeration and the reaction forces at the pin O.

\D
/O
‘ 30

problem 7.66:
(Filename:pfigure.blue.41.3)

7.67 A thinuniformcircular disc of massM and
radius R rotatesin the xy plane about its center
of mass point O. Driven by a motor, it has
rate of change of angular speed proportional to
angular position, « = d§>/2. The disc starts
fromrestat 0 = 0.

a) What is the rate of change of angu-

lar momentum about the origin at 6 =
g rad?

b) What is the torque of the motor at 6 =
% rad?

¢) What is the total kinetic energy of the
disk at 6 = % rad?

7.68 A uniformcircular discrotatesat constant
angular speed w about the origin, whichisaso
the center of thedisc. It'sradiusis R. It'stotal
massis M.

a) What isthetotal force and moment re-
quiredto hold it in place (use the origin
as the reference point of angular mo-
mentum and torque).

b) What is the total kinetic energy of the
disk?

problem 7.68:

(Filename:pfigure.blue.87a.1)

7.69 Neglecting gravity, calculatea = o = 6

at theinstant shown for the systeminthefigure.
2kg lcm

pt. mass—_ "

F=10N

problem 7.69:
(Filename:pfigure.blue.20.1)

7.70 Slippery money A round uniform flat
horizontal platform with radius R and massm
is mounted on frictionless bearings with aver-
tical axis at 0. At the moment of interest it
is rotating counter clockwise (looking down)

with angular velocity @ = wk. A forcein the
xy plane with magnitude F is applied at the
perimeter at an angle of 30° from theradia di-
_rection, Theforceis applied at alocation that
is ¢ from the fixed positive x axis. At the mo-
ment of interest a small coin sits on a radia
line that is an angle 6 from the fixed positive
x axis (with mass much much smaller than m).
Gravity presses it down, the platform holds it
up, and friction (coefficient=u) keeps it from
dliding.
Find the biggest value of d for which the
coin does not slide in terms of some or al of
F,m g, R w,0,¢,and u.

Support Bearing

problem 7.70:
(Filename:pfigure.slipperymoney)
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7.71 A disk of mass M andradius Risattached
to an electric motor as shown. A coin of mass
m restson the disk, with the center of thecoina
distancer from the center of the disk. Assume
that m « M, and that the coefficient of friction
between the coin and the disk is .. The motor
delivers a constant power P to the disk. The
disk starts from rest when the motor is turned
onatt =0.

a) What isthe angular velocity of the disk
as afunction of time?

b) What isitsangular acceleration?

¢) Atwhat time doesthecoin begintoslip
off the disk? (It will suffice hereto give
the equation for t that must be solved.)

z

m Eaﬂ
v gl
Qﬁ)w

coin,
mass =

lc = sMR2

problem 7.71:
(Filename:pfigure.blue.45.1)

7.72 2-D constant rate gear train. The an-
gular velocity of the input shaft (driven by a
motor not shown) is aconstant, wjppy = @A-
What is the angular velocity woutput = wc of
the output shaft and the speed of apoint on the
outer edge of disc C, interms of Ra, Rp, Rc,
and wp?

no dlip

problem 7.72: A set of gears turning at
constant rate.
(Filename:ch4.3)

7.73 2-D constant speed gear train. Gear A
is connected to a motor (not shown) and gear
B, which is welded to gear C, is connected to
ataffy-pulling mechanism. Assume you know
the torque Mipput = Ma and angular velocity
winput = wa Of the input shaft. Assume the
bearings and contacts are frictionless.

a) What istheinput power?
b) What isthe output power?

€) What is the output torque Moutput =
Mc, the torque that gear C applies to
its surroundingsin the clockwise direc-
tion?
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no slip

DN

problem 7.73:
(Filename: pfigure.s94h6p5)

7.74 Accelerating rack and pinion. The two
gears shown are welded together and spinon a
frictionless bearing. The inner gear has radius
0.5m and negligible mass. The outer disk has
1m radius and a uniformly distributed mass
of 0.2kg. They are loaded as shown with the
force F = 20N on the massless rack which is
held in place by massless frictionless rollers.
At the time of interest the angular velocity is
o = 2rad/s (though w is not constant). The
point P is on the disk a distance 1 m from the
center. At thetime of interest, point Pison the
positive y axis.

a) What is the speed of point P?

b) What isthe velocity of point P?

¢) What is the angular acceleration « of
the gear?
d) What isthe acceleration of point P?

€) What is the magnitude of the accelera-
tion of point P?

f) What istherate of increase of the speed
of point P?

uniform disk

F=oon M=2K9 p

X
problem 7.74: Accelerating rack and pin-
ion

(Filename:pg45.2)

7.75 A 2-D constant speed gear train. Shaft
B is rigidly connected to gears G4 and Gg3.
G3 meshes with gear Gg. Gears Gg and Gg
are both rigidly attached to shaft CD. Gear Gs
meshes with G, which is welded to shaft A.
Shaft A and shaft B spin independently. The
input torque Minput = S500N-m and the spin
rate wjnput = 150rev/min.. Assume the bear-
ings and contacts are frictionless.

a) What isthe input power? *
b) What isthe output power? *

€) What is the angular velocity woutputof
the output shaft? *

APPENDIX 7. Contact: friction and collisions

d) What isthe output torque Moutput? *

Rg, = 3Rs,
3Rg, = 5Rg,

problem 7.75:
(Filename:pfigure.s94h6p6)

7.76 Two gear srotating at constant rate. At
theinput to agear box a100 Ibf forceisapplied
to gear A. At the output, the machinery (not
shown) appliesaforceof Fg tothe output gear.
Gear A rotates at constant angular rate v =
2rad/s, clockwise.

a) What is the angular speed of the right
gear?

b) What isthe velocity of point P?

c) WhatisFg?

d) If the gear bearings had friction, would
Fg haveto belarger or smaller in order
to achieve the same constant velocity?

e) Ifinstead of applyingal00 Ibf totheleft
gear it isdriven by amotor (not shown)
at constant angular speed w, what isthe
angular speed of the right gear?

no dlip

FA =100 |b
problem 7.76: Two gears.
(Filename:pg131.3)

7.77 Two racks connected by a gear. A
1001bf forceisapplied to onerack. At the out-
put the machinery (not shown) applies a force
Fg to the other rack.

a) Assumethegear isspinning at constant
rate and isfrictionless. What is Fg?

b) If the gear bearing had friction, would
that increase or decrease Fg to achieve
the same constant rate?

<

5 | uniform disk
m= 10 lbm

100 | bf t}ma%l%{t Fg=?

problem 7 77 Two racks connected by a
gear.
(Filename:ch4.4)

7.78 Constant raterack and pinion. Thetwo
gears shown are welded together and spin on a
frictionless bearing. The inner gear has radius
0.5m and negligible mass. The outer gear has
1mradius and a uniformly distributed mass of
0.2kg. A motor (not shown) rotatesthedisksat
constant rate w = 2rad/s. The gears drive the
massless rack which is held in place by mass-
less frictionless rollers as shown. The gears
and the rack have teeth that are not shown in
the figure. The point P is on the outer gear a
distance 1.0m from the center. At the time of
interest, point P is on the positive y axis.

a) What isthe speed of point P?*

b) What isthe velocity of point P?*

c) What isthe acceleration of point P?*
d) What isthe velocity of therack v, ? *

e) What isthe force on therack dueto its
contact with theinner gear? *

X
problem 7.78: Constant raterack and pin-
ion

(Filename:ch4.2)

7.79 Belt drives are used to transmit power
between parallel shafts. Two parallel shafts,
3m apart, are connected by abelt passing over
thepulleys A and B fixed to thetwo shafts. The
driver pulley A rotates at a constant 200 rpm.
The speed ratio between the pulleys A and B
is1:2.5. Theinput torqueis 350 N-m. Assume
no loss of power between the two shafts.

a) Find theinput power. *

b) Find the rotational speed of the driven

pulley B * .
¢) Find the output torque at B. *
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A (driver) (driven) B
‘ r=100mm
\ 3m
problem 7.79:

(Filename:pfigured.rpd)

7.80 In the belt drive system shown, assume
that the driver pulley rotates at a constant an-
gular speed w. If the motor applies a constant
torque Mg on the driver pulley, show that the
tensions in the two parts, AB and CD, of the
belt must be different. Which part hasagreater
tension? Does your conclusion about unequal
tension depend on whether the pulley is mass-
lessor not? Assume any dimensions you need.
A
B
D ¢
< C driven pulley
driver pulley
problem 7.80:
(Filename:pfigure4.rpe)

7.81 A belt driveisrequired to transmit 15 kW
power from a 750 mm diameter pulley rotating
at a constant 300rpm to a 500 mm diameter
pulley. The centers of the pulleys are located
2.5mapart. The coefficient of friction between
the belt and pulleysis u = 0.2.

a) (See problem 7.102.) Draw a neat di-
agram of the pulleys and the belt-drive
system and find the angle of lap, the
contact angle 6, of thebelt on thedriver
pulley.

b) Find the rotational speed of the driven
pulley.

c) (Seethefigurein problem 7.102.) The
power transmitted by the belt is given
by power = net tension x belt speed,
ie, P = (Ty — To)v, where v is
the linear speed of the belt. Find the
maximum tension in the belt. [Hint:
2 = e’ (see problem 7.102) ]

2

d) Thebetinusehasal5mmx5mmrect-
angular cross-section. Find the maxi-
mum tensile stress in the belt.

7.82 A bevel-type gear system, shown in the
figure, is used to transmit power between two
shaftsthat are perpendicular to each other. The
driving gear has a mean radius of 50mm and
rotates at a constant speed w = 150rpm. The
mean radius of the driven gear is 80mm and
the driven shaft is expected to deliver atorque
of Moyt = 25N-m. Assuming no power |oss,
find the input torque supplied by the driving
shaft

-

2

driving gear

problem 7.82:
(Filename:pfigured.rpa)

7.83 Disk pulleys. Two uniform disks A and
B of non-negligible masses 10kg and 5kg re-
spectively, are used as pulleys to hoist a block
of mass20 kg asshowninthefigure. Theblock
ispulled up by applying aforce F = 310N at
one end of the string. Assume the string to be
massless but ‘frictional’ enough to not slide on
the pulleys. Use g = 10m/s2.

a) Find the angular acceleration of pulley
B. *

b) Find the acceleration of block C. *

¢) Findthetensioninthe part of thestring
between the block and the overhead

pulley. *
10kg
N
60 cm
C _—5kg
B
| |
20 kg 40 cm F=310N
problem 7.83:

(Filename:pfigure.s94h8p4)

7.84 A pulley with mass M made of a uni-
form disk with radius R is mis-manufactured
to haveitshinge off of its center by adistanceh
(shown exaggerated in the figure). The system
isreleased from rest in the position shown.

a) Given « find the accelerations of the
two disksin terms of « and the dimen-
sions shown.

b) Finda.
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B A
m m
problem 7.84:

(Filename:pfigure.crookedpul ley)

7.85 A spindleand pulley arrangement is used
to hoist a 50kg mass as shown in the figure.
Assume that the pulley is to be of negligible
mass. When the motor is running at a constant
100 rpm,

a) Find the velocity of the mass at B.
b) Findthetensioninstrings ABandCD.
motor —~ I =150 mm

A 50 kg

problem 7.85:

(Filename:pfigure4.rpg)

7.86 Two racks connected by three constant
rate gears. A 1001bf force is applied to one
rack. At the output, the machinery (not shown)
appliesaforce of Fg to the other rack.

a) Assume the gear-train is spinning at
constant rate and is frictionless. What
is Fg? *

b) If the gear bearings had friction would
that increase or decrease Fg to achieve
the same constant rate?

c) If instead of applying a 1001bf to the
left rack it is driven by a motor (not
shown) at constant speed v, what isthe
speed of theright rack? *



massless

rack
problem 7.86: Two racks connected by

three gears.

(Filename:ch4.5)

7.87 Two racks connected by three acceler-
ating gears. A 1001bf forceis applied to one
rack. At the output, the machinery (not shown)
appliesaforce of Fp to the other rack.

a) Assume the gear-train is spinning at
constant rate and is frictionless, what
isFg?

b) If the gear bearings had friction would
that increase or decrease Fg to achieve
the same constant rate?

¢) If theangular velocity of the gear isin-
creasing at rate o does this increase or
decrease Fg at the given w.

y Fg="?
L \

massless
rack -

massless
rack
problem 7.87: Two racks connected by
three gears.
(Filename:pg131.2)

7.88 3-D accelerating gear train. Thisisre-
aly a2-D problem; each gear turnsin adiffer-
ent parallel plane. Shaft B isrigidly connected
to gears G4 and Gs. G3 mesheswith gear Gg.
Gears Gg and G are both rigidly attached to
shaft AD. Gear Gg meshes with G, which is
welded to shaft A. Shaft A and shaft B spin
independently. Assume you know the torque
Minput. angular velocity wjnnt and the angu-
lar acceleration ajppyt Of the input shaft. As-
sumethe bearingsand contactsarefrictionless.

a) What isthe input power?
b) What isthe output power?

) Whatistheangular velocity woutput Of
the output shaft?

d) What isthe output torque Moytput?

APPENDIX 7. Contact: friction and collisions

Rg; = 3Rs,
3Rg, = 5Rg,

Gz 3
problem 7.88: A 3-D set of gearsturning
at constant rate.

(Filename:3dgeartrain)

7.89 A uniform disk of mass M and radius R
rotatesabout ahinge O inthexy-plane. A point
mass m is fixed to the disk at a distance R/2
fromthe hinge. A motor at the hingedrivesthe
disk/point mass assembly with constant angu-
lar acceleration «. What torque at the hinge
does the motor supply to the system?

7.90 The asymmetric dumbbell shown in the
figureis pivoted in the center and & so attached
to aspring at one quarter of itslength from the
bigger mass. When the bar is horizontal, the
compression in the spring is ys. At the instant
of interest, the bar is at an angle 6 from the
horizontal; 6 is small enough so that y ~ %9.
If, at this position, the velocity of mass‘'m’ is
vj and that of mass 3mis —v j, evaluate the
power term (Z F - v) in the energy balance
equation.

L \

massless

problem 7.90:
(Filename:pfig2.3.rp4)

7.91 The dumbbell shown in the figure has
atorsional spring with spring constant k (tor-
sional stiffnessunitsare %m). Thedumbbell
oscillates about the horizontal position with
small amplitude 6. At an instant when the an-

gular velocity of the bar is 6k, the velocity of
theleft massis — L6 j and that of theright mass
isL6j. Find the expression for the power P
of the spring on the dumbbell at the instant of
interest.

N

T

torsional spring

. cor;stantk
l
@—e—>
m | ) m
| L— L |

problem 7.91:
(Filename:pfig2.3.rp10)

7.92 A physical pendulum. A swinging
stick is sometimes called a ‘physical’ pendu-
lum. Takethe‘body’, the system of interest, to
be the whole stick.

a) Draw a free body diagram of the sys-
tem.

b) Write the equation of angular momen-
tum balance for this system about point
0.

c) Evaluatetheleft-hand-sideasexplicitly
as possiblein terms of the forces show-
ing on your Free Body Diagram.

d) Evauate the right hand side as com-
pletely as possible. You may use the
following facts:

v 16 cosd j + —16sini

]
|

—162[costi + sing j |
+6 [cosh j — sinoi

where ¢ is the distance along the pen-
dulum from the top, 6 is the angle
by which the pendulum is displaced
counter-clockwise from the verticaly
down position, Z isvertically down, and
J istotheright. You will have to set
up and evaluate an integral.

problem 7.92:

(Filename:ppend)

7.93 Which of (a), (b), and (c) are two force
members?
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(a) Swinging rod
with mass

(b) Stationary rod
with mass
lsl

uniform rigid
bar, massm & gl

919 ="

—

uniformrigid i
bar, massm
(c) Massless
swinging rod P 9 l
0
m
rigid,
massl ess bar
problem 7.93:

(Filename:pfigure2.two.force)

7.94 For the pendulain thefigure:

a) Without doing any calculations, try to
figure out the relative durations of the
periods of oscillation for the five pen-
dula (i.e. the order, slowest to fastest)
Assume small angles of oscillation.

b) Calculate the period of small oscilla-
tions. [Hint: use balance of angular
momentum about the point 0]. *

¢) Rank the relative duration of oscilla-
tions and compare to your intuitive so-
lution in part (a), and explain in words
why things work the way they do.

(a)o < (b)O /\
%lng‘/\ % 2m
Y uniform<bar \/
M = 1kg

problem 7.94:

(Filename:pg144.1n)

7.95 A massless 10 meter long bar is sup-
ported by a frictionless hinge at one end and
has a 3.759kg point mass at the other end.
It isreleased @ t = O from a tip angle of
¢ = .02radians measured from vertically up-
right position (hinge at the bottom). Useg =
10ms2,

a) Using asmall angle approximation and
the solution to the resulting linear dif-
ferential equation, find the angle of tip
at=1sandt = 7s. Useacaculator,
not anumerical integrator.

b) Using numerical integration of thenon-
linear differential equation for an in-
verted pendulum find ¢ at t = 1sand
t=7s

¢) Makeaplot of theangle versustimefor
your numerical solution. Includeonthe
sameplot theangleversustimefromthe
approximate linear solution from part
@.

d) Comment onthesimilaritiesand differ-
encesin your plots.

7.96 A spring-mass-damper systemisdepicted
in the figure. The horizontal damping force
applied at B isgivenby Fp = —cyp

Thedimensions and parametersare asfollows:

rsjo = 2ft
rajo = ¢=3ft
k = 2Ibf/ft
c = 03lbf-s/ft

For small 6, assume that sin(d) ~ 6 and
cos(f) ~ 1.

a) Determine the natura circular fre-
quency of small oscillations about equi-
librium for the pendulum shown. The
static equilibrium position is 6 = 0
(pendulum hanging verticaly), so the
spring is at its rest point in this posi-
tion. ldealize the pendulum as a point
mass attached to a rigid massless rod
of length 1, so 1© = m¢2. Also use
the“small angle approximation” where
appropriate.

b) Sketch a graph of 6 as a function of
t(t > 0) if the pendulum is released
from rest at position § = 0.2rad when
t = 0. Your graph should show the
correct qualitative behavior, but calcu-
lations are not necessary.

T
-

problem 7.96:
(Filename:pfigure.blue.157.2)

7.97 Arigid masslessrod hastwo equal masses
mp and mg (Mg = mc = m) attached to it
at distances 2L and 3¢, respectively, measured
along the rod from africtionless hinge located
a apoint A. The rod swings freely from the
hinge. Thereisgravity. Let ¢ denotetheangle
of the rod measured from the vertical. Assume

783

that ¢ and ¢ are known at the moment of inter-
est.

8 Whais$? Solveintermsof m, ¢, g, ¢
and ¢.

b) What is the force of the hinge on the
rod? Solveintermsof m, ¢, g, ¢, ¢, ¢
and any unit vectors you may need to
define.

¢) Would you get the same answersif you
put a mass 2m at 2.5¢? Why or why

not?
LA
\

2t

P\ \

N
m l
\
rigid massless bar )/\ —
m

problem 7.97:
(Filename:pfigure.twomasspend)

7.98 A zero length spring (relaxed length
Lo = 0) with stiffness k = 5N/m supports
the pendulum shown.

a) Findd assumingd = 2rad/s, 6 = /2.
*

b) Findd asafunction of 6 and 6 (and k,
¢, mandg.) *
[Hint: use vectors (otherwiseit's hard)]
[Hint: For the special case, kD = mg, the
solution simplifies greatly.]

e

M ; m=2kg
O ¢=3m

problem 7.98:
(Filename:pfigure.blue.80.2)

7.99 Roboticsproblem: Simplest balancing
of an inverted pendulum. You are holding a
stick upside down, one end isin your hand, the
other end sticking up. To simplify things, think
of the stick as massless but with a point mass
at the upper end. Also, imagine that it is only
atwo-dimensional problem (either you canig-
nore one direction of falling for simplicity or
imagine wire guides that keep the stick from
moving in and out of the plane of the paper on
which you draw the problem).

You notethat if youmodel your holdingthe
stick as just having a stationary hinge then you
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get ¢ = { sing. Assuming small angles, this
hingeleadsto exponentially growing solutions.
Upside-down sticks fall over. How can you
prevent thisfalling?

One way to do keep the stick from falling
over isto firmly grab it with your hand, and if
the stick tips, apply a torque in order to right
it. Thiscorrectivetorqueis(roughly) how your
ankles keep you balanced when you stand up-
right. Your task in this assignment isto design
a robot that keeps an inverted pendulum bal-
anced by applying appropriate torque.

Your model is: Inverted pendulum, length
£, point mass m, and ahinge at the bottom with
amotor that can apply atorque Ty. The stick
might betipped an angle ¢ fromthevertical. A
horizontal disturbing force F(t) is applied to
the mass (representing wind, annoying friends,
€tc).

&) Draw apicture and aFBD

b) Writethe equation for angular momen-
tum balance about the hinge point. *

¢) Imagine that your robot can sense the
angle of tip ¢ and its rate of change
¢ and can apply a torque in response
to that sensing. That is you can make
Tm any function of ¢ and ¢ that you
want. Can you find afunction that will
makethependulum stay upright? Make
aguess (you will test it below).

d) Testyour guessthefollowingway: plug
it into the equation of motion from part
(b), linearize the equation, assume the
disturbing force is zero, and see if the
solution of the differential equation has
exponentially growing (i.e. unstable)
solutions. Go back to (c) if it does and
find acontrol strategy that works.

€) Pick numbers and model your system
on acomputer using the full non-linear
equations. Use initial conditions both
close to and far from the upright posi-
tion and plot ¢ versustime.

f) If you are ambitious, pick a non-zero
forcing function F(t) (say asine wave
of some frequency and amplitude) and
see how that affects the stability of the
solution in your simulations.

Vi

m
y <
9
N
C 12
~A
X
</
problem 7.99:

(Filename:pfigure.s94h9p1)

APPENDIX 7. Contact: friction and collisions

7.100 Balancing a system of rotating par-
ticles. A wire frame structure is made of
four concentric loops of massless and rigid
wires, connected to each other by four rigid
wires presently coincident with the x and y
axes. Three masses, m; = 200grams, my =
150grams and mz = 100grams, are glued to
the structure as shown in the figure. The struc-
turerotates counter-clockwiseat aconstant rate
0 = 5rad/s. Thereisno gravity.
a) Find the net force exerted by the struc-
ture on the support at theinstant shown.
*

b) You areto put amass m at an appropri-
ate location on the third loop so that the
net force on the support is zero. Find
the appropriate mass and the location
on the loop.

y rs=40cm
r;=30 cm

r,=20cm

r,=10cm

450 \ . -/nis .
pr/oblem 7.100:
(Filename:pfigure.s94h6p2)

7.101 A ropeof length £ and total massmisheld
fixed at one end and whirled around in circular
motion at a constant rate  in the horizontal
plane. Ignore gravity.

a) Findthetensionintheropeasafunction
of r, theradial distance from the center
of rotation to any desired location on
therope. *

b) Where does the maximum tension oc-
cur intherope? * .

¢) Atwhat distance from the center of ro-
tation does the tension drop to half its
maximum value? * .

7.102 Assume that the pulley shown in fig-
ure(a) rotates at a constant speed w. Let the
angle of contact between the belt and pulley
surface be 6. Assume that the belt is massless
and that the condition of impending slip exists
between the pulley and the belt. The free body
diagram of an infinitessimal section ab of the
belt is shown in figure(b).

a) Write the equations of linear momen-

tum balance for section ab of the belt
inthe and j directions.

b) Eliminate the normal force N from the
two equations in part (a) and get a dif-
ferential equation for the tension T in
termsof the coefficient of friction . and
The contact angle 6.

c) Show that the solution to the equation
in part (b) satisfies % — e where Ty
and T, arethetensionsin thelower and
the upper segments of the belt, respec-
tively.

a 2 T2

—
f
do @

Q/&”
T

(b)
problem 7.102:

(Filename:pfigured.rpf)

7.5 Polar moment of inertia:

cm ©)
17" and 15,

7.103 A point mass m = 0.5kg is located at
X = 03mand y = 0.4m in the xy-plane.
Find the moment of inertia of the mass about
the z-axis. *

7.104 A small ball of mass 0.2kg is attached
to a 1m long inextensible string. The ball is
to execute circular motion in the xy-planewith
the string fully extended.

a) What is value of 1z, of the ball about
the center of rotation? *

b) How much must you shorten the string
to reduce the moment of inertia of the
ball by half? *

7.105 Two identical point masses are attached
to thetwo ends of arigid masslessbar of length
¢ (one mass at each end). Locate a point along
thelength of the bar about which the polar mo-
ment of inertia of the system is 20% more than
that calculated about the mid point of the bar.
ES

7.106 A dumbbell consists of arigid massless
bar of length ¢ and two identical point masses
m and m, one at each end of the bar.
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a) About which point on the dumbbell is
its polar moment of inertia | a mini-
mum and what is this minimum value?
*

b) About which point on the dumbbell is
its polar moment of inertia |, a maxi-
mum and what is this maximum value?
*

7.107 Think first, calculate later. A light
rigidrod AB of length 3¢ hasapoint massm at
end Aand apoint mass2matend B. PointC is
the center of mass of the system. First, answer
the following questions without any calcula-
tions and then do calculations to verify your
guesses.

a) Aboutwhichpoint A, B, or C, isthepo-
lar moment of inertia |, of the system
aminimum? *

b) About which point is 1z @ maximum?
*

©) Whatistheratioof 13 and 152*

d) Isthe radius of gyration of the system
greater, smaller, or equa to the length
of therod? *

m
Al ) —

B N A
X 2m
problem 7.107:
(Filename:pfigure4.4.rpl)

7.108 Do you understand the perpendicu-
lar axistheorem? Threeidentical particles of
mass m are connected to three identical mass-
less rods of length ¢ and welded together at
point O as shown in the figure.

a) Guess (no caculations) which of the

three moment of inertiaterms 1, 13,

1.9 is the smallest and which is the
biggest. *

b) Calculate the three moments of inertia
to check your guess. *

c) If the orientation of the system is
changed, so that one massis aong the
x-axis, will your answer to part (a)
change?

d) Findtheradiusof gyration of thesystem
for the polar moment of inertia. *

y
m m
4 120°
N
O
120° X

12

m
problem 7.108:

(Filename:pfigure4.4.rp3)

7.109 Show that the polar moment of inertia
1.9 of the uniform bar of length ¢ and massm,

shown in the figure, is %mﬁz, in two different
ways:
a) by using the basic definition of polar

moment of inertial O = [ r2dm,and

b) by computing I Z" first and then using
the parallel axis theorem.

|
problem 7.109:
(Filename:pfigure4.4.rp5)

7.110 Locatethe center of mass of the tapered
rod shown in the figure and compute the polar
moment of inertia | 3. [Hint: usethe variable
thickness of the rod to define a variable mass
density per unit length.]
_ m=1kg 5mm
20
mm T
[~——— 100mm ‘
(=

X
problem 7.110:

(Filename:pfigure4.4.rp6)

7.111 A shortrod of massm and length h hangs
from an inextensible string of length £.

a) Find the moment of inertia 1. of the
rod.

b) Find the moment of inertia of the rod
IZ(Q by considering it as a point mass
located at its center of mass.

¢) Find the percent errorin IZ? in treating

the bar as a point mass by comparing
theexpressionsin parts(a) and (b). Plot
the percent error versus h/¢. For what
valuesof h/¢isthepercentageerror less
than 5%7?

785

X
O
/ y
m}\\/
9N\

\»/h(
problem 7.111:
(Filename:pfigure4.4.rp11)

7.112 A small particle of mass m is attached
to the end of athin rod of mass M (uniformly
distributed), whichis pinned at hinge O, as de-
picted in the figure.

a) Obtain the equation of motion govern-
ing the rotation 6 of the rod.

b) Whatisthenatural frequency of thesys-
tem for small oscillations 6?

problem 7.112:
(Filename:pfigure.blue.151.3)

7.113 A thin rod of mass m and length ¢ is
hinged with atorsional spring of stiffnessK at
A, and is connected to a thin disk of mass M
andradius R at B. The spring isuncoiled when
6 = 0. Determine the natural frequency wn of
the system for small oscillations 6, assuming
that the disk is:

a) welded to therod, and *
b) pinned frictionlessly to therod. *

problem 7.113:
(Filename:pfigure.blue.151.4)

7.114 Do you understand the parallel axis
theorem? A massless squareplate ABCD has
four identical point masses located at its cor-
ners.

a) Find the polar moment of inertia I 5.
*
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b) Findapoint P onthe plate about which
the system’s moment of inertia I is

maximum? *
¢) Find the radius of gyration of the sys-
tem. *
A D.
m m

0|3

y m
=

X
problem 7.114:
(Filename:pfigure4.4.rp2)

7.115 Perpendicular axistheorem and sym-
metry. For the mass ess square plate with four
point masses on the corners, the polar moment
of inertia IS = 0.6kg- m2. Find ISP of the
system. *

A D

m m

y m ml |
B C

X
problem 7.115:
(Filename:pfigure4.4.rp4)

7.116 A uniform sguare plate (2m on edge)
has a corner cut out. The total mass of the
remaining plateis3kg. It spinsabout theorigin
at a constant rate of one revolution every 7 s.

a) What is the moment of inertia of the
plate about point O?

b) Whereisthe center of mass of the plate
at the instant shown?

¢) What are the velocity and acceleration
of the center of mass at the instant
shown?

d) What is the angular momentum of the
plate about the point O at the instant
shown?

€) What are the total force and moment
required to maintain this motion when
the plateisin the configuration shown?

f) What is the total kinetic energy of the
plate?

APPENDIX 7. Contact: friction and collisions

y
2m —+
1
Im
%
@ Im
o |
“ ! 2m X
problem 7.116:

(Filename:pfigure.blue.87b.1)

7.117 A uniform thin triangular plate of mass
m, height h , and base b liesin the xy-plane.
a) Set uptheintegral to find the polar mo-
ment of inertia 1.9 of the plate. *
b) Showthat 1 — %(h2+3b2) by eval-
uating the integral in part (a).

c) Locate the center of mass of the plate
and calculate | M.

m

I
| b B\ X

problem 7.117:
(Filename:pfigure4.4.rp9)

7.118 A uniform thin plate of mass m is cast
in the shape of asemi-circular disk of radius R
as shown in the figure.

a) Find the location of the center of mass
of the plate

b) Find the polar moment of inertia of the
plate, 15", [Hint: It may be easier to
set up and evaluate the integral for 19
and then use the pardlel axis theorem
to calculate 1 3",

y

@) X
problem 7.118:

(Filename:pfigure4.4.rp10)

7.119 A uniform sguare plate of side ¢
250mm has a circular cut-out of radius r

50mm. The mass of the plateism = > kg.

a) Find the polar moment of inertia of the
plate.

b) Plot 17 versusr /¢.

¢) Find thelimiting valuesof 13" forr =
Oandr = ¢.

| ¢ |
problem 7.119:
(Filename:pfigure4.4.rp7)

7.120 A uniform thin circular disk of radius
r = 100mm and mass m = 2kg has arectan-
gular dot of width w = 10mm cut into it as
shown in the figure.

@) Find the polar moment of inertia | ZCZ’ of
the disk.

b) Locate the center of mass of the disk
and calculate 127

y

problem 7.120:
(Filename:pfigure4.4.rp8)

7.6Using 12" and |2, in me-
chanics equations

7.121 Motor turnsadumbbell. Two uniform
bars of length ¢ and mass m are welded at right
angles. Attheendsof thehorizontal bar aretwo
more massesm. The bottom end of the vertical
rod is attached to a hinge at O where a motor
keeps the structure rotating at constant rate w
(counter-clockwise). What isthe net force and
moment that the motor and hinge cause on the
structure at the instant shown?
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£

m m m

Al L

I

w
oZIN
motor /| \= X
problem 7.121:

(Filename:pfigure.s94h5p5)

7.122 Anobject consistsof amasslessbar with
two attached masses m1 and my. The object is
hinged at O.

a) What is the moment of inertia of the
object about point O (19)?

b) Given 6, 6, and d, what is H o, the
angular momentum about point O?

©) Givend,é,andd, whatis ﬁo, therate
of change of angular momentum about
point O?

d) Given#, 6, and §, what is T, the total
kinetic energy?

€) Assume that you don’t know 6, 6 or §
but you do know that F; is applied to
the rod, perpendicular to therod at m;.
What is6? (Neglect gravity.)

f) If F1 wereappliedto m; instead of my,
would 6 be bigger or smaller?

~., =+l
£
o) Ay P S X
2
ml ~
5 /
F1 m
problem 7.122:

(Filename:pfigure.blue.82.1)

7.123 A uniform rigid rod rotates at constant
speed in the xy-plane about a peg at point O.
The center of mass of the rod may not exceed a
specified acceleration amax = 0.5m/s?. Find
the maximum angular velocity of the rod.

y
_ =
£=05m"q
\
o* X
problem 7.123:

(Filename:pfigure4.3.rp3)

7.124 A uniform one meter bar is hung from
ahingethat isat theend. Itisallowed to swing
freely. g = 10m/s2.

a) What isthe period of small oscillations
for this pendulum?

b) Supposetherodishung0.4mfromone
end. What is the period of small os-
cillations for this pendulum? Can you
explain why it islonger or shorter than
whenitisishung by its end?

7.125 A motor turnsa bar. A uniform bar
of length ¢ and mass m is turned by a motor
whose shaft is attached to the end of the bar
at O. The angle that the bar makes (measured
counter-clockwise) from the positive x axisis
6 = 21 t2/%. Neglect gravity.

a) Draw afree body diagram of the bar.

b) Find the force acting on the bar from
the motor and hingeatt = 1s.

¢) Find thetorque applied to the bar from
themotoratt = 1s.

d) What isthe power produced by the mo-
toratt =1s?

problem 7.125:
(Filename:pfigure.fo3f1)

7.126 Therod shownisuniformwithtotal mass
mand length £. Therodispinned at point 0. A
linear spring with stiffness k is attached at the
point A at height h above 0 and along therod as
shown. When 6 = 0, the spring is unstretched.
Assume that 6 is small for both parts of this
problem.

a) Find the natura frequency of vibration
(in radians per second) in terms of m,
g, h, ¢and k.

b) If you have done the calculation above
correctly thereisavalue of h for which
the natural frequency is zero. Cadl this
value of h, hgrit. What is the behavior
of the system when h < hgjt? (De-
sired isaphrase pointing out any quali-
tative changein the type of motion with
some justification.)

g
uniform rod, l
0 mass m

problem 7.126:
(Filename:pfigure.blue.153.2)
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7.127 A uniformstick of length £ and massmis
ahair away from vertically up position when it
isreleased with noangular velocity (a‘hair’ isa
technical word that means ‘ very small amount,
zero for some purposes). It fals to the right.
What is the force on the stick at point O when
the stick is horizontal. Solve in termsof ¢, m,
g,1,and j. Carefully define any coordinates,
base vectors, or angles that you use.

L

i

0
problem 7.127:
(Filename:pfigure.s94q8p1)

7.128 Acceleration of atrap door. A uniform
bar AB of massm and a ball of the same mass
arereleased from rest from the same horizontal
position. The bar ishinged at end A. Thereis
gravity.
a) Which point ontherod hasthe same ac-
celeration astheball, immediately after
release. *

b) What isthe reaction force on the bar at
end A just after release? *

| L } m

! m
b 5 e

problem 7.128:

(Filename:pfigure.s94h8p3)

7.129 A pegged compound pendulum. A
uniform bar of massm and length ¢ hangsfrom
apeg at point C and swingsinthevertical plane
about an axis passing through the peg. The
distance d from the center of mass of the rod
to the peg can be changed by putting the peg at
some other point along the length of the rod.

a) Find the angular momentum of the rod
as about point C.

b) Find the rate of change of angular mo-
mentum of the rod about C.

¢) How does the period of the pendulum
vary with d? Show the variation by
plotting th_e pe_riod against_ %. [Hint,
you must first find the equations of mo-
tion, linearize for small 6, and then
solve] *

d) Find the total energy of the rod (using
the height of point C as a datum for
potential energy).

€) Findéd when6 = /6.

f) Find the reaction force on therod at C,
asafunctionof m, d, ¢, 0, and 6.
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g) For the given rod, what should be the
vaue of d (in terms of ¢) in order to
have the fastest pendulum? *

h) Test of Schuler’spendulum. Thepen-
dulum with the value of d obtained in
(9) iscalled the Schuler’'s pendulum. It
isnot only thefastest pendulum but also
the “most accurate pendulum”. The
clamisthat even if d changes dlightly
over time due to wear at the support
point, the period of the pendulum does
not change much. Verify this claim
by calculating the percent error in the
time period of a pendulum of length
£ = 1munder thefollowing three con-
ditions: (i) initid d = 0.15m and &f-
ter some wear d = 0.16m, (ii) initia
d = 0.29m and after some wear d =
0.30m, and (iii) initial d = 0.45m and
after some wear d = 0.46m. Which
pendulum shows the least error in its
time period? Do you see any connec-
tion between thisresult and the plot ob-
tained in (c)?

<

A

problem 7.129:
(Filename: pfigure.s94h8p6)

7.130Givend, 8, and 9, what isthetotal kinetic
energy of the pegged compound pendulum in
problem 7.129?

7.131 A slender uniform bar AB of mass M
ishinged at point O, so it can rotate around O
without friction. Initially thebar isat restinthe
vertical position as shown. A bullet of massm
and horizontal velocity V, strikestheend A of
the bar and sticks to it (an inelastic collision).
Calculate the angular velocity of the system —
the bar with its embedded bullet, immediately
after the impact.

APPENDIX 7. Contact: friction and collisions

5]
/3L
Fo
0]
M
2/3L
Vo
mC> U A t
problem 7.131:

(Filename:pfigure.blue.78.1)

7.132 Motor turns a bent bar. Two uniform
barsof length ¢ and uniform massm arewelded
at right angles. One end is attached to a hinge
at O whereamotor keepsthe structure rotating
at a constant rate w (counterclockwise). What
is the net force and moment that the motor
and hinge cause on the structure at the instant
shown.

a) neglecting gravity *
b) including gravity. *
y

w
OI\ m

motor

£

problem 7.132: A bent bar isrotated by a
motor.

(Filename:pg85.3)

7.133 2-D problem, no gravity. A uniform
stick with length £ and mass Mg, is welded to
a pulley hinged at the center O. The pulley
has negligible mass and radius Rp. A string
is wrapped many times around the pulley. At
timet = O, the pulley, stick, and string are at
rest and a force F is suddenly applied to the
string. How long does it take for the pulley to
make one full revolution? *
stick, mass = Mg

o

\masslaspulley

problem 7.133: String wraps around a
pulley with astick glued to it.
(Filename:p2.3)

7.134 A thin hoop of radius R and mass M is
hung from apoint on its edge and swingsinits
plane. Assuming it swings near to the position
where its center of mass G is below the hinge:
a) What is the period of its swinging os-
cillations?

b) If, instead, thehoop wasset to swinging
inand out of the plane would the period
of oscillations be greater or less?

frictionless™~ 7O
pivot P\ R
0

problem 7.134:
(Filename:pfigure.blue.145.1)

7.135 The uniform sguare shown is released

fromrestat = 0. Whatisa = & = 6
immediately after release?

up

problem 7.135:
(Filename:pfigure.blue.42.2)

7.136 A sguare plate with side ¢ and mass m
is hinged at one corner in a gravitational field
g. Find the period of small oscillation.

problem 7.136:

(Filename:p.f96.p3.2)

7.137 A whedl of radius R and moment of
inertia | about the axis of rotation has a rope
wound around it. The rope supports a weight
W. Write the equation of conservation of en-
ergy for this system, and differentiate to find
the eguation of motion in terms of accelera-
tion. Check the solution obtained by drawing
separate free-body diagrams for the wheel and
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for the weight, writing the equations of mo-
tion for each body, and solving the equations
simultaneously. Assume that the mass of the
rope is negligible, and that there is no energy
loss during the motion.

problem 7.137:
(Filename:pfigure.blue.136.1)

7.138 A disk with radius R has a string
wrapped around it which is pulled with aforce
F. The disk is free to rotate about the axis
through O normal to the page. The moment of
inertia of the disk about O is lo. A point Ais
marked on the string. Given that xa(0) =0 and
that Xa(0) = 0, what is xa(t)?

\ >

G 0)=0
Inextensible QA gog P
stringwound A " 5
around spool Xa(t) ="

Spool has mass moment of inertia, 1
problem 7.138:
(Filename:pfigure.blue.42.1)

7.139 Oscillating disk. A uniform disk with
mass m and radius R pivots around afriction-
less hinge at its center. It is attached to a
massl essspring whichishorizontal and relaxed
when the attachment point is directly above
the center of the disk. Assume small rota-
tions and the consequent geometrical simpli-
fications. Assume the spring can carry com-
pression. What is the period of oscillation of
the disk if it is disturbed from its equilibrium
configuration? [You may use the fact that, for

the disk shown, H o = 1mR2ik, where 6 is
the angle of rotation of the disk.]. *
k

problem 7.139:

(Filename:pg147.2)

7.140 This problem concerns a narrow rigid
hoop. For reference, here are dimensions
and values you should use in this problem:
mass of hoop Mpogp = 1kg radius of hoop

Rhoop = 3m, and gravitational acceleration
g = 10m/s2.

a) The hoop is hung from a point on its

edgeand swingsinitsplane. Assuming

its swings near to the position whereits
center of mass is below the hinge.

b) What is the period of its swinging os-
cillations?

c) If,instead, thehoop wasset to swinging

inand out of the planewould the period

of oscillations be greater or less?

7.141 The compound pulley system shown in
the figure consists of two pulleys rigidly con-
nected to each other. The radii of the two pul-
leysare: R = 0.2mand Ry = 0.4 m. The
combined moment of inertiaof thetwo pulleys
about theaxisof rotationis2.7 kg-m2. Thetwo
masses, My = 40 kg and mp = 100 kg, arere-
leased from rest in the configuration shown.
Just after release,

a) find theangular acceleration of the pul-
leys, and *

b) find thetension in each string. *

problem 7.141:

(Filename:summer95p2.1)

7.142 Consider a system of two blocks A and
B and the reel C mounted at the fixed point
O, as shown in the figure. Initialy the system
is at rest. Calculate the velocity for the block
B &fter it has dropped a vertical distance h.
Given: h, mass of block A, Ma, coefficient
of friction u, slope angle #, mass of the redl,
Mc, moment of inertia | about point O radius
of gyration of thereel K¢, outer radius of the
reel Re, inner radius of the reel 1Rc, mass
of the block B Mg. Theradius of gyration K
is defined by 19" = mK2. (Apply the work-
energy principle.) *

At t:O, VB:0
problem 7.142:
(Filename:pfigure.blue.135.1)
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7.143 Gear A with radius Ry = 400mm is
rigidly connected to a drum B with radius
Rg = 200mm. The combined moment of in-
ertiaof the gear and the drum about the axis of
rotationislz = 0.5 kg- m2. Gear A isdriven
by gear C which hasradius Rc = 300mm. As
the drum rotates, a5 kg massmis pulled up by
a string wrapped around the drum. At the in-
stant of interest, The angular speed and angular
acceleration of the driving gear are 60 rpm and
12rpm/s, respectively. Find the acceleration
of themassm. *

wc,oc
“—

m y|—v

problem 7.143:

(Filename:summer95f.2)

7.144 Two gears accelerating. At the input
to agear box a 1001bf forceis applied to gear
A. At the output the machinery (not shown)
appliesaforce of Fg to the output gear.

a) Assumethegear isspinning at constant
rate and isfrictionless, what is Fg?

b) If the gear bearing had friction would
that increase or decrease Fg?

¢) If theangular velocity of the gear isin-
creasing at rate o does this increase or
decrease Fg at the given w.

problem 7.144: Two gears.
(Filename:pg131.3.aa)

7.145 Frequently parentswill build atower of
blocks for their children. Just as frequently,
kids knock them down. In falling (even when
they start to topple aligned), these towers in-
variably break in two (or more) pieces at some
point along their length. Why does this break-
ing occur? What condition is satisfied at the
point of the break? Will the stack bend towards
or away from the floor after the break?
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4 4

This? or This?
problem 7.145:

(Filename:pfigure.blue.129.1)

7.146 M assless pulley, dumbbell and ahang-
ing mass. A mass M fals verticaly but is
withheld by a string which is wrapped around
anideal masslesspulley withradiusa. Thepul-
ley iswelded to adumbbell made of amassless
rod welded to uniform solid spheres at A and
B of radius R, each of whose center is a dis-
tance ¢ from O. At the instant in question, the
dumbbell makes an angle 6 with the positive x
axisand is spinning at the rate §. Point Cisa
distance h down from O. In terms of some or
adlofm,M,a, R, ¢,h,g,6,0,and j, find the
acceleration of the mass.

problem 7.146:

(Filename:s97p3.1)

7.147 Two racks connected by a gear. A
1001bf forceisapplied to onerack. At the out-
put the machinery (not shown) applies a force
Fg to the other rack.

a) Assumethegear isspinning at constant
rate and isfrictionless. What is Fg?

b) If the gear bearing had friction, would
that increase or decrease Fg to achieve
the same constant rate?

¢) If theangular velocity of the gear isin-
creasing at rate «, does thisincrease or
decrease Fg at the given w.

d) If the output load Fpg is given then the
motion of the machine can be found
from the input load. Assume that the
machine starts from rest with a given
output load. So long as rack B moves
in the opposite direction of the output
force Fg the output power is positive.

(& Forwhat valuesof Fg istheout-
put power positive?

(b) Forwhat valuesof Fg istheout-
put work maximum if the ma-
chine starts from rest and runs
for afixed amount of time?

APPENDIX 7. Contact: friction and collisions

A

uniform disk
m= 10 Ibm

S

cd

100 Ibf1 massless 1FB =?
racks
problem 7.147: Two racks connected by
agear.
(Filename:pg131.1)

7.148 2-D accelerating gear train. Assume
you know the torque Mjppy = Ma and an-
gular velocity wjppyt = @A of theinput shaft.
Assume the bearings and contacts are friction-
less. Assume you also know the input angular
acceleration @ and the moments of inertia | ,
Ig and I¢c of each of the disks about their cen-
ters.

a) What isthe input power?
b) What isthe output power?

¢) What istheangular velocity woutput =
wc of the output shaft?

d) What is the output torque Moytput =
Mc?

no slip

problem 7.148: A set of gears turning at
variable rate.
(Filename:pg129.1)

7.149 A stick welded to massless gear that
rollsagainst a masslessrack which slideson
frictionlessbearingsand isconstrained by a
linear spring. Neglect gravity. The spring
is relaxed when the angle & = 0. Assume the
systemisreleased fromrestat & = 6p. Whatis
the acceleration of the point P at the end of the
stick when & = 0? Answer in terms of any or
alofm, R, ¢,60,k,Z,and j. [Hint: Thereare
several steps of reasoning required. You might
want to draw FBD(s), use angular momentum
balance, set up adifferential equation, solveit,
plug valuesinto thissolution, and usetheresult
to find the quantities of interest.

-
l_’f

problem 7.149:

(Filename:p.f96.p2.2)

7.150 A tipped hanging sign is represented by
a point mass m. The sign sits at the end of a
massless, rigid rod which is hinged at its point
of attachment to the ground. A taut massless
elastic cord helps keep the rod vertical. The
tension T in the very stretchy cord isidealized
as constant during small displacements. (Note
also that ¢ = 6 during such motions). Con-
sider all hinges to be frictionless and motions
to take place in the plane of the paper.

a) Write the angular momentum of the
mass about 0 when the rod has an an-
gular velocity 6.

b) Find the differential equation that gov-
erns the mass's motion for small 6.

¢) Describethemotionfor T > 2, T =

,and T < T2 Interpret the differ-
ences of these cases in physical terms.

rigid rod

O
problem 7.150:
(Filename:pfigure.blue.153.1)
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Problems for Chapter 8

Generd planar motion of a single rigid
body

8.1 Kinematics of planar
rigid-body motion

8.1 The dender rod AB rests against the step
of height h, while end “A” is moved along the
ground at a constant velocity vo. Find ¢ and
¢ interms of x, h, and vo. IS ¢ positive or
negative? Is ¢ positive or negative?

B

e

problem 8.1:

(Filename:pfigure.blue.98.1)

8.2 A ten foot ladder isleaning between afloor
and awall. The top of the ladder is dliding
down the wall at one foot per second. (The
foot issimultaneously sliding out on thefloor).
When the ladder makes a 45 degree angle with
the vertical what is the speed of the midpoint
of the ladder?

8.3 A uniformrigidrod AB of length£ = 1m
rotates at a constant angular speed » about an
unknown fixed point. At the instant shown,
the velocities of the two ends of the rod are
Va=-1m/siand Vg = 1m/sj.

a) Find the angular velocity of the rod.

b) Find the center of rotation of the rod.

A A

£=10m

L.

problem 8.3:

— 40
: 6=45 %

B

(Filename:pfigure4.3.rpé)

8.4 A square plate ABCD rotates at a con-
stant angular speed about an unknown point
in its plane. At the instant shown, the ve-
locities of the two corner points A and D are
V= —2ft/s@ + j) and Vp = —(2ft/9)i,
respectively.

a) Find the center of rotation of the plate.

b) Find the acceleration of the center of
mass of the plate.

A D

)
problem 8.4:
(Filename:pfigured.3.rp7)

8.5 Consider themotion of arigidladder which
can slide on awall and on the floor as shown
inthefigure. The point A on the ladder moves
parallel tothewall. Thepoint B movesparallel
to the floor. Yet, at a given instant, both have
velocities that are consistent with the ladder
rotating about some special point, the center of
rotation (COR). Define appropriatedimensions
for the problem.

a) Find the COR for the ladder when it is
at some given position (and moving, of
course). Hint, if apointisA is‘going
in circles about another point C, that
other point C must be in the direction
perpendicular to the motion of A.

b) Astheladder moves, the COR changes
with time. What is the set of points
on the plane that are the COR's for the
ladder asit fallsfromstraight uptolying

on the floor?
A
wall |adder
B
floor
problem 8.5:

(Filename:pfigure.blue.96.1)

8.6 A car driver on avery boring highway is
carefully monitoring her speed. Over a one
hour period, the car travels on a curve with
constant radius of curvature, p = 25mi, and
its speed increases uniformly from 50 mph to
60 mph. What is the acceleration of the of the
car half-way through this one hour period, in
path coordinates?

8.7 Find expressionsfor é¢, a;, an, €n, and the
radius of curvature p, at any position (or time)
on the given particle paths for

a) problem 5.88, *
b) problem 5.90,

c) problem 9.15,

d) problem5.92,

€) problem 5.91, and
f) problem 5.89.

8.8 A particle travels at non-constant speed on
an elliptical path given by y2 = b?(1 — %),
Carefully sketch the ellipse for particular val-
ues of a and b. For various positions of the
particle on the path, sketch the position vector
F (t); the polar coordinate basis vectors é; and
€y; and the path coordinate basis vectors én,
and é;. At what points on the path are é; and
én parale(or €y and é; parallel)?

8.2 General planar mechan-
icsof arigid body

8.9 The uniform rectangle of widtha = 1m,
length b = 2m, and mass m = 1kg in the
figure is sliding on the xy-plane with no fric-
tion. At the moment in question, point C is
a xc = 3mand yc = 2m. The linear mo-
mentum is L = 47 + 3j (kg-m/s) and the
angular momentum about the center of mass
is Hcyn = 5k(kg-m/s?). Find the accelera-
tion of any point on the body that you choose.
(Mark it.) [Hint: You have been given some
redundant information.]

yl no applied forces
X \\
P \
\
a /

problem 8.9:
(Filename:pfigure.blue.101.1)
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8.10 Thevertical pole AB of massmand length
¢isinitialy, at rest on africtionless surface. A
tension T is suddenly applied at A. What is
Xem? What isfap? What is Xg? Gravity may
be ignored.

B

M

y
L. T
X Al )
problem 8.10:
(Filename:pfigure.blue.95.1)

8.11 Force on a stick in space. 2-D . No
gravity. A uniformthinstick with length ¢ and
mass mis, at the instant of interest, parallel to
the y axis and has no velocity and no angular
velocity. Theforce F = Fi with F > Ois
suddenly applied at point A. The questions
below concern the instant after the force F is
applied.

a) What isthe acceleration of point C, the

center of mass? *

b) What isthe angular acceleration of the
stick? *

¢) What istheacceleration of the point A?
3
d) (relatively harder) What additional

force would have to be applied to point
B to make point B’s acceleration zero?
3

A R
[ = F=Fi
jI_.
¢ C i
o B|,
problem 8.11:

(Filename:pfigure.s94h10p2)

8.12 A uniform thin rod of length ¢ and mass
m stands vertically, with one end resting on a

APPENDIX 8. Contact: friction and collisions

frictionless surface and the other held by some-
one’'shand. Therod isreleased from rest, dis-
placed slightly from the vertical. No forcesare
applied during the release. Thereis gravity.

a) Find the path of the center of mass.

b) Findtheforce of thefloor on the end of
therod just before therod ishorizontal.

8.13 A uniform disk, with mass center |abeled
aspoint G, issitting motionless on thefriction-
less xy plane. A massless peg is attached to
a point on its perimeter. This disk has radius
of 1m and mass of 10kg. A constant force of
F = 1000 N is applied to the peg for .0001s
(one ten-thousandth of a second).

a) What is the velocity of the center of
mass of the center of the disk after the
forceis applied?

b) Assuming that the idealizations named
in the problem statement are exact is
your answer to (a) exact or approxi-
mate?

¢) What isthe angular velocity of the disk
after the force is applied?

d) Assuming that the idealizations named
in the problem statement are exact is
your answer to () exact or approxi-
mate?

8.14 A uniform thin flat disc is floating in
space. It has radius R and mass m. A force
F is applied to it a distance d from the cen-
ter in the y direction. Treat this problem as
two-dimensional.

a) What isthe acceleration of the center of
thedisc? *

b) What isthe angular acceleration of the
disk? *

problem 8.14:
(Filename:pfigure.blue.102.1)

8.15 A uniform rectangular metal beam of
mass m hangs symmetrically by two strings as
shown in the figure.
a) Draw afreebody diagram of the beam
and evaluate > " F.

b) Repeat (a) immediately after the left
string is cut.

A B
3\

2

S

e m
problem 8.15:

(Filename:pfig2.2.rp8)

8.16 A uniform slender bar AB of mass m
is suspended from two springs (each of spring
constant K) as shown. If spring 2 breaks, de-
termine at that instant

a) the angular acceleration of the bar,

b) the acceleration of point A, and

c) theacceleration of point B.

problem 8.16:
(Filename:pfigure.blue.50.2)

8.17 Two small spheres A and B are connected
by arigidrod of length¢ = 1.0ftand negligible
mass. The assembly is hung from a hook, as
shown. Sphere A is struck, suddenly breaking
its contact with the hook and giving it a hori-
zontal velocity vg = 3.0ft/s which sends the
assembly into free fall. Determine the angu-
lar momentum of the assembly about its mass
center at point G immediately after A is hit.
After the center of mass has falen two feet,
determine;

a) the angle 6 through which the rod has
rotated,

b) thevelocity of sphere A,

c) thetotal kinetic energy of the assembly
of spheres A and B and the rod, and

d) theacceleration of sphere A.
AW

=
T G

B,2W
2 ft ’ 0

problem 8.17:
(Filename:pfigure.blue.105.1)
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The next several problems concern Work,
power and energy

8.18 Verify that the expressions for work done
by aforce F, W = FAS, and by amoment M,
W = MAG, are dimensionaly correct if AS
and A6 are linear and angular displacements

respectively.

8.19 A uniform disc of mass m and radius r
rotates with angular velocity wk. Its center of
mass tranglates with velocity ¥ = Xi + yj in
the xy-plane. What is the total kinetic energy
of the disk?

8.20 Calculate the energy stored in a spring
usingtheexpression Ep = 3ks2if thespringis
compressed by 100 mm andzthe spring constant
is100 N/m.

8.21 In arack and pinion system, the rack is
acted upon by a constant force F = 50N and
has speed v = 2m/s in the direction of the
force. Find the input power to the system.

w
Y ar

f F=50N
problem 8.21:
(Filename:pfig2.3.rp6)

8.22 The driving gear in a compound gear
train rotates at constant speed wg. The driv-
ing torqueis M;y. If the driven gear rotates at
aconstant speed woyt, find:

a) theinput power to the system, and

b) the output torque of the system assum-
ing thereisno power lossin the system;
i.e., power in = power out.

‘\wom

dr|V|ng gear
radiusr drlven gear
radius R

problem 8.22:

(Filename:pfig2.3.rp7)

8.23 An elaborate frictionless gear box has an
input and output roller with Vi, = const. As-
sumingthat Vout = 7Vin andtheforcebetween
the left belt and roller is Fijp = 31b:

a) What is Foyt (draw a picture defining
thesignsof Fj, and Foyt)?. *

b) Is Fout greater or less than the Fip?
(Assume Fip > 0.) Why? *

power out

problem 8.23:

(Filename:pfigure.blue.138.1)

8.3 Kinematics of rolling
and dliding

8.24 A stonein awheel. A round wheel rolls
totheright. Attimet = 0 it picks up a stone
theroad. The stoneis stuck in the edge of the
wheel. You want to know the direction of the
rock’s motion just before and after it next hits
the ground. Here are some candidate answers:

e When the stone approaches the ground
its motion is tangent to the ground.

e The stone approachesthe ground at an-
gle x (you name it).

e When the stone approaches the ground
its motion is perpendicular to the
ground.

e Thestoneapproachestheground at var-
ious angles depending on the following
conditions(...you list the conditions.)

Although you could address this question
analytically, you are to try to get a clear an-
swer by looking at computer generated plots.
In particular, you are to plot the pebble's path
for asmall interval of time near when the stone
next touches the ground. You should pick the
parameters that make your case for an answer
the strongest. You may make more than one
plot.

Here are some stepsto follow:

a) Assuming thewheel hasradius R, and
the pebble is a distance Rp from the
center (not necessarily equal to Ry).
The pebble is directly below the cen-
ter of the wheel a timet = 0. The
wheel spins at constant clockwise rate
. The x-axis is on the ground and
X(t = 0) = 0. The whed rolls with-
out slipping. Using aclear well labeled
drawing (use a compass and ruler or a
computer drawing program), show that

X(t) = wtRy, — Rpsin(wt)
y(t) = Ry, — Rp cos(et)

b) Using this relation, write a program to
make a plot of the path of the pebble
as the wheel makes a little more than
one revolution. Also show the out-
line of the wheel and the pebble itself
a some intermediate time of interest.
[Use any software and computer that
pleases you.]
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¢) Changewhatever you need to changeto
make a good plot of the pebble’s path
for asmall amount of time asthe pebble
approaches and leaves the road. Also
show the wheel and the pebble at some
timein thisinterval.

d) In this configuration the pebble moves
a very small distance in a small time
so your axes need to be scaled. But
make sure your x- and y- axes have the
same scale so that the path of the pebble
and the outline of the wheel will not be
distorted.

e) How does your computer output but-
tress your claim that the pebble ap-
proaches and leaves the ground at the
angles you claim?

f) Think of something about the pebblein
the wheel that was not explicitly asked
in this problem and explain it using
the computer, and/or hand calculation
and/or adrawing.

8.25 A uniform disk of radiusr rollsat a con-
stant rate without slip. A small ball of mass
m is attached to the outside edge of the disk.
What is the force required to hold the disk in
place when the mass is above the center of the
disk?

8.26 Rolling at constant rate. A round disk
rolls on the ground at constant rate. It rolls l%
revolutions over the time of interest.

a) Particle paths. Accurately plot the
paths of three points: the center of the
disk C, apoint on the outer edge that is
initially on the ground, and a point that
isinitialy half way between the former
two points. [Hint: Write a parametric
equation for the position of the points.
First find arelation between w and vc.
Then note that the position of apoint is
the position of the center plusthe posi-
tion of the point relative to the center.]
Draw the paths on the computer, make
sure x and y scales are the same.

b) Velocity of points. Find thevelocity of
the points at a few instants in the mo-
tion: after 7, 3, 3, and 1 revolution.
Draw the velocity vector (by hand) on
your plot. Draw the direction accu-
rately and draw the lengths of the vec-
tors in proportion to their magnitude.
You can find the velocity by differen-
tiating the position vector or by using
relative motion formulas appropriately.
Draw the disk at its position after one
quarter revolution. Note that the veloc-
ity of the pointsis perpendicular to the
line connecting the pointsto the ground
contact.

c) Acceleration of points. Do the same
asabove but for acceleration. Notethat
the acceleration of the pointsis parallel
to the line connecting the points to the
center of the disk.



794

problem 8.26:
(Filename:pfigure.s94h11p2)

8.27 Theconcentric wheelsarewelded to each
other and roll without slip on the rack and sta-
tionary support. The rack movesto theright at
vr = 1m/s. What isthe velocity of point A in
the middle of the wheels shown?
concentric wheels
WY

2 cm} v
2cm — \ﬁﬁ'l_’i
stationary support
problem 8.27:

(Filename:pfigure.blue.118.1)

8.28 Questions (a) - (e) refer tothecylindersin
the configuration shown figure. Question (f) is
closely related. Answer the questionsin terms
of the given quantities (and any other quantities
you define if needed).

a) What isthe speed (magnitude of veloc-
ity) of point c?
b) What isthe speed of point P?

¢) What is the magnitude of the accelera-
tion of point c?

d) What isthe magnitude of the accelera-
tion of point P?

€) What is the radius of curvature of the
path of the particle P at the point of in-
terest?

f) Inthe specia case of A = 2b what is
thecurvewhich particle Ptraces (for all
time)? Sketch the path.

problem 8.28: A littlecylinder (with outer
radiusb and center at point c) rollswithout slip-
ping inside a bigger fixed cylinder (with inner
radius A and center at point O). The absolute
angular velocity of thelittle cylinder w is con-
stant. P is attached to the outside edge of the
little cylinder. At theinstant of interest, Pison

the line between O and c.
(Filename:pfigure.blue.50.1)

APPENDIX 8. Contact: friction and collisions

8.4 M echanics of contacting
bodies: rolling and dliding

8.29 A uniform disc of mass m and radius r
rolls without dlip at constant rate. What is the
total kinetic energy of the disk?

8.30 A non-uniformdisc of massmand radiusr
rollswithout slip at constant rate. The center of
massislocated at adistance % from the center
of the disc. What is the total kinetic energy
of the disc when the center of mass is directly
above the center of the disc?

8.31 Falling hoop. A bicycle rim (no spokes,
tube, tire, or hub) is idealized as a hoop with
mass m and radius R. G is at the center of
the hoop. An inextensible string is wrapped
around the hoop and attached to the ceiling.
The hoop is released from rest at the position
shownatt = 0.

a) Findyg at alater timet intermsof any
oralof m R, g,andt.

b) DoesG movesidewaysasthehoopfalls
and unrolls?

YG

problem 8.31:
(Filename:p.s96.p3.2)

8.32 A uniform disk with radius R and mass
m has a string wrapped around it. Thestringis
pulled with aforce F. The disk rolls without
slipping.

a) What isthe angular acceleration of the
disk, @pisk = —6k? Make any rea-
sonable assumptions you need that are
consistent with the figure information
and the laws of mechanics. State your
assumptions. *

b) Find the acceleration of the point A in

thefigure. *

uniform disk, F=1N
| =0.5 kg m? —
M =1kg A

X
Roalling contact,—\.
no slip
problem 8.32:
L (Filename:pfigure.blue.43.1;
.33 If apebbleisstuck totheedgeof thewheel

in problem 8.26, what is the maximum speed
of the pebble during the motion? When is the
force on the pebble from the wheel maximum?
Draw a good FBD including the force due to
gravity.

P

problem 8.33:
(Filename:pfigure.s94h11p2.a)

8.34 Spool Ralling without Slip and Pulled
by a Cord. The light-weight spool is nearly
empty but a lead ball with mass m has been
placed at its center. A force F isapplied inthe
horizontal direction to the cord wound around
the wheel. Dimensions are as marked. Coor-
dinate directions are as marked.

a) What isthe acceleration of the center of
the spool ? *

b) What is the horizontal force of the
ground on the spool ? *

roll without % l
di F
problem 8.34:

(Filename:pfigure.s94h11p5)

8.35 A film spool is placed on a very dip-
pery table. Assume that the film and reel (to-
gether) have mass distributed the same as a
uniform disk of radius R;. What, in terms of
R, Ro, m, g, i, j, and F are the acceler-
ations of points C and B at the instant shown

(the start of motion)?

frictionless 7
contact F
(no friction) \ —

problem 8.35:

(Filename:p.f96.f.4)

8.36 Again, Spool Rolling without Slip and
Pulled by a Cord. Reconsider the spool from
problem 8.34. Thistime, aforce F is applied
vertically to the cord wound around the wheel.
Inthiscase, what isthe accel eration of the cen-
ter of the spool? Isit possible to pull the cord
at some angle between horizontal and vertical
so that the angular acceleration of the spool or
the acceleration of the center of massis zero?
If so, find theanglein terms of R;, Ry, m, and
F.

8.37 A napkinring lieson athick velvet table-
cloth. Thethin ring (of massm, radiusr) rolls
without dlip as a mischievous child pulls the
tablecloth (mass M) out with acceleration A.
The ring starts at the right end (x = d). You
can make a reasonable physical model of this
situation with an empty soda can and a piece
of paper on aflat table.
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a) What is the ring’s acceleration as the
tablecloth is being withdrawvn?

How far hasthe tablecloth moved to the
right fromitsstarting point x = Owhen
thering rolls off itsleft-hand end?

b

~

C

~

Clearly describe the subsequent motion
of the ring. Which way doesit end up
rolling at what speed?

d

=

Would your answer to the previous
question be different if the ring slipped
on the cloth as the cloth was being
pulled out?

napkin ring

My
l X /tabl ecloth
A

1 d 1
problem 8.37:

(Filename:pfigure.blue.51.1)

8.38 A block of mass M is supported by two
rollers (uniform cylinders) each of massm and
radiusr. They roll without slip on the block
and the ground. A force F is applied in the
horizontal direction to the right, as shown in
thefigure. Given F, m, r, and M, find:

a) the acceleration of the block,

b) theacceleration of the center of mass of
this block/roller system,

¢) thereaction at the wheel bases,
d) theforceof theright wheel ontheblock,

e) the acceleration of the wheel centers,
and

f) theangular acceleration of the wheels.

|

problem 8.38:
(Filename:pfigure.blue.108.2)

8.39 Dropped spinning disk. 2-D . A uniform
disk of radius R and mass mis gently dropped
onto a surface and doesn’t bounce. When it is
released it is spinning clockwise at the rate do.
Thedisk skidsfor awhileand theniseventually
rolling.

a) What is the speed of the center of the
disk when the disk is eventually rolling
(answer intermsof g, u, R, g, andm)?
*

b) In the transition from dlipping to
ralling, energy is lost to friction. How
does the amount lost depend on the co-
efficient of friction (and other parame-
ters)? How does this loss make or not
make sensein thelimitas u — 0 and
the dissipation rate — zero? *

problem 8.39:

(Filename:pfigure.s95q10)

8.40 Disk on aconveyor belt. A uniform metal
cylinder with mass of 200kg is carried on a
conveyer beltwhichmovesat Vg = 3m/s. The
diskisnot rotatingwhenonthebelt. Thediskis
delivered to aflat hard platform whereit slides
for awhile and ends up rolling. How fast is it
moving (i.e. what is the speed of the center of
mass) when it eventualy rolls? *
m = 200 kg

yLXw . r(()jlilékng/‘>

belt >
problem 8.40:

no rotation

(Filename:pfigure.s94h11p3)

8.41 A rigid hoop with radius R and massmis
rolling without slip so that its center has trans-
lational speed vg. It then hitsanarrow bar with
height R/2. When the hoop hits the bar sud-
denly it sticks and doesn’t dlide. It does hinge
freely about thebar, however. Thegravitational
congtant is g. How big is vo if the hoop just
barely rolls over the bar? *

hoop of mass m

gl
R -

- rigid bar
/\/

|Ri2

problem 8.41:
(Filename:pfigure.blue.87.5)

8.42 2-D rolling of an unbalanced wheel. A
wheel, modeled as massless, has a point mass
(mass = m) at its perimeter. The wheel isre-
leased from rest at the position shown. The
wheel makes contact with coefficient of fric-
tion w.

a) What is the acceleration of the point P
just after thewheel isreleasedif © = 0?

b) What isthe acceleration of the point P
just after thewheel isreleasedif u = 2?

¢) Assuming the wheel rolls without slip
(no-dlip requires, by the way, that the
friction be high: © = oo) what is the
velocity of the point P just before it
touches the ground?
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problem 8.42:
(Filename:pfigure.s94f1pl)

8.43 Spool and mass. A reel of mass M and
moment of inertia IS = | rolls without slip-
ping upwards on an inclinewith slope-angle .
It is pulled up by a string attached to mass m
as shown. Find the acceleration of point G in
termsof someor al of M,m, I, R, r, @, g and
any base vectors you clearly define.

problem 8.43:
(Filename:s97f4)

8.44 Two objectsarereleased on two identical
ramps. One is a diding block (no friction),
the other arolling hoop (no slip). Both have
the same mass, m, are in the same gravity field
and have the same distance to travel. It takes
thedliding mass 1 sto reach the bottom of the
ramp. How long doesit take the hoop? [Useful
formula: “s = at?’]

problem 8.44:
(Filename:pfigure.blue.51.2)

8.45 Thehoopisrolled down aninclinethat is
30° from horizontal. It does not slip. It does
not fall over sideways. Itislet go from rest at
t=0.
a) Att=0" what istheacceleration of the
hoop center of mass?

b) Att=0% what isthe acceleration of the
point on the hoop that is on theincline?

c) Att=0" what istheacceleration of the
point on the hoop that is furthest from
theincline?
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d) After the hoop has descended 2 verti-
cal meters (and traveled an appropriate
distance down the incline) what is the
acceleration of the point on the hoop
that is (at that instant) furthest from the
incline?

30° /

problem 8.45:
(Filename:pfigure.blue.47.1)

8.46 A uniform cylinder of mass m and radius
r rolls down an incline without slip, as shown
below. Determine: (a) theangular acceleration
« of the disk; (b) the minimum value of the
coefficient of (static) friction u that will insure
no slip.

|
\300

problem 8.46:
(Filename:pfigure.blue.49.3)

8.47Raceof rollers. A uniformdisk withmass
Mo and radius Ry is allowed to roll down the
frictionless but quite slip-resistant (« = 1) 30°
ramp shown. It israced against four other ob-
jects (A, B, C and D), one at atime. Who
wins the races, or are there ties? First try to
construct any plausible reasoning. Good an-
swerswill be based, at least in part, on careful
use of equations of mechanics. *

a) Block Ahasthesamemassand hascen-
ter of massadistance Ry fromtheramp.
It rolls on massless wheels with fric-
tionless bearings.

b) Uniform disk B has the same mass
(Mg = Mg) buttwicetheradius(Rg =
2Rp).

¢) Hollow pipe C has the same mass
(Mc = Mp) and the same radius
(Rc = Ro).

d) Uniform disk D has the same radius
(Rp = Ro) but twicethemass (Mp =
2Mo).

Can you find a round object which will
roll as fast as the block slides? How about
a massless cylinder with a point mass in its
center? Can you find an object which will go
slower than the slowest or faster than thefastest
of these objects? What would they beand why?
(This problem is harder.)

APPENDIX 8. Contact: friction and collisions

C D
problem 8.47:

(Filename:pfigure.s94h11p4)

8.48 A roller of mass M and polar moment of
inertiaabout the center of mass | g isconnected
toaspring of stiffness K by africtionlesshinge
as shown in the figure. Consider two kinds of
friction between the roller and the surface it
mOoves on:

1. Perfect dipping (no friction), and
2. Perfect rolling (infinite friction).

a) What isthe period of oscillation in the
first case?

b) What isthe period of oscillation in the
second case?

roller, M, I

hinge K
friction— \

problem 8.48:
(Filename:pfigure.blue.141.2)

8.49 A uniform cylinder of mass m and radius
R rollsback and forth without slipping through
small amplitudes (i.e., the springs attached at
point A on the rim act linearly and the vertical
change in the height of point A is negligible).
Thesprings, which act bothin compressionand
tension, areunextended when A isdirectly over
C.

a) Determine the differential equation of
motion for the cylinder’s center.

b) Calculate the natura frequency of the
system for small oscillations.

problem 8.49:
(Filename:pfigure.blue.152.1)

8.50 Hangingdisk, 2-D. A uniformthindisk of
radius R and mass m hangsin agravity field g
from apair of massless springs each with con-
stant k. In the static equilibrium configuration
the springsarevertical and attached to points A
and B on theright and left edges of the disk. In
the equilibrium configuration the springs carry
the weight, the disk counter-clockwiserotation
is¢ = 0, andthedownwardsvertical deflection
isy = 0. Assumethroughout that the center of
the disk only moves up and down, and that ¢ is
small sothat the springsmay beregarded asver-
tical when calculating their stretch (sing ~ ¢
and cos¢ ~ 1).

a) Find ¢ and ¥ in terms of someor all of

o, 0,Y,Y,k,m, R, and g.

b) Find the natural frequencies of vibra-
tion in terms of someor al of k, m, R,
and g.

problem 8.50:
(Filename:pfigure.disktwosprings)

8.51 A disk rollsin a cylinder. For al of the
problems below, the disk rollswithout slip and
s back and forth due to gravity.

a) Sketch. Draw a neat sketch of the
disk in the cylinder. The sketch should
show all variables, coordinates and di-
mension used in the problem.

b) FBD. Draw afree body diagram of the
disk.
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¢) Momentum balance. Writethe equa-
tions of linear and angular momentum
balance for the disk. Use the point on
the cylinder which touches the disk for
the angular momentum balance equa-
tion. Leave as unknown in these equa-
tions variables which you do not know.

d) Kinematics. The disk rolling in
thecylinder isaone-degree-of-freedom
system. That is, the values of only
one coordinate and its derivatives are
enough to determine the positions, ve-
locities and accelerations of al points.
The angle that the line from the center
of the cylinder to the center of the disk
makes from the vertical can be used as
such avariable. Find all of the veloci-
tiesand accel erations needed inthemo-
mentum balance equation in terms of
this variable and it's derivative. [Hint:
you'll need to think about the rolling
contact in order to do this part.]

e) Equation of motion.  Write the an-
gular momentum balance equation as
asingle second order differential equa-
tion.

f) Simple pendulum? Does this equa-
tion reduce to the equation for a pendu-
lum with apoint mass and length equal
to the radius of the cylinder, when the
disk radiusgetsarbitrarily small? Why,
or why not?

g) How many? How many partscan one
simple question be divided into?

problem 8.51: A disk rolls without slip
inside abigger cylinder.
(Filename:h12.3)

8.52 A uniform hoop of radius R; and mass
m rollsfrom rest down a semi-circular track of
radius Ry as shown. Assume that no slipping
occurs. At what angle 6 does the hoop leave
thetrack and what isitsangular velocity  and
the linear velocity v of its center of mass at
that instant? If the hoop slides down the track
without friction, so that it does not rotate, will
it leave at asmaller or larger angle 6 than if it
rollswithout slip (asabove)? Giveaqualitative
argument to justify your answer.

HINT: Hereisageometric rel ationship be-
tween angle ¢ hoop turns through and angle 6
subtended by its center when no slipping oc-
curs. ¢ = [(R1 + R2)/R2]6. (You may or
may not need to use this hint.)

////

problem 8.52:
(Filename:pfigure.blue.46.1)

8.5 Coallisions

8.53 The two blocks shown in the figure are
identical except that one rests on two springs
whiletheother onesitsontwo masslesswheels.
Draw free body diagrams of each massaseach
is struck by a hammer. Here we are inter-
ested in the free body diagrams only during
collision. Therefore, ignore al forces that are
much smaller than the impulsive forces. State
in words why the forces you choose to show
should not be ignored during the collision.

Y S y S
k§ k§ SIONEIONS

problem 8.53:

(Filename:pfig2.1.rp9)

8.54 These problems concerns two colliding
masses. Inthefirst caseIn (a) the smaller mass
hits the hanging mass from above at an angle
45° with the vertical. In (b) second case the
smaller mass hitsthe hanging mass from below
at the same angle. Assuming perfectly elastic
impact between the balls, find the velocity of
the hanging massjust after thecollision. [Note,
these problems are not well posed and can only
be solved if you make additional modeling as-
sumptions.]

N\
45°3x

W

45°3>/
v

@ (b)
problem 8.54:
(Filename:pfig2.2.rp7)
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8.55 A narrow poleisin the middle of a pond
with a 10m rope tied to it. A frictionlessice
skater of mass 50 kg and speed 3m/sgrabsthe
rope. The rope slowly wraps around the pole.
What is the speed of the skater when the rope
is5mlong? (A tricky question.)

P
‘/510 m
——5m—— .
" rope o
pole g I m= g(r)nll<g
/ / UO = S
problem 8.55:

(Filename:pfigure.blue.49.1)

8.56 The masses m and 3m are joined by a
light-weight bar of length 4¢. If point A in the
center of the bar strikes fixed point B vertically
with velocity Vg, and is not permitted to re-
bound, find 6 of the system immediately after
impact.

‘ 4¢
20 4,‘
A
@)
§n> :B m
Neglect gravity

problem 8.56: Neglect gravity!
(Filename:pfigure.blue.81.1)

[

8.57 Two equal masses each of mass m are
joined by amasslessrigid rod of length ¢. The
assembly strikesthe edge of atableasshownin
the figure, when the center of massis moving
downward with alinear velocity v and the sys-
tem is rotating with angular velocity ¢ in the
counter-clockwise sense. The impact is’elas-
tic. Find the immediate subsequent motion
of the system, assuming that no energy is lost
during the impact and that there is no gravity.
Show that there is an interchange of transa-
tional and rotational kinetic energy.

| 4 |

¢
v

(Filename:pfigure.blue.137.2)

problem 8.57:

8.58 In the absence of gravity, a thin rod
of mass m and length ¢ is initially tumbling
with constant angular speed wo, in the counter-
clockwise direction, while its mass center has
constant speed vo, directed as shown below.
The end A then makes a perfectly plastic col-
lison with a rigid peg O (via a hook). The
velocity of the mass center happens to be per-
pendicular to the rod just before impact.

a) What isthe angular speed ws immedi-
ately after impact?
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b) What is the angular speed 10 seconds
after impact? Why?

¢) Whatisthelossin energy inthe plastic
collision?

Before impact

OV hook >

After impact
O
\ Perfectly
G plastic
collision
wf
problem 8.58:

(Filename:pfigure.blue.78.2)

8.59 A gymnast of massm and extended height
L is performing on the uneven parallel bars.
About the X, y, z axes which pass through her
center of mass, her radii of gyration areky, ky,
and kz, respectively. Just before she graspsthe
top bar, her fully extended body is horizontal
and rotating with angular rate w; her center of
mass is then stationary. Neglect any friction
between the bar and her hands and assume that
she remains rigid throughout the entire stunt.

a) What isthe gymnast’s rotation rate just
after she grasps the bar? State clearly
any approximations/assumptions that
you make.

b) Calculate the linear speed with which
her hips(CM) strikethelower bar. State
all assumptions/approximations.

c) Describe (in words, no equations
please) her motion immediately after
her hips strike the lower bar if she re-
leases her hands just prior to this im-
pact.

APPENDIX 8. Contact: friction and collisions

L
— L/2 W

cm |~
0
upper T
bar lower
Just as top bar
bar is grasped
problem 8.59:

(Filename:pfigure.blue.130.2)

8.60 An acrobat modelled as a rigid body.
An acrobat is modeled as auniform rigid mass
mof lengthl. Theacrobat fallswithout rotation
in the position shown from height h where she
was stationary. She then grabs a bar with a
firm but slippery grip. What is h so that after
the subsequent motion the acrobat ends up in
a stationary handstand? [ Hints: Note what
quantities are preserved in what parts of the
motion.] *

DURING

BEFORE

problem 8.60:
(Filename:pfigure.s94h10p4)

8.61 A crude see-saw isbuilt with two supports
separated by distance d about which a rigid
plank (mass m, length L) can pivot smoothly.
The plank is placed symmetrically, so that its
center of massis midway between the supports
when the planis at rest.

a) Whiletheleft end isresting on the left
support, the right end of the plank is
lifted to an angle # and released. At
what angular velocity w; will the plank
strike the right hand support?

b) Followingtheimpact, theleft end of the
plank can pivot purely about the right
end if d/L is properly chosen and the
right end does not bounce. Find w2 un-
der these circumstances.

Just Before Collision

= o=
U

Just After Collision

w2

o
i AN

problem 8.61:
(Filename:pfigure.blue.81.2)

8.62 Baseball bat. In order to convey theideas
without making the cal culation to complicated,
some of the simplifying assumptions here are
highly approximate. Assume that a bat is a
uniformrigid stick with length L and massms.
The motion of the bat is a pivoting about one
end held firmly in place with hands that rotate
but do not move. The swinging of the bat oc-
curs by the application of aconstant torque Mg
at the hands over an angle of & = 7/2 until
the point of impact with the ball. The ball has
mass my and arrives perpendicular to the bat
at an absolute speed vy at a point a distance ¢
from the hands. The collision between the bat
and the ball is completely elastic.

a) To maximize the speed vyt of the hit
ball How heavy should a baseball bat
be? Where should the ball hit the bat?
Here are some hints for one way to ap-
proach the problem.

e Find the angular velocity of the
bat just before collision by draw-
ing aFBD of the bat etc.

e Find the total energy of the ball
and bat system just before the
collision.

e Draw a FBD of the ball and of
the bat during the collision (with
thismodel thereisan impulse at
the hands on the bat). Call the
meagnitude of the impulse of the
ball on the bat (and vice versa)
[ Fat.

e Use various momentum equa-
tionsto find the angular velocity
of the bat and velocity of the ball
just after the collision in terms
of [ Fdt and other quantities
above. Use these to find the en-
ergy of the system just after col-
lision.
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b)

0

d)

o Solveforthevalueof [ Fdt that
conserves energy. As a check
you should see if this also pre-
dicts that the relative separation
speed of the ball and bat (at
the impact point) is the same as
the relative approach speed (it
should be).

e Younow know can calculate vt
in terms of mp, ms, Mg, L, £,
and vp.

e Find the maximum of the above
expression by varying ms and ¢.
Pick numbersfor the fixed quan-
titiesif you like.

Canyou explaininwordswhat iswrong
with abat that istoo light or too heavy?

Which aspects of the model above do
you think lead to the biggest errors in
predictingwhat areal ball player should
pick for abat and place on the bat to hit
the ball?

Describe as clearly as possible a dif-
ferent model of a baseball swing that
you think would give a more accurate
prediction. (You need not do the calcu-
|ation).

799
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APPENDIX 9. Contact: friction and collisions

Problems for Chapter 9

Kinematics using time-varying base vec-
torsProblemsfor all three sectionsof thischap-
ter are combined.

9.1 Polar coordinates and
path coordinates

9.1 A particle moves along the two paths (1)
and (2) as shown.

@) Ineach case, determine the velocity of
the particleintermsof b, 6, and 6. *

b) Findthex and y coordinates of the path
asfunctionsof bandr orband 6. *

W [y

r o¥2=p

) y

Q:br

-5
problem 9.1:
(Filename:polarplot0)

9.2 For the particlepath (1) in problem 9.1, find
the acceleration of the particlein termsof b, 6,
and 6.

9.3 For the particle path (2) in problem 9.1, find
the acceleration of the particlein termsof b, 6,
and 6.

9.4 A body moves with constant velocity V
inastraight line parallel to and at a distance d
from the x-axis.

a) Calculated intermsof V, d, and 6.

b) Calculatethe é, component of acceler-
ation.

Carefully define, using a sketch and/or words,
any variables, coordinate systems, and refer-
ence frames you use. Express your answers
using any convenient coordinate system (just
make sure its orientation has been clearly de-

fined).
OT
\e |

problem 9.4:

X
(Filename:pfigure.blue.62.1)

9.5 Picking apart the polar coordinate for-
mula for velocity. This problem concerns a
small mass m that sitsin aslot in a turntable.
Alternatively you can think of a small bead
that slides on arod. The mass aways stays
in the slot (or on the rod). Assume the mass
isalittle bug that can walk asit pleases on the
rod (or in the slot) and you control how the
turntable/rod rotates. Name two situations in
which one of the terms is zero but the other is
not in the two term polar coordinate formula
for velocity, Rég + R9€g. You should thus
gain some insight into the meaning of each of
the two termsin that formula. *

Top view y

Top view y

problem 9.5:
(Filename:pfigure.s94h9p4b)

9.6 Picking apart the polar coordinate for-
mula for acceleration. Reconsider the con-
figurations in problem 9.5. This time, name

four situationsinwhichall of theterms, but one,
inthefour term polar coordinateformulafor ac-
celeration, @ = (R—R62)éx+(2R6+Rb)éy,
are zero. Each situation should pick out a dif-
ferent term. You should thus gain someinsight
into the meaning of each of the four termsin
that formula. *

9.7 Thetwo differential equations:
R-RZ = 0
2RE+RI = 0

have the general solution

R = d2+ (t—1p)?
6 = 6o+tan (vt —t)/d)

where 6, d, tg, and v are arbitrary constants.
This solution could be checked by plugging
back into the differential equations— you need
not do this (tedious) substitution. The solution
describes a curve in the plane. That is, if for
arange of values of t, the values of R and ¢
were calculated and then plotted using polar
coordinates, a curve would be drawn. What
can you say about the shape of this curve?
[Hints:

a) Actually make a plot using some ran-
dom values of the constants and see
what the plot looks like.

b) Write the equation F = ma for a par-
ticle in polar coordinates and think of
a force that would be relevant to this
problem.

c) Theanswer is something simple. ]

9.8 A car driver on a very boring highway is
carefully monitoring her speed. Over a one
hour period, the car travels on a curve with
constant radius of curvature, p = 25mi, and
its speed increases uniformly from 50 mph to
60 mph. Wheat is the acceleration of the of the
car half-way through this one hour period, in
path coordinates?

9.9 Find expressionsfor ¢, a;, an, €n, and the
radius of curvature p, at any position (or time)
on the given particle paths for

a) problem5.88, *
b) problem 5.90,

c) problem 9.15,

d) problem5.92,

e) problem 5.91, and
f) problem 5.89.
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9.10 A particle travels at non-constant speed
on an elliptical path given by y2 = b2(1 —
;—5). Carefully sketch the ellipse for particular
vaues of a and b. For various positions of the
particle on the path, sketch the position vector
F (t); the polar coordinate basis vectors é; and
€y; and the path coordinate basis vectors én,
and é;. At what points on the path are &, and
én parale(or éy and é; parallel)?

9.2 Rotating reference

frames

9.11 Express the basis vectors (i, j') associ-
atedwith axesx’ and y’ intermsof the standard
basis (i, j) for 6 = 30°.

\0

X
problem 9.11:
(Filename:efigl.2.23)

9.12 Body frames are frames of reference at-
tached to abody in motion. The orientation of
a coordinate system attached to a body frame
B is shown in the figure at some moment of
interest. For @ = 60°, expressthe basisvectors

(I;l, I;z) in terms of the standard basis (, j).
y

problem 9.12:
(Filename:efigl.2.24)

9.13 Find the components of (@ v =
3m/sl +2m/sj + 4m/sl€ in the rotated ba-
ss@@.j . k)ad®) @ = —05m/s2j +
3.0m/s2k in the standard basis (i, j, k). (y

and y’ are in the same direction and x’ and Z
arein the xz plane.)

X
problem 9.13:
(Filename:efigl.2.25)

9.14 For Q given in problem ?? and M =
25N-mE; — 32N-mE>, find the &, compo-
nent of M without calculating [Q]{M}.

9.15 A particle travels in a straight line in the
xy-plane parallel to the x-axis at a distance
y = £ in the positive x direction. The posi-
tion of the particleis denoted by 7 (t). Thean-
gle of 7 measured positive counter-clockwise
from the x axisis decreasing at a constant rate
with magnitude w. If the particle starts on the
y axisat 6 = /2, what is F (t) in cartesian
coordinates?

9.16 Giventhat F () = ct?i’ andthat o(t) =
dsin(it), find v (t)

(@ intermsof 7 and j,

(b) intermsof i’ and j'.

r(t)

problem 9.16:
(Filename:pfig3.1.DH1)

9.17 A bug walks on aturntable. In polar co-
ordinates, the position of the bug is given by
R = Ré,, where the origin of this coordinate
system is at the center of the turntable. The
(ér, éy) coordinate system is attached to the
turntable and, hence, rotates with the turntable.
The kinematical quantities describing the bugs
motionare R = —Rp, R = 0, 6 = wp, and
6 = 0. A fixed coordinate system Oxy has
origin O at the center of the turntable. Asthe
bug walks through the center of the turntable:

a) What isits speed?
b) What isits acceleration?

c) What istheradius of the osculating cir-
cle(i.e., what isthe radius of curvature
of the bug's path?).

801

9.3 General expressions for
velocity and acceleration

9.18 A bugwalksonastraight lineengraved on
arotating turntable (the bug’'s path in the room
isnot a straight line). The line passes through
the center of the turntable. The bug’s speed on
thislineis1in/s(thebug’sabsolutespeedisnot
lin/s). Theturntable rotates at a constant rate
of 2 revolutions every 7 s in a positive sense
about the z-axis. It's surface is aways in the
xy-plane. Attimet = 0, the engraved lineis
aligned with the x-axis, the bug is at the origin
and headed towards the positive x direction.

a) What is the x component of the bug's
velocity att = 7 s?

b) What is the y component of the bug's
velocity at t = 7 seconds?

¢) What is the y component of the bug's
accelerationatt = 7?

d) What is the radius of curvature of the
bug'spathat t = 0?

9.19 Actual path of bug trying to walk a
straight line. A straight line is inscribed on
a horizontal turntable. The line goes through
the center. Let ¢ be angle of rotation of the
turntable which spins at constant rate ¢g. A
bug starts on the outside edge of the turntable
of radius Rand walkstowardsthecenter, passes
through it, and continues to the opposite edge
of the turntable. The bug walks at a constant
speed v a, asmeasured by how far her feet move
per step, on the line inscribed on the table. 1g-
nore gravity.

a) Picture. Make an accurate draw-
ing of the bug's path as seen in the
room (which is not rotating with the
turntable). In order to make this plot,
you will need to assume values of va
and ¢g and initial values of R and ¢.
You will need to write a parametric
equation for the path in terms of vari-
ablesthat you can plot (probably x and
y coordinates). You will also need to
pick arange of times. Your plot should
include the instant a which the bug
walks through the origin. Make sure
your X and y- axes are drawn to the
same scale. A computer plot would be
nice.

b) Calculate the radius of curvature of the
bug's path asit goes through the origin.

c) Accurately draw (say, on the computer)
the osculating circle when the bug is at
the origin on the picture you drew for
(a) above.

d) Force. What is the force on the bugs
feet from the turntable when she starts
her trip? Draw this force as an arrow
on your picture of the bug’s path.
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e) Force. What is the force on the bugs
feet when she is in the middle of the
turntable? Draw this force as an arrow
on your picture of the bug’s path.

9.20 A small bug is crawling on a straight line
scratched on an old record. The scratch, at its
closest, is a distance £ = 6 cm from the center
of the turntable. The turntable is turning clock-
wise at a constant angular rate @ = 2rad/s.
The bug is walking, relative to the turntable, at
aconstantrate vg,7 = 12cm/s, straight along
the scratch in the y-direction. At the instant of
interest, everything is aligned as shown in fig-
ure. The bug has a mass mp = 1 gram.

a) What is the bug’s velocity?

b) What is the bug’s acceleration?

¢) What is the sum of all forces acting on
the bug?

d) Sketch the path of the bug in the neigh-
borhood of its location at the time of
interest (indicate the direction the bug
is moving on this path).

y

problem 9.20:

(Filename:pfigure.blue.55.2)

9.21 A bug of mass m = 1kg walks on a
straight line marked through the center of a
turntable on the back of a pick-up truck, ex-
actly as in problem 9.30. Evaluate the absolute
velocity and acceleration of the bug in the fol-
lowing situations (in cartesian coordinates):

APPENDIX 9. Kinematics using time-varying base vectors

a) Pick asuitable moving frame and do the
problem.

b) Pick another suitable moving frame and
redo the problem. Make sure the an-
swers are the same.

problem 9.22:
(Filename:Mikes93p1)

9.23 For the configuration in problem 9.22 what

is the absolute angular velocity of the disk, D?
*

9.24 For the configuration in problem 9.22, tak-
ing wy to be the angular velocity of disk &
relative to the rod, what is the absolute angular
acceleration of the disk, D? What is the abso-
lute angular acceleration of the disk if w; and
wy are not constant?

| KinematicalQuantities |

L M [ b | ¥ [ [ 7 i [ 6 [ o | o |
(a) || 4m | 3m/s Om/s2 Im | Om/s Om/s2 37° Orad/s Orad/s2
(b) ” ” 2m/sZ | 7 ” ” ” ” ”

(c) ” ? Om/s2 ” ” ” mw/2rad | lrad/s ”
d) ” ” ” ” ” 1m/s? Orad | Orad/s ”
(e) ” ” ” Om | Im/s | Om/s? ” Irad/s ”
G ” ” Im | Om/s ” 7/2rad | Orad/s | 3rad/s?
@1 > | 2m/s2 | 7 [ 5m/s | —2m/s? | Orad ” Orad/s?
ORI ” ” [ om/s | Om/s? | w/2rad ” 2rad/s?
@) ” ? 4m/s.2 ” ” ” Orad 2rad/s Orad/s2

*

9.22 Arm OC rotates with constant rate wj.
Disc D of radius r rotates about point C at con-
stant rate wp measured with respect to the arm
OC. What are the absolute velocity and accel-
eration of point P on the disc, Vpandap? (To
do this problem will require defining a moving
frame of reference. More than one choice is
possible.) *

9.25 A turntable oscillates with displacement
X c(t) = Asin(st)i. The disc of the turntable
rotates with angular speed and acceleration wp
and wp. A small bug walks along line D E with
velocity vy relative to the turntable. At the in-
stant shown, the turntable is at its maximum
amplitude x = A, the line DE is currently
aligned with the z-axis, and the bug is passing

through point B on line DE. Point B is a dis-
tance a from the center of the turntable, point
g . Find the absolute acceleration of the bug,
a,. *

problem 9.25:

(Filename:Mikes93p2)

9.26 A small .1kg toy train engine is go-
ing clockwise at a constant rate (relative to the
track) of 2 m/s on a circular track of radius 1 m.
The track itself is on a turntable 8B that is ro-
tating counter- clockwise at a constant rate of
1rad/s. The dimensions are as shown. At the
instant of interest the train is pointing due south
(—J) and is at the center O of the turntable.

a) What is the velocity of the train relative
to the turntable v, g?

b) Whatis the absolute velocity of the train
v?

¢) What is the acceleration of the train rel-
ative to the turntable @, g?

d) What is the absolute acceleration of the
train @?

e) What is the total force acting on the
train?

f) Sketch the path of the train for one rev-
olution of the turntable (surprise)?

turntable, B

East

~>

problem 9.26:
(Filename:pfigure.f93£4)

9.27 A giant bug walks on a horizontal disk.
An xyz frame is attached to the disk. The disk
is rotating about the z axis (out of the paper)
and simultaneously translating with respect to
an inertial frame XY Z plane. In each of the
cases shown in the figure, determine the total
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force acting on the bug. In each case, the dot-
ted line is scratched on the disk and is the path
the bug follows walking in the direction of the
arrow. The location of the bug is marked with a
dot. At the instants shown, the xyz coordinate
system shown is aligned with the inertial XY Z
frame (which is not shown in the pictures). In
this problem:

F = the position of the center of the disk,

V = the velocity of the center of the disk,

a = the acceleration of the center of the disk,
Q the angular velocity of the disk (i.e., 2 =
ok),

€2 = the angular acceleration of the disk,

u = the speed of the bug traversing the dotted
line (arc length on the disk per unit time),
u=du/dt, and

m = 1kg = mass of the bug.

SN u=0 §=0i+0j

S P A

’ — L, v=01+05
a)l ¢ Q=0 _ PO
XY §_0 a=3m/s]i+0j
S =1m/s 7 =0i+0j
NI L'{:O S r=00+0j
bW gZo  v=0ie0
N Y Q=0 a=0i+0j
y O
~ 1{=8 F=0i+0j
u = = _ N ~
of cifmg=o =0
Im ) ¥ Q@ =1rad/s*> a=0i+0j
u=0 F=0{+0j
=0 % =0 +0j
Q = 1rad/s z_ Lo
Q=0 a=0+0j
y:lmls 7=0i+0f
=0 ¥ =0 +0j
Q=1rads "= TY
Q=0 a=0+0j

problem 9.27:

(Filename:pfigure.blue.117.1)

9.28 Repeat questions (a)-(f) for the toy train in
problem 9.26 going counter-clockwise at con-
stant rate (relative to the track) of 2 m/s on the
circular track.

9.29 Ahoneybee, sensing thatitcan getacheap
thrill, alights on a phonograph turntable that is
being carried by a carnival goer who is rid-
ing on a carousel. The situation is sketched
below. The carousel has angular velocity of
Srpm, which is increasing (accelerating) at
10rev/ min?; the phonograph rotates at a con-
stant 33 1/3 rpm. The honeybee is at the outer
edge of the phonograph record in the position
shown in the figure; the radius of the record is
7 inches. Calculate the magnitude of the accel-
eration of the honeybee.

carousel

/\ - bee

turntable

problem 9.29:

(Filename:pfigure.blue.67.2)

9.30 Consider a turntable on the back of a
pick-up truck. A bug walks on a line on the
turntable. The line may or may not be drawn
through the center of the turntable. The truck
may or may not be going at constant rate. The
turntable may or may not be spinning, and, if it
spins, it may or may not go at a constant rate.
The bug may be anywhere on the line and may
or may not be walking at a constant rate.

a) Draw a picture of the situation.
Clearly define all variables you are go-
ing to use. What is the moving frame,
and what is the reference point on that
frame?

b) One term at a time. For each term
in the five term acceleration formula,
find a situation where all but one term
is zero. Use the turntable as the moving
frame, the bug as the particle of interest.
*

¢) Two terms at a time. (harder) How
many situations can you find where a
pair of terms is not zero but all other
terms are zero? (Don’t try to do all 10
cases unless you really think this infa-
mous formula is fun. Try at least one
or two.) *

turntable

problem 9.30: Picking apart the five
term acceleration formula.
(Filename:pfigure.blue.75.1)

9.4 Kinematics of 2-D mech-
anisms

803

9.31 Slider crank kinematics (No FBD re-
quired!). 2-D. Assume R, ¢, 6, 0,0 are given.
The crank mechanism parts move on the xy
plane with the x direction being along the pis-
ton. Vectors should be expressed in terms of

i, j, and k components.

a) What is the angular velocity of the
crank OA? *

b) What is the angular acceleration of the
crank OA? *

¢) What is the velocity of point A? *
d) What is the acceleration of point A? *

e) What is the angular velocity of the
connecting rod AB? [Geometry fact:

Fap=+/02—R2sin>0i—Rsin6 j]
*

f) For what values of 0 is the angular ve-
locity of the connecting rod AB equal
to zero (assume # 0)? (you need not
answer part (e) correctly to answer this
question correctly.) *

crank

piston

motor

problem 9.31:
(Filename:pfigure.s95q12)

9.32 Slider-Crank. Consider a slider-crank
mechanism. Given 6, 6, 6, L, and R, can you
find the velocity and acceleration of B? There
are many ways to do this problem.

crank

piston

motor

problem 9.32:
(Filename:f.5)

9.33 The crank AB with length Lag = 1inch
in the crank mechanism shown rotates at a con-
stant rate f4p = wap = 27 rad/s counter-
clockwise. Theinitial angle of rotationis6 = 0
at t = 0. The connecting rod BC has a length
of Lgc = 2in.

a) What is the velocity of point B at the

end of the crank when 6 = /2 rad?

b) What is the velocity of point C at the
end of the connecting rod when 6 =
7 /2rad?

¢) What is the angular velocity of the con-
necting rod BC when 6 = 7 /2rad?
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d) What is the angular velocity of the con-
necting rod BC as a function of time?

wap = 2w rad/s
problem 9.33:

(Filename:pfigure.blue.116.1)

9.34 The two rods AB and DE, connected to-
gether through a collar C, rotate in the verti-
cal plane. The collar C is pinned to the rod
AB but is free to slide on the frictionless rod
DE. At the instant shown, rod AB is rotating
clockwise with angular speed w = 3rad/s and
angular acceleration @ = 2rad/ s2. Find the
angular velocity of rod DE. *

— B

problem 9.34:

(Filename:summer95f.4)

9.35 Reconsider problem 9.34. The two rods
AB and DE, connected together through a col-
lar C, rotate in the vertical plane. The col-
lar C is pinned to the rod AB but is free to
slide on the frictionless rod DE. At the instant
shown, rod AB is rotating clockwise with angu-
lar speed w = 3rad/s and angular acceleration
o = 2rad/s%. Find the angular acceleration of
rod DE. *

_PNE

a5/
——(*|E

problem 9.35:

(Filename:summer95f.4.a)

9.36 Collar A is constrained to slide on a hor-
izontal rod to the right at constant speed v4. It
is connected by a pin joint to one end of a rigid
bar AB with length £ which makes an angle
0 with the horizontal at the instant of interest.

APPENDIX 9. Kinematics using time-varying base vectors

A second collar B connected by a pin joint to
the other end of the rigid bar AB slides on a
vertical rod.

a) Find the velocity of point B. Answer
in terms of v4, 6, €, 7 and j.

b) Find the angular speed 6 of the rod?
Answer in terms of vg4, 0, €, T and j

, SN
L A

problem 9.36:
(Filename:s93q5)

9.37 A bar of length £ = 5ft, body &, con-
nects sliders A and B on an L-shaped frame,
body o, which itself is rotating at constant
speed about an axle perpendicular to the plane
of the figure through the point O and relative to
afixed frame &, QHC/? =0.5rad/sk . Atthe
instant shown, body oL is aligned with the x —y
axes, slider A is x4 = 4 ft from point O, slider
B is yp = 3ft from O. The speed and accel-
eration of slider B relative to the frame £ are
Vg p = —2ft/sjand dp,p = —21t/s? ],
respectively.
Determine:
a) The absolute velocity of the slider A,
6\ A/ F> and
b) The absolute angular velocity of bar
AB,body D, @, 7.

/(\ B
( y
)1B I x

0 Qc/f
xA“‘

problem 9.37:

h
—

(Filename:pfigure.blue.115.1)

9.38 The link AB is supported by a wheel at
D and its end A is constrained so that it only
has horizontal velocity. No slipping occurs be-
tween the wheel and the link. The wheel has an
angular velocity w and radius r. The distance
OA=1.

Given: w, r, and €. (B = sin~! Z). De-
termine the angular velocity of the link AB and
velocity of the point A.

B

L |
‘ A

| ¢ |

problem 9.38:

(Filename:pfigure.blue.121.1)

9.39 A solid cylinder of radius R and mass
M rolls without slip along the ground. A thin
rod of mass m and length L is attached by a
frictionless pin P to the cylinder’s rim and its
right end is dragged at a constant speed ¥ 5
along the (frictionless) horizontal ground.

a) For the position shown (where P is di-
rectly above the contact point), find P’s
velocity Up and the rod’s angular ve-
locity ®.

b) Find P’s acceleration @p and the angu-
lar acceleration & of the rod.

problem 9.39:

(Filename:pfigure.blue.116.2)

9.40 The slotted link CB is driven in an oscilla-
tory motion by the link ED which rotates about
D with constant angular velocity 6 = wp. The
pin P is attached to ED at fixed radius d and
engages the slot on CB as shown. Find the an-
gular velocity and acceleration 6 and é of CB
when 6 = /2.

| ¢ |

problem 9.40:
(Filename:pfigure.blue.65.3)

9.41 The rod of radius = 50 mm shown has
a constant angular velocity of @ = 30rad/s
counterclockwise. Knowing that rod AD is
250 mm long and distance d = 150 mm, de-
termine the acceleration of collar D when 6 =
90°.

r/
\¢?
ONYA

-

problem 9.41:

(Filename:pfigure.blue.120.1)
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9.5 Advance kinematics of
planar motion

9.42 Double pendulum. The double pendu-
lum shown is made up of two uniform bars,
each of length £ and mass m. At the instant
shown, @1, ¢1, ¢, and ¢ are known. For the
instant shown, answer the following questions
in terms of €, ¢1, ¢1, ¢2, and 5.

a) What is the absolute velocity of point
A?

b) What is the velocity of point B relative
to point A?

¢) What is the absolute velocity of point
B?

problem 9.42:
(Filename:ch7.8)

9.43 Double pendulum, Again. For the dou-
ble pendulum in problem 9.42, ¢ and ¢ are
also known at the instant shown. For the in-
stant shown, ans'wer”the follpwing questions in
terms of £, ¢1, @1, P1, 2, ¢2, and ¢y.

a) What is the absolute acceleration of
point A?

b) What is the acceleration of point B rel-
ative to point A?

¢) What is the absolute acceleration of
point B?

problem 9.43:

(Filename:ch7.8.a)
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APPENDIX 10. Contact: friction and collisions

Problems for Chapter 10

Mechanics of planar mechanisms

10.1 Dynamics of a con-
strained particle or a par-
ticle relative to a moving
frame

10.1 Severa of the problems below concern
anarrow rigid hoop and/or a small bead. For
reference here are dimensions and values you
should use in working the problems: mass of

bead Mpeag = 2 grams, mass of hoop Mpeop =
1kg, radiusof hoop Rhoop = 3m, gravitational

acceleration g = 10m/s? (or zero). A bead

slides on a frictionless circular hoop . The
center of the circular hoop is the origin O of
afixed (Newtonian) coordinate system Oxyz.
The hoop is on the xy plane. Gravity isin the
negative z direction. The hoop is kept from
moving by little angels who arrange to let the
bead slide by unimpeded. Att = 0, the speed
of the bead is 4m/s, it is traveling counter-
clockwise (looking down the z-axis), and it is
on the x-axis. There are no external forces ap-
plied.
a) Att = Owhat isthe bead's kinetic en-
ergy ?
b) Att = O0what isthe bead’s linear mo-
mentum ?

c) Att = 0 what is the bead's angular
momentum about the origin?

d) Att = O what is the bead's accelera-
tion?

e) Att = Owhat istheradius of the oscu-
lating circle of the bead's path p?

f) Att = O what is the force of the hoop
on the bead?

g) Att = 0 what is the net force of the
angel’s hands on the hoop?

h) Att = 27swhat isthe x-component of
the bead’s linear momentum?

Just when the bead above has traveled around
the wire exactly 12 times the angels suddenly
(but gently) let go of the hoop which is now
free to slide on the frictionless xy plane. Call
thistimet = 0. Att = 0 we can assume the
angels have fully let go.

i) Att = 0" whatisthelinear momentum
of the bead and hoop system?

j) Att =0t what istherate of change of
the linear momentum of the bead and
hoop system?

k) Att = 0T What is the value of the
acceleration of thebead? (Hint:apeag =
@noop center + bead/hoop center)

10.2 A warehouse operator wants to move a
crate of weight W = 1001b from a 6ft high
platform to ground level by means of aroller
conveyer as shown. Therollerson theinclined
planearewel| lubricated and thus assumed fric-
tionless; the rollers on the horizontal conveyer
are frictional, thus providing an effective fric-
tion coefficient w. Assumetherollersaremass-
less.

a) What arethekinetic and potential ener-
gies(pick asuitable datum) of the crate
at the elevated platform, point A?

b) What arethekinetic and potential ener-
giesof thecart at theend of theinclined
planejust before it moves onto the hor-
izontal conveyor, point B.

¢) Using conservation of energy, calcu-
|ate the maximum speed attained by the
crateat point B, assuming it startsmov-
ing from rest at point A.

d) If the crate slides a distance x, say, on
the horizontal conveyor, what isthe en-
ergy lost to diding in terms of u, W,
and x?

e) Calculatethe value of the coefficient of
friction, w, such that the crate comesto

rest at point C.
1001b
L. A
frictionless T

frictional B 6 ft
c X B ]
\ 24 ft [— 8 ft —

problem 10.2:

(Filename:pfigure.blue.30.1)

10.3 On awintry evening, a student of mass
m starts down the steepest street in town, Steep
Street, which isof height h and slope 6. At the
top of the dope she starts to dlide (coefficient
of dynamic friction ).

a) What isher initia kinetic and potential
energy?

b) Whatistheenergy losttofrictionasshe
slides down the hill?

¢) What is her velocity on reaching the
bottom of the hill? Ignoreair resistance
and all crossstreets(i.e. assumethehill
isof constant slope).

d) If, upon reaching the bottom of the
street, she collideswith another student
of mass M and they embrace, what is
their instantaneous mutual velocity just
after the embrace?

€) Assuming that friction still acts on the
level flats on the bottom, how much
time will it take before they come to
rest?

|

h

problem 10.3:

(Filename:pfigure.blue.25.2)

10.4 Reconsider the system of blocksin prob-
lem 3.17, this time with equal mass, m; =
my = m. Also, now, both blocks are frictional
and sitting on africtional surface. Assumethat
both blocks are sliding to the right with the top
block moving faster. The coefficient of friction
between the two blocksis 1. The coefficient
of friction between thelower block and thefloor
isuo. Itisknownthat uy > 2u2.

a) Draw free body diagrams of the blocks
together and separately.

b) Write the equations of linear momen-
tum balance for each block.

¢) Find the acceleration of each block for
the case of frictionless blocks. For the
frictional blocks, find the acceleration
of each block. What happensif 1 >>

u2?

10.5 Aninitially motionless roller-coaster car
of mass 20 kg is given a horizontal impulse

F dt = Pi at position A, causing it to move
aong the track, as shown below.

a) Assuming that the track is perfectly
frictionless from point A to C and that
thecar never leavesthetrack, determine
the magnitude of the impulse | so that
the car “just makes it” over the hill at
B.

b) In the ensuing motion, assume that the
horizontal track C-D is frictional and
determine the coefficient of friction re-
quired to bring the car to astop at D.

B |9
T
20 rr;/ 10 m;..c U=? D
l J:.b J F——30m——
AT X L.

problem 10.5:

(Filename:pfigure.blue.21.2)
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10.6 Masses mp = 1kg and my kg move on
the frictionless varied terrain shown. Initially,
m has speed v1 = 12m/sand my is at rest.
Thetwo masses collide on theflat section. The
coefficient of restitution in the collisionise =
0.5. Find the speed of m, at the top of thefirst
hill of elevation hy = 1m. Does my make it
over the second hill of elevation hy = 4m?

problem 10.6:

(Filename:Danef94s2q7)

10.7 A scotch yoke, adevicefor converting ro-
tary motion into linear motion, is used to make
a horizontal platform go up and down. The
motion of the platform isy = Asin(wt) with
constant w. A dead bug with mass mis stand-
ing on the platform. Her feet have no glue on
them. Thereis gravity.

a) Draw afree body diagram of the bug.

b) What isthe acceleration of the platform
and, hence, the bug?

¢) Writetheequation of linear momentum
balance for the bug.

d) What condition must be met so that the
bug does not bounce the platform?

€) What is the maximum spin rate w that
can be used if the bug is not to bounce
off the platform?

bug
S /(pl atform

y

‘|

Peg fixed

todisc

(Cr—e)

problem 10.7:

(Filename:pfigure.blue.34.1)

10.8 A new kind of gun. Assume w = wqg
is aconstant for the rod in the figure. Assume
the mass is free to dide. Att = O, the rod
is aligned with the x-axis and the bead is one
foot from the origin and has no radia velocity
(dR/dt = 0).

a) Findadifferential equation for R(t). *

b) Turn this equation into a differential

equation for R(9). *

¢) How far will the bead have moved after
onerevolution of therod? How far after
two? *

d) What is the speed of the bead after
one revolution of the rod (use wg =
27 rad/s= lrev/sec)? *

€) How much kinetic energy doesthe bead
have after onerevolution and wheredid
it come from? *

y

PN
o
A

problem 10.8:
(Filename:pfigure.s94h9p5)

10.9 The new gun getsold and rusty. Recon-
sider the bead on arod in problem 10.8. This
time, friction cannot be neglected. The fric-
tion coefficient is . At the instant of interest
the bead with mass m has radius Ry with rate
of change Ry. The angle 6 iszero and w isa
constant. Neglect gravity.

@ What is R at this instant? Give your
answer intermsof any or all of Ry, Ry,
o, M, i, ey, ep, f,and j. *

b) Afteraverylongtimeitisobserved that
theangle ¢ between the path of thebead
and the rod/trough is nearly constant.
What, interms of u, isthis¢?*

10.10 A newer kind of gun. As an attempt
to make an improvement on the ‘new gun’
demonstrated in problem 10.8, a person adds
a length ¢g to the shaft on which the bead
dlides. Assume there is no friction between
the bead (mass m) and the wire. Assume the
bead startsat | = Owith| = vg. Therigidrod,
on which the bead dlides, rotates at a constant
rate w = wg. FindI(t) in terms of £g, m, vg,
and wo.

),

problem 10.10:
(Filename:pfigure.s94f1p5)

10.11 A bug of massmwalksstraight-forwards
with speed v and rate of change of speed va
on a straight light (assumed to be massless)
stick. Thestick ishinged at the origin so that it
is always horizontal but is free to rotate about
the z axis. Assume that the distance thebug is
from the origin , ¢, the angle the stick makes

807

withthe x axis, ¢, and itsrate of change, ¢, are
known at theinstant of interest. Ignore gravity.
Answer the following questionsin terms of ¢,
¢, ¢, m,vp, and va.

a) Whatis$?

b) What isthe force exerted by therod on
the support?

¢) What isthe acceleration of the bug?

frictionless hinge
problem 10.11:

(Filename:pfigure.blue.55.1)

10.12 Slippery bead on straight rotating
stick. A long stick with mass mg rotates at
aconstant rate and a bead, modeled as a point
mass, slides on the stick. The stick rotates at

constant rate @ = wk. There is no gravity.
The bead has mass my,. Initially the massis at
adistance Ry from the hinge point on the stick
and has no radial velocity (R = 0). Theinitial
angle of thestick isfp, measured counterclock-
wise from the positive x axis.

a) What isthetorque, as afunction of the
net angle the stick has rotated, 6 — 6,
required in order to keep the stick rotat-
ing at a constant rate ?

b) What isthe path of the bead in the xy-
plane? (Draw an accurate picture show-
ing about one half of one revolution.)

¢) How longshouldthestick beif the bead
istofly inthenegative x-directionwhen
it getsto the end of the stick?

d) Add friction. How does the speed of
the bead over one revolution depend on
1, the coefficient of friction between
the bead and the wire? Make a plot of
|V one revolution! Versus . [Note, you
have been working with « = 0 in the
problems above.]

e) A finite rigid body. What would
change if instead of a point mass you
modeled the bead as afinite rigid body
(2-D), with center of mass on the stick,
but contact at various places on the
stick? (Do the frictionless case only.)

10.13 Mass on a lightly greased slotted
turntable or spinning uniform rod. Assume
that the rod/turntable in the figure is mass-
less and also free to rotate. Assume that at
t = 0, theangular velocity of the rod/turntable
is 1rad/s, that the radius of the bead is one
meter, and that the radial velocity of the bead,
dR/dt, iszero. Thebead isfreeto slide on the
rod. Whereisthebead at t = 5sec?
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Topview Y

Top view y
K
) X

problem 10.13:
(Filename:pfigure.s94h9p4a)

10.14 A bead dlidesin africtionless ot in a
turntable. Theturntablespinsaconstant ratew.
The slot is straight and goes through the center
of theturntable. If thebead isat radius Ry with
R =0at = 0, what are the components of
the acceleration vector in thedirectionsnormal
and tangentia to the path of the bead after one
revolution? Neglect gravity.

10.15 A bead of massm = 1gm bead is con-
strained to slide in a straight frictionless slot
in a disk which is spinning counterclockwise
at constant rate w = 3rad/s per second. At
timet = 0O, thedot isparalle to the x-axisand
the bead isin the center of the disk moving out
(in the plus x direction) at arate R, = .5m/s.
After a net rotation 6 of one and one eighth
(1.125) revolutions, what is the force F' of the
disk on the bead? Expressthisanswer interms
of  and j. Make the unreasonabl e assumption
that the slot islong enough to contain the bead
for this motion.

problem 10.15:
(Filename:pfigure.f93q11)
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10.16 Bead on springy leash in a slot on a
turntable. The bead in the figureis held by a
spring that is relaxed when the bead is at the
origin. The constant of the spring isk. The
turntable speed is controlled by a strong stiff
motor.

a) Assumew = O for al time. What are
possible motions of the bead?

b) Assumew = wqgisaconstant. What are
possible motions of the bead? Notice
there are two cases depending on the
value of wg. What is going on here?

@ |

problem 10.16: Massinaslot.
(Filename:pg57.1a)

10.17 A small bead with massm slideswithout
friction on arigid rod which rotates about the
z axis with constant @ (maintained by a stiff
motor not shown in the figure). The bead is
also attached to a spring with constant K, the
other end of which is attached to the rod. The
spring is relaxed when the bead is at the center
position. Assume the bead is released pulled
to a distance d from the center of the rod and
then released with aninitial R = 0. If needed,
you may assume that K > me?.

a) Derive the equation of motion for the
position of the bead R(t).

b) How isthemotion affected by largever-
sus small values of K?

c) What is the magnitude of the force of
the rod on the bead as the bead passes
through the center position? Neglect
gravity. Answer in terms of m, w, d,
K.

d) Writean expression for the Coriolisac-
celeration. Give an example of a situ-
ation in which this acceleration is im-
portant and explain why it arises.

y w = constant
] w)ﬁ
‘))_}J X
problem 10.17:

(Filename:pfigure.s94q9p1)

10.18 A smdll ball of mass mp = 500 grams
may slideinaslender tubeof lengthl = 1.2m.
and of mass my = 1.5kg. The tube rotates
freely about a vertical axis passing through its
center C. (Hint: Treat thetubeasaslender rod.)

a) If the angular velocity of the tube is
o = 8rad/s as the ball passes through
C with speed relative to the tube, vo,
calculate the angular velocity of the
tubejust before the ball leavesthe tube.
*

b) Calculate the angular velocity of the
tube just after the ball leaves the tube.
*

c) If the speed of the ball asit passes Cis
v = 1.8m/s, determine the transverse
andradial componentsof velocity of the
ball asit leaves the tube. *

d) Aftertheball leavesthetube, what con-
stant torque must be applied to the tube
(about its axis of rotation) to bring it to
restin 10s? *

C
R

problem 10.18:
(Filename:pfigure.blue.91.1)

10.19 Toy train car on aturn-around. The
0.1kg toy train’'s speedometer reads a constant
1m/s when, heading west, it passes due north
of point O. The train is on a level straight
track which is mounted on aspinning turntable
whose center is ‘pinned’ to the ground. The
turntable spins at the constant rate of 2rad/s.
Wheat is the force of the turntable on the train?
(Don't worry about the z-component of the
force) *

mW train
Aocol

problem 10.19:
(Filename:pfigure.s94h12p1)

10.20 A shell moves down a barrel. At the
instant of interest the barrel is being raised at
a constant angular speed w1. Simultaneously
the gun turret (the structure which holds the
barrel) rotates about the vertical axis at a con-
stant rate wy. At the instant of interest, the
barrel istipped up anangle® andthemassmis
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moving at speed v along thefrictionlessbarrel.
Neglecting gravity, find the force of the barrel
on the shell.

y

turret

C

Qi~:"‘___<__
P
z X

problem 10.20: A shell moves aong a
canon barrel.
(Filename:pg122.2)

10.21 Dueto forces not shown, the cart moves
to the right with constant acceleration ax. The
ball B hasmassmg. Attimet = 0, the string
AB iscut. Find

a) thetensioninstring BC before cutting,
*

b) the absolute acceleration of the mass at
theinstant of cutting, *

¢) thetension in string BC at the instant
of cutting. *

C

1/3L—

problem 10.21:
(Filename:Danef94s1q6)

10.22 The forked arm mechanism pushes the
bead of mass 1kg along a frictionless hyper-
bolic spiral track given by r = 0.50(m/ rad).
The arm rotates about its pivot point at O with
constant angular acceleration § = 1rad/s?
driven by amotor (not shown). The arm starts
fromrestat 6 = Q°.

a) Determine the radial and transverse
components of the acceleration of the
bead after 2 shaveelapsed fromthestart
of itsmotion.

b) Determine the magnitude of the net
force on the mass at the same instant
intime.

hyperbolic
spiral track

problem 10.22:

(Filename:pfigure.blue.53.1)

10.23 A rod is on the palm of your hand at
point A. Its length is ¢. Its mass m is as-
sumed to be concentrated at itsend at C. As-
sume that you know 6 and 6 at the instant of
interest. Also assume that your hand is ac-
celerating both vertically and horizontally with
@hand = anxl + any j. Coordinatesand direc-
tions are as marked in the figure.

a) Draw aFree Body Diagram of the rod.

b) Assume that the hand is stationary.
Solvefor 6 interms of g, £, m, 6, and
0.

c) If the hand is not stationary but § has
been determined somehow, find thever-
tical force of the hand on the rod in
termsof 4, 6,6, g, £, M, any, and any.

&y
m

y C

problem 10.23:
Support(2-D).

Rod on a Moving

(Filename:p3.1)

10.24 Balancing a broom. Assume the hand
is accelerating to the right with acceleration
a = ai. What is the force of the hand on the
broomintermsof m, ¢, 9, 6, a, I, j, and
g? (You may not have any e or €, in your
answer.)

&yl
m

y C

\/ X i

problem 10.24:
(Filename:p.f96.f.2)
10.2 Dynamics of

rigid bodies in one-degree-
of-freedom mechanisms
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10.25 A conservative vibratory system has the
following eguation of conservation of energy.

m(L§)2—mgL (1—cos8)+K (ag)2 = Constant

a) Obtain the differential equation of mo-
tion of this system by differentiating
this energy equation with respect to t.

b) Determine the circular frequency of
small oscillations of the system in part
(a). HINT: (Letsin = # = and cosf =
1—62/2).

10.26 A motor at O turns at rate wp whose rate
of changeiswo. Attheend of astick connected
tothismotor isafrictionlesshingeattachedtoa
second massless stick. Both sticks have length
L. At the end of the second stick is a mass
m. For the configuration shown, what is 6?
Answer in terms of wo, @o, L, m, 6, and 6.

Ignore gravity.
L"om

=

!

J w0, 0o 7r/2 at time of interest

problem 10.26:
(Filename:pfigure.blue.119.1)

10.27 In problem 9.22, find
a) the angular momentum about point O,
*

b) the rate of change of angular momen-
tum of the disk about point O, *

¢) the angular momentum about point C,
*

d) the rate of change of angular momen-
tum of the disk about point C. *

Assume the rod is massless and the disk has
mass m.

problem 10.27:

(Filename:doubl erot.ang.mom)

10.28 Robot arm, 2-D . The robot arm AB
is rotating about point A with wag = 5rad/s
and oag = 2rad/s?. Meanwhile the forearm
BC isrotating at aconstant angular speed with
respect to AB of wpc/ag = 3rad/s. Gravity
cannot be neglected. At theinstant shown, find
the net force acting on the object P which has
mass m = 1kg. *



problem 10.28:

(Filename:pfigure.s94h12p5)

10.29 A crude model for a column, shown
in the figure, consists of two identical rods of
mass m and length £ with hinge connections, a
linear torsional spring of stiffness K attached
to the center hinge (the spring is relaxed when
6 = 0), and aload P applied at the top end.

a) Obtain the exact nonlinear equation of
motion.

b) Obtain the squared natural frequency
for small motions 6.

¢) Check the stability of the straight equi-
librium state & = O for al P > Ovia
minimum potential energy. How do
these results compare with those from
part(b)?

problem 10.29:

(Filename:pfigure.blue.159.2)

10.30 A thin uniform rod of mass m rests
against africtionless wall and on africtionless
floor. Thereis gravity.

a) Draw afree body diagram of the rod.
b) The rod is released from rest at 6 =

6o # 0. Write the equation of motion
of therod. *

¢) Using the eguation of motion, find the
initid angular acceleration, @ ag, and
the acceleration of the center of mass,
ag, of therod. *

d) Find the reactions on the rod at points
Aand B. *

€) Find the acceleration of point B. *

f) Wheno = %, find @ ag and the accel-
eration of point A. *

problem 10.30:

(Filename:ch7.1)
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10.31 Bar leanson acrooked wall. A uniform
31bm bar leanson awall and floor and islet go
fromrest. Gravity pullsit down.

a) Draw aFree Body Diagram of the bar.

b) Kinematics: find the velocity and ac-
celeration of point B interms of the ve-
locity and acceleration of point A

¢) Using equations of motion, find the ac-

celeration of point A.

~

d) Do the reaction forces at A and B add
up to the weight of the bar? Why or
why not? (You do not need to solvefor
the reaction forces in order to answer
this part.)

problem 10.31:

(Filename:pfigure.s94h10p3)

10.32 Two blocks, each with mass m, slide
without friction on the wall and floor shown.
They are attached with arigid massless rod of
length ¢ that ispinned at both ends. The system
isreleased from rest when therod makesan an-
gleof 45°. What istheaccel eration of theblock
B immediately after the system is released?
My =Mg=m

masslessrigid

problem 10.32:

(Filename:pfigure.blue.98.2)

10.33 Slider Crank. 2-D . No gravity. Re-
fer to the figure in problem 9.32. What is the
tensioninthe masslessrod AB (withlength L)
when the dlider crank is in the position with
6 = 0 (piston isat maximum extent)? Assume
the crankshaft has constant angular velocity w,
that the connecting rod AB ismassless, that the
cylinder walls are frictionless, that there is no
gas pressurein the cylinder, that the piston has
mass M and the crank hasradius R.

crank A rod

motor

problem 10.33:

(Filename:slidercrank.tension)

10.34 In problem 9.38, find the force on the
wheel at point D due to the rod.

B

I
problem 10.34:

(Filename:roddisc.force)

10.35 In problem 9.39, find the force on the
rod at point P.

problem 10.35:

(Filename:rodcyl .force)

10.36 Slider-Crank mechanism. The slider
crank mechanism shownisusedtopusha2lbm
block P. Arm AB and BC are each 0.5ft long.
Given that arm AB rotates counterclockwise at
aconstant 2 revolutions per second, what isthe
force on P at the instant shown? *

B
problem 10.36:
(Filename:pfigure.s94h11pl)

10.37 Thelargemassesmat C and A weresup-
ported by thelight triangular plate ABC, whose
corners follow the guide. B enters the curved
guidewith velocity V. Neglecting gravity, find
the vertical reactions (in the y direction) at A
and B. (Hint: for therigid planar body ABC,
find y and g intermsof af™ and 6, assuming

6 = Oinitially.)
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problem 10.37:

(Filename:pfigure.blue.85.2)

10.38 Anidealized model for acar comprises
arigid chassis of mass M¢ and four identical
rigid disks (wheels) of mass M, and radius R,
asshown inthefigure. Initially in motion with
speed vg, the car is momentarily brought to
rest by compressing an initially uncompressed
spring of stiffness k. Assume no frictional
|osses.

a) Assuming no wheel dlip, determine the
compression A of the spring required
to stop the car. *

b) While the car is in contact with the
spring but still moving forward, in
which direction is the tangential force
on any one of the wheels (due to con-
tact with the ground) pointing? Why?
(HNustrate with a sketch). *

¢) Repesat part (a) assuming now that the
ground is perfectly frictionless from
points A to B shown in the figure. *

A
problem 10.38:

(Filename:pfigure.blue.135.2)

10.39 Whilewalking down aflat stretch of road
you seeadejected Greg Lemond riding by. His
riding “tuck” is so good that you realize that
you can totally neglect air resistance when you
think about him and his bike. Further, you can
regard hisand the bike's combined mass (all 70
kg)) as concentrated at a point in his stomach
somewhere. Greg's left foot has just fallen off
the pedal so heis only pedaling with his right
foot, which at the moment in question is at its
lowest point in the motion. You note that, rel-
ative to the ground the right foot is only going
3/4 as fast as the bike (since it is going back-
wards relative to the bike), though you can't
make out al the radii of his frictionless gears
and rigid round wheels. Greg, ever in touch
with his body, tells you he is pushing back on
the pedal with aforce of 70 N. You would like
to know Greg's acceleration.

a) In your first misconceived experiment
you set up a70 kg bicyclein your lab-
oratory and balance it with strings that
cause no fore or &ft forces. You tie a
string to the vertically down right pedal
and pull back withaforceof 70N. What
acceleration do you measure?

b) What is Greg's actua acceleration?
[Hint: Greg's massless leg is pushing
forward on his body with aforce of 70
N]

P Lemond's stomach

problem 10.39:
(Filename:pfigure.blue.34.2)

10.40 Which way does the bike accelerate?
A bicyclewithall frictionlessbearingsis stand-
ing still on level ground. A horizontal force
F is applied on one of the pedals as shown.
There is no dlip between the wheels and the
ground. The bicycle is gently balanced from
falling over sideways. It is heavy enough so
that both wheels stay on the ground. Does the
bicycle accelerate forward, backward, or not at
al? Make any reasonable assumptions about
the dimensions and mass. Justify your answer
as clearly as you can, clearly enough to con-
vince a person similar to yourself but who has
not seen the experiment performed.

problem 10.40:

(Filename:pfigure.s94h14p2)

10.3 Dynamics of multi-
degree-of-freedom mecha-
nisms

10.41 Particle on a springy leash. A particle
with mass m slides on a rigid horizontal fric-
tionless plane. It is held by a string which is
in turn connected to alinear elastic spring with
constant k. The string length is such that the
spring isrelaxed when the massis on top of the
hole in the plane. The position of the particle
isr = xi +yj. For each of the statements be-
low, state the circumstances in which the state-
ment istrue (assuming the particle stays on the
plane). Justify your answer with convincing
explanation and/or calculation.

a) Theforce of the plane on the particleis

mgk.
b) X+ Kx=0
0 y+L&y=0

d) 'r'+%r =0, wherer = |rF|
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€) r = constant

f) 6 =constant

g) r26 = constant.

h) m(x2 + y2) + kr2 = constant

i) Thetrajectory isastraight linesegment.
j) Thetraectory isacircle.

k) Thetrajectory isnot aclosed curve.

problem 10.41: Particle on a springy
leash.

(Filename:pg69.1)

10.42 “Yo-yo' mechanism of satellite de-
spinning. A satellite, modeled as a uniform
disk, is*de-spun” by thefollowing mechanism.
Beforelaunch two equal length long stringsare
attached to the satellite at diametrically oppo-
site points and then wound around the satellite
with the same sense of rotation. At the end
of the strings are placed 2 equal masses. At
the start of de-spinning the two masses are re-
leased from their position wrapped against the
satellite.  Find the motion of the satellite as
a function of time for the two cases. (a) the
strings are wrapped in the same direction as
theinitial spin, and (b) the strings are wrapped
in the opposite direction asthe initial spin.

10.43 A particle with mass m is held by two
long springs each with stiffness k so that the
springs are relaxed when the massis at the ori-
gin. Assumethemotionisplanar. Assumethat
the particle displacement is much smaller than
the lengths of the springs.

a) Write the equations of motion in carte-
sian components. *

b) Write the equations of motion in polar
coordinates. *

c) Express the conservation of angular
momentum in cartesian coordinates. *

d) Express the conservation of angular
momentum in polar coordinates. *

€) Show that (&) implies (c) and (b) im-
plies (d) even if you didn't note them
a-priori. *

f) Express the conservation of energy in
cartesian coordinates. *

g) Express the conservation of energy in
polar coordinates. *

h) Show that (a) implies (f) and (b) im-
plies (g) even if you didn’t note them
a-priori. *
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i) Find the general motion by solving the
equationsin (a). Describe all possible
paths of the mass. *

j) Canthe mass move back and forth on a
linewhichisnot the x or y axis? *

y

problem 10.43:
(Filename:pfigure.blue.73.1)

10.44 Cart and pendulum A massmpg = 6kg
hangs by two strings from a cart with mass
mc = 12kg. Beforestring BCiscut string AB
is horizontal. The length of string AB isr =
1m. Attimet = 0 al masses are stationary
and the string BC is cleanly and quietly cut.
After some unknown timetyet thestring AB is
vertical.

a) What isthe net displacement of the cart
Xc at = tyert? *

b) What is the velocity of the cart vc at
t = tyert? *

¢) What isthetensioninthestringatt =
t\/er[? *

d) (Optional) Whatist = tyert? [Youwill
either have to leave your answer in the
form of anintegral you cannot evaluate

analytically or you will haveto get part
of your solution from a computer.]

C
stri ngs\f\l
¢ g

L oat

X ‘ mg
me —r—
problem 10.44:

(Filename:pfigure.s94h12p3)

10.45 A dumbbell slideson afloor. Two point
massesm at A and B are connected by amass-
lessrigid rod with length ¢. MassB slidesona
frictionlessfloor so that it only moves horizon-
tally. Assume this dumbbell is released from
rest in the configuration shown. [Hint: What
isthe acceleration of A relative to B?]

a) Findtheacceleration of point B just af-
ter the dumbbell is released.

b) Find the velocity of point A just before
it hits the floor

APPENDIX 10. Contact: friction and collisions

gl ¢ i

problem 10.45:
(Filename:s97f5)

10.46 After a winning goal one second be-
foretheclock ran out apsychologically stunned
hockey player (modeled as a uniform rod)
standsnearly vertical, stationary andrigid. The
playersperfectly slippery skatesstart to pop out
from under her asshefalls. Her height is¢, her
mass m, her tip from the vertical 6, and the
gravitational constant is g.

a) What is the path of her center of mass
as she falls? (Show clearly with equa-
tions, sketches or words.)

b) What isher angular velocity just before
she hits the ice, a millisecond before
she sticks our her hands and brakes her
fall (first assume her skates remain in
contact the whole time and then check
the assumption)?

¢) Findadifferential equationthat only in-
volves 6, itstime derivatives, m, g, and
£. (This equation could be solved to
find 6 asafunction of time. Itisanon-
linear eguation and you are not being
asked to solve it numerically or other-
wise.)

10.47 Fallinghoop. A bicyclerim (no spokes,
tube, tire, or hub) is idealized as a hoop with
mass m and radius R. G is at the center of
the hoop. An inextensible string is wrapped
around the hoop and attached to the ceiling.
The hoop is released from rest at the position
shownatt = 0.

a) Findyg at alater timet intermsof any
oralofm, R, g, andt.

b) DoesG movesidewaysasthehoopfalls
and unrolls?

problem 10.47:
(Filename:p.s96.p3.2)

10.48 A model for a yo-yo comprises a thin
disk of mass M and radius R and alight drum
of radiusr, rigidly attached to the disk, around
which alight inextensible cableiswound. As-
suming that the cable unravel swithout slipping
on the drum, determine the acceleration ag of
the center of mass.

|
problem 10.48:

(Filename:pfigure.blue.41.2)

10.49 A uniform rod with mass mg pivots
without friction about point A in the xy-plane.
A collar with mass m¢ dlides without friction
on therod after the string connecting it to point
Aliscut. Thereisno gravity. Before the string
is cut, the rod has angular velocity w1.

a) What is the speed of the collar after it
flies off the end of the rod? Use the
following values for the constants and
initial conditions: mr = 1kg, m¢c =
3kg,a = 1m, ¢ = 3m, and w1 =
1lrad/s

b) Consider the special case mgr = 0.
Sketch (approximately) the path of the
motion of the collar from the time the
string is cut until some time after it
leaves the end of the rod.

y\/ - uniform rod,
\ mass Mg
y \collar,
L mass mc

X
problem 10.49:
(Filename:pfigure.blue.54.1)

10.50 Assume the rod in the figure for prob-
lem 9.5 has polar moment of inertia | 0zz. As-
sume it is free to rotate. The bead is free to
dide on the rod. Assume that at t = O the
angular velocity of the rod is 1rad/s, that the
radius of the bead is one meter and that the
radia velocity of the bead, dR/dt, is zero.

a) Draw separate free body diagrams of
the bead and rod.

b) Write equations of motion for the sys-
tem. *

¢) Use the equations of motion to show
that angular momentum is conserved.
*
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d) Findoneeguation of motionfor thesys-
tem using: (1) the equations of motion
for the bead and rod and (2) conserva-
tion of angular momentum. *

e) Writean expression for conservation of
energy. Lettheinitial total energy of the
system be, say, Eg. *

f) Ast goes to infinity does the bead's
distance go to infinity? Its speed? The
angular velocity of the turntable? The
net angle of twist of the turntable? *

Top view y

Top view y

problem 10.50: Coupled motion of bead
and rod and turntable.
(Filename:pfigure.s94h9p4b.a)

10.51 Numericaly simulate the coupled sys-
tem in problem 10.50. Use the simulation to
show that the net angle of the turntable or rod
isfinite.

a) Write the equations of motion for the
system from part (b) in problem 10.50
as aset of first order differential equa-
tions, *

b) Numericaly integrate the equations of
motion. (Below, we show a solution
using MATLAB.)

Y%newgunscript.m quiz 13 soln - A Ruina 4/27/95

z0 = [0,3,1,0; % [Theta, omega, R, v]
tfinal = 10000 ;
tol =1le-7 ;

[ty2] = oded45(’newgunfun’, 0, tfinal, z0, tol);
thetamax=max(z(:,1));

plot (log10(t).z(:,1)):
title(’andys plot’); xlabel(’log10 (time)’);
ylabel(’theta’);

axis([-5, log10(tfinal), 0 3])

text(-4.5,2.5 ,[’theta max= ' ,num2str(thetamax,9)] )
text(-4.5,2.25,’tol =’ ,num2str(tol,9)] )
text(-4.5,2, ['tfinal =’ ,num2str(tfinal,9)] )

function zdot=newgunfun(t,z)

m=.25; I=2;

theta = z(1);

omega = z(2);

R =2z(3);

v =1z(4);

zdot = [ omega,
-2*m*omega*R*v/(I + m*R"2),
Vv,
omega”2* R I8

andys plot

2.5p theta max= 2.52859593
tol  =1e-07
2 tfinal = 10000

5 -4 3 -2 -1 0 1 2 3 4
log10 (time)

problem 10.51:

(Filename:q13soln)

10.52 A primitive gun rides on a cart (mass
M) and carries a cannon ball (of massm) on a
platform at aheight H above the ground. The
cannon ball is dropped through a frictionless
tube shaped like a quarter circle of radius R.

a) If the system starts from rest, com-
putethehorizontal speed (relativetothe
ground) that the cannon ball has as it
leavesthe bottom of thetube. Alsofind
the cart’s speed at the same instant.

b) Computethevelocity of thecannonball
relative to the cart.

c) If twoballsaredropped simultaneously
through the tube, what speed does the
cart have when the balls reach the bot-
tom? Is the same fina speed aso
achieved if one ball is alowed to de-
part the system entirely before the sec-
ond ball is released? Why/why not?

813

problem 10.52:
(Filename:pfigure.blue.18.1)

10.53 Two frictionless prisms of similar right
triangular sections are placed on africtionless
horizontal plane. Thetop prism weighs W and
the lower one nW. The prisms are held in the
initial position shown and then rel eased, so that
the upper prism dlides down along the lower
one until it just touches the horizontal plane.
The center of mass of atriangle is located at
one-third of its height from the base. Compute
the velocities of the two prisms at the moment
just before the upper one reaches the bottom.
*

b

nw

¢/

1 a ‘
problem 10.53:

(Filename:pfigure.blue.28.2a)

10.54 Mass dlides on an accelerating cart.
2D. A cart is driven by a powerful motor to
move along the 30° sloped ramp according to
the formula: d = dg + vot + agt?/2 where
do, vo, and ag are given constants. The cart
is held from tipping over. The cart itself hasa
30° sloped upper surface on which restsamass
(given massm). Thesurface onwhichthemass
restsisfrictionless. Initially the massis at rest
with regard to the cart.

a) What is the force
of the cart on the mass? [in terms of
g, do, vo. t, a0, m, g,7,and j] *

b) Forwhat valuesof dg, vg, t andag isthe

accel eration of themassexactly vertical
(i.e, inthe j direction)? *

7 motor driven
J L w=0 wheels
N\, )
d 0 gl

problem 10.54:

(Filename:pfigure.s95q11)
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10.55 A thinrod AB of mass Wag = 10Ibm
and length L o = 2ftispinned to acart C of
mass We = 101bm, the latter of which isfree
to move along africtionless horizontal surface,
as shown in the figure. The system is released
fromrest with therodinthehorizontal position.

a) Determine the angular speed of the rod
asit passesthrough thevertical position
(at some later time). *

b) Determine the displacement x of the
cart at the same instant. *

c) After the rod passes through vertical,
it is momentarily horizontal but on the
left side of the cart. How far has the
cart moved when this configuration is
reached?

not to scale

some later time

released
from rest A
problem 10.55:

(Filename:pfigure.blue.115.3)

10.56 Asshownin the figure, ablock of mass
m rolls without friction on arigid surface and
isat position x (measured from a fixed point).
Attached to theblock isauniformrod of length
¢ which pivots about one end which is at the
center of mass of the block. The rod and block
have equal mass. The rod makes an angle 6
with the vertical. Use the numbers below for
the values of the constants and variables at the
time of interest:

¢ = 1m
m = 2kg
0 = m/2
do/dt = 1lrad/s
d9/dt? = 2rad/s?
X = 1m
dx/dt = 2m/s
d?x/dt? = 3m/s?
a) What is the kinetic energy of the sys-

tem?

b) What is the linear momentum of the
system (momentum is a vector)?

frictionless, massless rollers
problem 10.56:

(Filename:pfigure.blue.14.1)

APPENDIX 10. Contact: friction and collisions

10.57 A pendulum of length ¢ hangs from a
cart. The pendulum is massless except for a
point mass of mass my, at the end. The cart
rolls without friction and has mass m¢. The
cart isinitialy stationary and the pendulum is
released from rest at an angle . What is the
acceleration of the cart just after the mass is
released? [Hints: ap = @c + @p/C. The
answerisac = (g/3)i inthespecial casewhen
mp=mcand6 = /4. ]

L mc \C A
Y \ U !
0
P
problem 10.57:

(Filename:pfigure.f93q12)

10.58 Dueto the application of some unknown
force F, the base of the pendulum A is accel-
erating with @ o = aai. Thereisafrictionless
hinge at A. The angle of the pendulum 6 with
the x axisand itsrate of change 6 are assumed
to be known. The length of the massless pen-
dulumrodis ¢. The mass of the pendulum bob
M. Thereis no gravity. What is 6? (Answer
intermsof aa, £, M, 0 and 6.)

problem 10.58:

(Filename:pfigure.blue.115.2)

10.59 Pumping a Swing Can a swing be
pumped by moving the support point up and
down?

For simplicity, neglect gravity and con-
sider the problem of swinging arock in circles
onastring. Let therock be mass m attached to
astring of fixed length ¢. Can you speed it up
by moving your hand up and down? How? Can
you make a quantitative prediction? Let xg be
afunction of timethat you can specify to try to
make the mass swing progressively faster.

o

problem 10.59:
(Filename:pfigure.blue.59.1)

10.60 Using free body diagrams and appro-
priate momentum balance equations, find dif-
ferential equations that govern the angle ¢ and
the vertical deflection y of the system shown.
Be clear about your datum for y. Your equa-
tions should bein termsof 6, y and their time-
derivatives, aswell asM, m, £, and g.

k

ol_—

problem 10.60:
(Filename:pfig2.1.rp11)

10.61 Thetwo blocks shown are released from
rest at t = 0. There is no friction and the
cableisinitialy taut. (a) What isthetensionin
the cable immediately after release? (Use any
reasonablevaluefor thegravitational constant).
(b) What isthe tension after 5 s?

30°

rigid surface —__°
(Newtonian frame)

2kg

2m

\/ 30°

horizonta line

2kg ™"
problem 10.61:
(Filename:pfigure.blue.18.2)

10.62 Carts A and B are free to move along
a frictionless horizontal surface, and bob C is
connected to cart B by amassless, inextensible
cord of length ¢, asshownin thefigure. Cart A
movestotheleft at aconstant speed vg = 1m/s
and makes a perfectly plastic collision (e =
0) with cart B which, together with bob C, is
stationary prior to impact. Find the maximum
vertical position of bob C, hmay, after impact.
The masses of the carts and pendulum bob are
ma = mg = mc = 10kg.
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Before collision
(dotted lines)

After Collision

Frictionless

1
problem 10.62:
(Filename:pfigure.blue.137.3)

10.63 A double pendulum is made of two uni-
formrigid rods, each of length ¢. Thefirst rod
ismassless. Find equations of mation for the
second rod. Define any variables you use in
your solution.

m —massless
m m

problem 10.63:
(Filename:pfig2.1.rp10)

10.64 A model of walkinginvolvestwo straight
legs. During the part of the motion when one
foot is on the ground, the system looks like
the picture in the figure, confined to motion in
the x — y plane. Write two equations from
which one could find 61, and 6> given
61, 0, 61, 6o andall massand length quantities.

Hint: )
> M,n = H,p wholesystem
ZM/B = H/B for bar BC

problem 10.64:

(Filename:pfigure.blue.100.1)

10.4 Advanced problemsin
2D motion

10.65 A pendulum is hanging from a moving
support in the xy-plane. The support moves
in a known way given by 7 (t) = r(t)i. For
thefollowing cases, find adifferential equation
whose solution would determine 6(t), mea
sured clockwise from vertical ; then find an ex-
pression for d26/dt2 interms of 6 and r (t):

a) with no gravity and assuming the pen-
dulum rod ismasslesswith apoint mass
of mass m at the end,

b) asabove but with gravity,

¢) assumingthependulumisauniformrod
of mass m and length .

10.66 Robotics problem: balancing abroom
stick by sideways mation. Try to balance a
broom stick by moving your hand horizontally.
Model your hand contact with the broom as a
hinge. You can model the broom as a uniform
stick or as apoint mass at the end of astick —
your choice.

a) Equation of motion. Given the accel-
eration of your hand (horizontal only),
the current tip, and the rate of tip of the
broom, find the angular acceleration of
the broom. *

b) Control? Can you find a hand accel-
eration in terms of the tip and the tip
rate that will make the broom balance

upright? *
Ly
m
y C
\
|
¢ /
—_
L
~A
</ X
problem 10.66:

(Filename:pfigure.s94h10p5)

10.67 Balancing the broom again: vertical
shaking workstoo. You can balance a broom
by holding it at the bottom and applying appro-
priate torques, asin problem 7.99 or by mov-
ing your hand back and forth in an appropriate
manner, asin problem 10.66. In this problem,
you will totry to balance the broom differently.
The lesson to be learned here is more subtle,
and you should probably just wonder at it rather
than try to understand it in detail.

In the previous balancing schemes, you
used knowledge of the state of the broom (¢
and 0) to determine what corrective action to
apply. Now balance the broom by moving it
in a way that ignores what the broom is do-
ing. In the language of robotics, what you
have been doing before is ‘ closed-loop feed-
back’ control. The new strategy, which is si-
multaneously more simple minded and more
subtle, isan ‘open loop’ control. Imagine that
your hand connection to the broom isa hinge.

)

b)
©)

d)

e)

f)

9)

h)
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Pictureand model. Assumeyour hand
oscillates sinusoidally up and down
with some frequency and some ampli-
tude. The broom is instantaneously at
some angle from vertical. Draw a pic-
ture which defines all the variablesyou
will use. Use any massdistribution that
you like.

FBD. Draw a FBD of the broom.

Momentum balance. Write the equa-
tion of angular momentum balance
about the point instantaneously coin-
ciding with the hinge.

Kinematics. Use any geometry and
kinematics that you need to evaluate
thetermsintheangular momentum bal-
ance equation in terms of the tip angle
anditstimederivativesand other known
quantities (take the vertical motion of
your hand as‘given’). [Hint: Thereare
many approaches to this problem.]

Equation of motion. Using the angu-
lar momentum balance equation, write
agoverning differential equationfor the
tipangle. *

Simulation. Taking the hand motion
as given, simulate on the computer the
system you have found.

Stability? Can you find an amplitude
and frequency of shaking so that the
broom stays upright if started from a
near upright position? You probably
cannot find linear equations to solve
that will give you a control strategy.
So, this problem might best be solved
by guessing on the computer. Success-
ful strategies require the hand acceler-
ation to be quite a bit bigger than g,
the gravitationa constant. The stabil-
ity obtained is like the stability of an
undamped uninverted pendulum — os-
cillations persist. You improve the sta-
bility alittleby including alittlefriction
in the hinge.

Dinner table experiment for nerdy
eaters. If you put a table knife on a
table and put your finger down on the
tip of the blade, you can see that this
experiment might work. Rapidly shake
your hand back and forth, keeping the
knife from sliding out from your finger
but with the knife dliding rapidly on the
table. Note that the knife aligns with
the direction of shaking (use scratch-
resistant surface). The knife is differ-
ent from the broom in some important
ways: thereis no gravity trying to ‘un-
align’ it and there is friction between
the knife and table that is much more
significant than the broom interaction
with the air. Nonetheless, the experi-
ment should convince you of the plau-
sibility of the balancing mechanism.
Because of the large accelerations re-
quired, you cannot do this experiment
with a broom.
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Shake knife
/ —back-&-forth
in thisdirection

w7

Press finger here
problem 10.67: The sketch of the knife

on the table goes with part (h).
(Filename:pfigure.vert.shake)

10.5 Dynamics of rigid
bodies in multi-degree-of-
freedom 2D mechanisms

10.68 Double pendulum. The double pendu-
lum shown is made up of two uniform bars,
each of length ¢ and mass m. The pendulum
isreleased fromrest at ¢; = O and ¢ = /2.
Just after release what are the values of ¢1 and
$»? Answer in terms of other quantities. *

problem 10.68:

(Filename:pfigure.s94h12p2)

10.69 A rocker. A standing dummy is mod-
eled as having massless rigid circular feet of
radius R rigidly attached to their uniform rigid
body of length L and mass m. The feet do not
slip on thefloor.

APPENDIX 10. Contact: friction and collisions

a) Giventhetipangle¢, thetip rate ¢ and
thevaluesof thevarious parameters(m,
R, L,g)find¢. [Youmay assume¢ and
¢ aresmall.] *

b) Usingtheresult of (&) or any other clear
reasoning find the conditions on the pa-
rameters(m, R, L, g) that makevertical
passive dynamic standing stable. [Sta-
ble means that if the person is sightly
perturbed from vertically up that their
resulting motion will be such that they
remainnearly vertically upfor al future
time] answer below is questionable,

says someone *
¢
L
G
1
5* -

problem 10.69:

(Filename:pfigure.s94q11p1)

10.6 Advanced dynamics of
planar motion

10.70 Consider arigid spoked wheel with no
rim. Assume that when it rolls a spoke hits
the ground and doesn’'t bounce. The body just
swings around the contact point until the next
spoke hits the ground. The uniform spokes
have length R. Assume that the mass of the
wheel is m, and that the polar moment of in-
ertia about its center is | (use | = mR2/2 if
you want to get a better sense of the solution).
Assumethat just before collision number n, the
angular velocity of thewhedl iswp_, thekinetic
energy is Th—, the potential energy (you must
clearly define your datum) is Up—. Just after
collision n the angular velocity of the wheel is
wn+. TheKinetic Energy is Ty 4+, the potential
energy (you must clearly define your datum) is
Uny. The wheel has k spokes (pick k = 4 if
you have trouble with abstraction). This prob-
lemisnot easy. It can be answered at avariety
of levels. The deeper you get into it the more
you will learn.
a) What is the relation between wp— and
Th-"?
b) What is the relation between wn— and
Cl)rH_?

c) Assume ‘rolling’ on level ground.
What is the relation between wn4 and
(l)n+l?

d) Assume rolling down hill at slope 6.
What is the relation between wn4 and
on+1?

€) Can it be true that wnt+ = ©nt1)+?
About how fast is the wheel going in
this situation?

f) Asthe number of spokes m goestoin-
finity, in what senses does this wheel
become like an ordinary wheel?

k evenly spaced spokes

l 2R
problem 10.70:

(Filename:pfigure.blue.109.1)
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Problems for Chapter 11

Advanced topics in circular motion

11.1 3-D description of cir-
cular motion

101 1f A and B ae perpendicular, what is
|A><(A><B)||ntermsof|A|and|B|’>(H|nt
make a neat 3-D sketch.)

11.2 A circular disk of radiusr = 100mm
rotates at constant speed w about a fixed but
unknown axis. At the instant when the disk is
in the xy-plane, the angular velocity of each
point on the diameter AB (which is parallel
to the x-axis) is ¥ = —2m/sk. At the same
instant, the magnitude of the accel eration of the
center of mass C is50m/s?

a) Find the angular velocity of the disk.
b) Findthelocation of theaxisof rotation.

¢) Find the acceleration of points A and
B.

problem 11.2:
(Filename:pfigure4.3.rp10)

11.3 In the expression for normal acceleration
an = a) x (@ x T), the parenthesis around
® x T isimportant because vector product is
nonassoqatlve Showing @ x (@ x F) (a) X
®) x F isamost trivial. (why?) Take @1 =
wlk a)z—a)zl +w1kandr =al — b] and
show that @1 x (@2 x F) #* (@1LX @)X T.

11.4 For the given angular velocity ® and the
position vector 7 below, Compute the velocity
¥ in each of the three cases. Draw the circular
orbit, and show the vectors @, 7, and v.
a W= 2rad/sk F=3mi+4mj.
b) ® = 433rad/51 + 2.5rad/sj,
0.5mi — 0.87mj.
0 ® = 2rad/s + 2rad/sj +
2.83rad/sk, ¥ =35mi+35mj—
4.95mk.

r =

11.5 Thefollowing questions are about the ve-
locity and acceleration formulae for the non-
constant rate circular motion about afixed axis:
= WxF

= @xf—i—@x(@x?)

[STARCT)

a) For planar circular motion about the z-
axis, take

(3:01/(, @ = ok, and?:RéR

and show that the velocity and acceler-
ation formulae reduce to the formulae
from elementary physics: ¥ = wRéy
and @ = —w?Ré + Raéy.

b) Draw a schematic picture of a particle
(or apoint on arigid body) goingincir-
clesabout afixed axisin 3-D. Taketwo
distinct pointson theaxisand draw vec-
tors 71 and 7 from these two points
to the particle of interest. Show, using
theformulaefor v and @ above, that the
acceleration and vel ocity of the particle
are the same irrespective of which 7 is
used and thus conclude that the vector
F can be taken from any point on the
axis of rotation.

11.6 A rectangular plate with width w = 1m
andlength ¢ = 2misrigidly attached to ashaft
along one of its edges. The shaft rotates about
the x-axis. The center of massof the plate goes
around at aconstant linear speed v = 2.5m/s.

a) Findthe angular velocity of the plate.

b) At the instant shown, find the velocity
of point P.

problem 11.6:

(Filename:pfigure4.3.rpl)

11.7 Thesolid cylinder shown in thefigure has
an angular velocity @ of magnitude 40 rad/s.
The vector @ liesin the yz-plane. The origin
O of the coordinate frame is at the center of
the cylinder and is at rest. Find the following
quantities:

a) Thevector ®.

b) The velocity v a,/g of point A relative
to point B.

c) Theacceleration @ a of point A.

- X300 mm
/

problem 11.7:
(Filename:pfigure.blue.37.1)

11.8 A rigid body rotates about a fixed axis
with an angular acceleration ¢ = 372(i +
15 j + 1.5 k)rad/s?. At a certain instant,
the x and y components of the velocity of a
point A of the body are vx = 3m/sand vy =
—4m/s, respectively. Find the magnitude v of
the velocity of point A.

11.9 Particle attached to a shaft, no grav-
ity. A shaft of negligible mass spins at a con-
stant rate. The motor at A imposes this rate
if needed. The bearing at A prevents transla-
tion of its end of the shaft in any direction but
causes no torques other than that of the motor

(which causesatorquein thek direction). The
frictionless bearing at C holds that end of the
shaft from moving in the 7 and j directions

but allows dip in the k direction. A bar of
negligible massiswelded at right anglesto the
shaft. A small sphere, considered as a parti-
cle, of mass 1kg is attached to the free end of
the bar. Thereisno gravity. The shaft is spin-
ning counterclockwise (when viewed from the
positive k direction) at 3rad/s. In the config-
uration of interest the rod BD is paralel to the
7 direction.
a) What isthe position vector of the mass
in the given coordinate system at the
instant of interest?

b) What is angular velocity vector of the
shaft?

¢) What are the velocity and acceleration
of the particle at the instant of interest?

motor

m 1 kg
\massless
P o 1m ~9
problem 11.9:

(Filename:ch4.9)

11.10 Consider the particle on a spinning shaft
of problem 11.9 again.
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a) What isthe velocity of apoint halfway
downtherod BD relativetothevelocity
of themassat D?

b) What is the acceleration of a point
halfway down the rod BD relative to
the acceleration of themassat D?

11.11 Particle attached to a spinning and
accelerating shaft, no gravity. Consider the
particle on a spinning shaft of problem 11.9
again. At the instant of interest, the shaft is
spinning countercl ockwise (when viewed from
the positive k direction) at @ = 3rad/s and
@ = 5rad/s?. In the configuration of interest
the rod BD is parallel to the direction. Inthe
coordinate system shown,

a) What isthe position vector of the parti-
cleat theinstant of interest?

b) What are angular velocity and angular
accel eration vectors of the shaft?

¢) What are the velocity and acceleration
of the particle at the instant of interest?

motor tX B
- m= 1lkg
I'Yp
A 01lm
z | ||~ massless
R 0.2m %

/K \‘B
~ ™
- ~ ¥

problem 11.11:

(Filename:ch5.3)

11.12 Particle attached to a spinning and
accelerating shaft, still no gravity, relative
motion. Reconsider the particle on the spin-
ning and accelerating shaft of problem 11.11.
What isthe vel ocity and acceleration of apoint
halfway down therod BD relative the velocity
and acceleration of the particle?

11.13 A crooked rod spinning at a constant
rate. A one meter long uniform rod is welded
at its center to a shaft at an angle ¢ as shown.
The shaft is supported by bearings at its ends
and spins at aconstant rate w. At the instant of
interest, the crooked rod lies in the xy-plane.
In the coordinate system shown,

a) What isthe position vector of the point
P on the rod at the instant of interest?
3

b) What are the velocity and acceleration
of point P at the instant of interest? *

APPENDIX 11. Contact: friction and collisions

1.0m

05 P
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<

problem 11.13: A crooked rod spinson a
shaft.
(Filename:ch4.7)

11.14 Thespinning crooked rod, again. Re-
consider the crooked rod on a shaft in prob-
lem 11.13. What are the velocity and acceler-
ation of point P relative to point Q?

iom —-
NP

025m_ 05m

SNy

/\/ \o
C%\weld g

0.5m

<

problem 11.14: A crooked rod spinson a
shaft.

(Filename:pfigured.crooked.a)

11.15 A crooked rod spinning at a variable
rate. Consider the crooked rod shown in prob-
lem 11.14 again. The shaft is spinning coun-
terclockwise (when viewed from the positive
x direction) at a constant angular acceleration
@ = 5rad/s?. At the instant of interest, the
crooked rod lies in the xy-plane and its angu-
lar speed is @ = 10rad/s. In the coordinate
system shown,

a) Find the position vector of the point P
on the rod?

b) What are angular velocity and angu-
lar acceleration vectors of the rod and
shaft?

¢) What are the velocity and acceleration
of point P?

d) What isthevelocity and acceleration of
point P relative to point Q?

11.16 A rigid rod OP of length ¢ = 500mm
is welded to a shaft AB at an angle 6 = 30°.
The shaft rotates about its longitudinal axis at
a constant rate w = 120rpm. At the instant
shown, the rod OP is in the the xz-plane.

a) Neatly draw the path of point P. At the
instant shown, draw the basis vectors
é; and é, and expressthem in terms of

the basis vectors i, j, k.
b

~

Find the radius of the circular path of
point P and calculate the velocity and
acceleration of the point using planar
circular motion formulae ¥ = #éy and

) Find the position vector ¥ = Fp/o
of point P. Use this position vector to
compute the velocity and acceleration
of point P using the general formulae
V=wxradd =®x®xF. Show
that the answers obtained here are the
same asthosein (b).

™ A X
c) -
; (@) \300

problem 11.16:
(Filename:pfigure4.2.rpl)

11.17 A uniform rectangular plate ABCD of
width ¢ and length 2¢ rotates about its diagonal
AC ataconstantangular speedw = 5rad/s. At
the instant shown, the plate isin the xz-plane.

a) Find the velocity and acceleration of
point B at the instant shown.

b) Find the velocity and acceleration of
point B when the plate is in the yz-
plane.

problem 11.17:

(Filename:pfigure4.2.rp2)

11.18 A rectangular plate of width w =
100 mm and length £ = 200 mm rotates about
one of its diagonals at a constant angular rate
w = 3rad/s. Thereis afixed coordinate sys-
tem xyz with the origin at the center of the
plate and the x-axis aligned with the axis of ro-
tation. Another set of axesx’y’Z, aligned with
the principal axes of the plate, has the same
origin but is attached to the plate and therefore,
rotateswith theplate. At theinstant of interest,
the plate isin the xy-plane and the two axes z
and Z coincide. Find the velocity of the corner
point P asfollows:

a) Writetheangular velocity @ of theplate
in terms of its components in the two
coordinate systems.

b) Find the velocity of point P in both co-
ordinate systems using the expressions
for @ found in part (a).
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¢) Find the perpendicular distance d of
point P from the axis of rotation, and
show that the linear speed of point P
calculated from velocitiesfound in part
(b) iswd in each case.

problem 11.18:
(Filename:pfigure4.3.rp11)

11.19 A cone of angle 8 sits on its side on a
horizontal disk of radiusr = 100 mm asshown
inthefigure. The coneis attached to shaft AB
that turns in its bearing. The disk rotates at
a constant angular speed @ = 120rpm. As
sume that the cone rolls without slip on the
disk. Thus, the disk drives the cone-and-shaft
assembly causing it to turninthebearing. Find
theangular velocity of the cone asafunction of
theconeangle 8. In particular, find theangular
velocity of the cone for

a) B =30°and

b) B = 90° (or 90° minus a hair if that
makes you more comfortable).

A
B

B/
1 - |

@

problem 11.19:
(Filename:pfigured.rpb)

11.2 Dynamics of fixed axis
rotation

11.20 Let P(x, y, z) beapoint masson an ab-
stract massless body that rotates at a constant
rate w about the z-axis. Let C(0, 0, z) be the
center of the circular path that P describes dur-
ing its motion.
a) Show that the rate of change of angular
momentum of mass P about the origin
O isgiven by

Hg = —mw?Rzég

where R = /x2 + y2 is the radius of
the circular path of point P and misits

mass.

b) Isthereany point ontheaxisof rotation

(z-axis) about which H iszero. Isthis
point unique?

® =0k

problem 11.20:

(Filename:pfigure4.2.rp5)

11.21 System of Particles going in a circle.
Assume for the problems below that you have
two mass points going in circles about a com-
mon axis at afixed common angular rate.

a) 2-D (particlesin the plane, axis of ro-
tation normal to the plane). Show, by
calculating the sum in H¢ that the re-
sult isthe samewhen using the two par-
ticles or when using a single particle
at the center of mass (with mass equal
to the sum of the two particles). You
may do the general problem or you may
pick particular appropriatel ocationsfor
the masses, particular masses for the
masses, a specific point C, a specific
axis and a particular rotation rate.

b) 3-D (particles not in a common plane
normal to the axis of rotation). Us-
ing particular mass locations that you
choose, show that 2 particles give adif-
ferent value for Hc than a single par-
ticle at the center of mass. [Moral: In

general, H - # ?cm/C X mtotdcm-]
11.22 The rotating two-mass system shown
in the figure has a constant angular velocity
® = 12rad/si. Assume that at the instant
shown, the masses are in the xy-plane. Take
m=1kgand ¢ =1m.

@ Find the linear momentum L and its
rate of change L for this system.

b) Findtheangular momentum H o) about

point O and its rate of change H o for
this system.

P

(Filename:pfigure4.2.rp4)

problem 11.22:
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11.23 Particle attached to a shaft, no grav-
ity. A shaft of negligible mass spins at con-
stant rate. The motor at A imposes this rate
if needed. The bearing at A prevents transa-
tion of its end of the shaft in any direction but
causes no torques other than that of the motor

(which causesatorquein thek direction). The
frictionless bearing at C holds that end of the
shaft from moving in the i and j directions

but allows slip in the k direction. The shaft is
welded orthogonally to abar, also of negligible
mass, which is attached to a small ball of (non-
negligible) mass of 1kg. Thereis no gravity.
The shaft is spinning counterclockwise (when
viewedfromthepositivek direction) at 3rad/s.
In the configuration of interest the rod BD is
parallel with the i direction.

a) What isthetensionin therod BD?*

b) What areall thereactionforcesat A and
c?*

¢) What is the torque that the motor at A
causes on the shaft? *

d) There are two ways to do problems (b)
and (c): one is by treating the shaft,
bar and mass as one system and writ-
ing the momentum balance equations.
The other isto use the result of (a) with
action-reaction to do statics on the shaft
BC. Repeat problems (b) and (c) doing
ittheway youdid not doit thefirsttime.

motor X

m= 1kg
YD
A 01lm
z | | ™ massless
. 0.2m
); \‘B
I~ ™
> : 1im ¥
J k 0 m\‘c
problem 11.23:

(Filename:pfigure.s94h7p1)

11.24 Particleattached toashaft, with grav-
ity. Consider the same situation as in prob-
lem 11.23 with the following changes: There
isgravity (pointing in the —i direction). At the
time of interest therod BD isparallel tothe +j
direction.

a) What is the force on D from the rod

BD?(Notethat therod BD isnot a‘ two-
force’ member. Why not?)

b) What areall thereactionforcesat A and
c?

¢) What is the torque that the motor at A
causes on the shaft?

d) Do problems (b) and (c) again a differ-
ent way.

11.25 A turntable rotates at the constant rate
of w = 2rad/s about the z axis. At the edge
of the 2m radius turntable swings a pendulum
which makes an angle ¢ with the negative z
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direction. The pendulum length is ¢ = 10m.
The pendulum consists of a massless rod with
apoint massm = 2kg at theend. The gravita-
tional constant is g = 10m/s? pointing in the
—z direction. A perspective view and a side
view are shown.

a) What possible angle(s) could the pen-
dulum make in a steady motion. In
other words, find ¢ for steady circu-
lar motion of the system. It turns out
that this quest leads to a transcendental
equation. You are not asked to solve
this equation but you should have the
equation clearly defined. *

b) How many solutions are there? [hint,
sketch the functions involved in your
final equation.] *

c) Sketchvery approximately any equilib-
rium solution(s) not already sketched
onthesideview inthepicture provided.

&
a sbE |R

VIEW mm

problem 11.25:
(Filename:pfigure.s95g6)

11.26 Mr. X swings his daughter Y about the
vertical axis at a constant rate w = 1rad/s.
Y is merely one year old and weighs 12Kkg.
Assuming Y to be a point mass |located at the
center of mass, estimate the force on each of
her shoulder joints.

problem 11.26:
(Filename:pfigure4.2.rp12)

11.27 A block of mass m = 2kg supported
by alight inextensible string at point O sitson
the surface of arotating cone as shown in the
figure. The cone rotates about its vertical axis
of symmetry at constant rate . Find the value

APPENDIX 11. Contact: friction and collisions

of w in rpm at which the block loses contact
with the cone.

problem 11.27:

(Filename:pfigure4.2.rpl1)

11.28 A small rock swingsincirclesat constant
angular ratew. Itishung by astringwithlength
¢ the other end of which is at the origin of a
fixed coordinate system. The rock has massm
and the gravitational constant is g. The string
makesan angle ¢ with the negative z-axis. The
mass rotates so that if you follow it with the
fingers of your right hand, your right thumb
points up the z-axis. At the moment of interest
the massiis passing through the yz-plane.

a) How long does the rock take to make
onerevolution? How doesthiscompare
withtheperiod of oscillation of asimple
pendulum. *

b) Find the following quantities in any
order that pleases you. All solutions
should beintermsof m, g, £, ¢, » and

the unit vectorsi, j, and k.
e Thetensioninthestring (T).

The velocity of the rock ().
o Theacceleration of therock (a).
e The rate of change of the angu-

lar momentum about the +x axis
(dHy /dt).

problem 11.28:

(Filename:pfigure.blue.14.2)

11.29 Consider the configuration in prob-
lem 11.28. What is the relation between the
angle (measured from the vertical) at which the
rock hangs and the speed at which it moves?

Do an experiment with a string, weight, and
stopwatch to check your calculation. *

11.30 A small block of mass m = 5kg sits
on an inclined plane which is supported by a
bearing at point O as shown in the figure. At
the instant of interest, the block is at adistance
¢ = 0.5mfromwherethesurfaceof theincline
intersectsthe axis of rotation. By experiments,
the limiting rate of rotation of the turntable
before the block starts sliding up the inclined
planeisfoundtobew = 125rpm. Find theco-
efficient of friction between the block and the

incline. we /\ i
It

problem 11.30:

(Filename:pfigure4.2.rp9)

11.31 Particledlidingincirclesin aparabolic
bowl. Asif inaJamesBond adventureinabig
dippery radar bowl, a particle-like human with
mass m is dliding around in circles at speed
v. The equation describing the bowl is z =
CRZ = C(x2 +y?).

a) Find v interms of any or dl of R, g,

and C.

b) Nowsayyouaregivenw, Candg. Find
vand R if you can. Explain any oddi-
ties.

problem 11.31:
(Filename:p.f96.p2.1)

11.32 Masson arotating inclined platform.
A block of massm = 5kgisheldonaninclined
platform by arod BC as shown in the figure.
The platform rotates at a constant angular rate
w. Thecoefficient of friction between theblock
and the platformis . 6 = 30°, ¢ = 1m, and
g = 9.81m/s?. (a) Assuming @ = 5rad/s
and . = O find the tension in the rod. (b) If
n = .3 what is the range of » for which the
block would stay on the ramp without slipping
even if there were no rod? *

|
@w rodv\B
- ! m
U L)
1 \platform
A |
A Zd4 E/

problem 11.32:
(Filename:pfigure.s94h5p6)
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11.33 A circular plate of radiusr = 10cm
rotates in the horizontal plane about the ver-
tical axis passing through its center O. Two
identical point masses hang from two pointson
the plate diametrically opposite to each other
as shown in the figure. At a constant angular
speed w, the two masses maintain asteady state
angle 6 from their vertical static equilibrium.

a) Findthelinear speed and the magnitude
of the centripetal acceleration of either
of the two masses.

b) Find the steady state w as afunction of
6. Do the limiting valuesof 6,6 — 0
and 6 — /2 give sensible values of

(Filename:pfigure4.2.rp6)

11.34 For therod and masssystem showninthe
figure, assumethat 0 = 60°, = 6 = 5rad/s,
and ¢ = 1 m. Find the acceleration of mass B
at the instant shown by

a) caculatinga = @ x @ x ¥ where 7’
is the position vector of point B with
respect to point O, i.e, ¥ = g0,
and by

b) calculating @ = —R42ég where Ris
the radius of the circular path of mass

problem 11.34:

(Filename:pfigure4.2.rp7)

11.35 A spring of relaxed length ¢g (same as
the diameter of the plate) is attached to the mid
point of the rods supporting the two hanging
masses.

a) Findthe steady angle 6 asafunction of
theplat€' srotation rate w and the spring
constant k. (Your answer may include
other given constants.)

b) Verify that, for k = 0, your answer for
6 reduces to that in problem 11.33.

c) Assume that the entire system sits in-
side a cylinder of radius 20cm and
the axis of rotation is aligned with the
longitudinal axis of the cylinder. The
maximum operating speed of the ro-
tating shaft is 200rpm (i.e., wmax =
200rpm). If the two masses are not to
touch thewalls of the cylinder, find the
required spring stiffnessk.

(Filename:pfigure4.2.rp8)

11.36 Flyball governors are used to control the
flow of working fluid in steam engines, diesel
engines, steam turbines, etc. A spring-loaded
flyball governor is shown schematicaly in the
figure. Asthe governor rotates about the verti-
cal axis, thetwo massestend to move outwards.
The rigid and massless links that connect the
outer arms to the collar, in turn, try to lift the
central collar (mass m/4) against the spring.
The central collar can move along the vertical
axis but the top of the governor remains fixed.
The mass of each ball ism = 5 kg, and the
length of each link is¢ = 0.25 m. There are
frictionless hinges at points A, B,C, D, E, F
wherethelinksareconnected. Find theamount
the string is elongated, Ax, when the governor
rotates at 100 rpm, given that the spring con-
stant k = 500 N/m, and that in this steady state,
f =900, *

my/
problem 11.36:

(Filename:summer95p2.2)

11.37 Crooked rod. A 2¢ long uniform rod of
mass m is welded at its center to a shaft at an
angle ¢ as shown. The shaft is supported by
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bearings at its ends and spins at a constant rate
w.

a) What are ﬁo and L?

b) Calculate H,o using the integral defi-
nition of angular momentum. *

¢) What are the six reaction components
if thereis no gravity? *

d) Repeat thecalculations, including grav-
ity g. Which reactions change and by
how much? *

2d

e/\P

problem 11.37:
(Filename:h6.4)

11.38 For the configuration in problem 11.37,
find two positions aong the rod where con-
centrating one-half the mass at each of these

positions gives the same H .

11.39Rod on ashaft. A uniformrodiswelded
to a shaft which is connected to frictionless
bearings. The rod has mass m and length ¢
and is attached at an angle y at its midpoint
to the midpoint of the shaft. The length of the
shaft is2d. A motor applies a torque Mmotor
along theaxisof theshaft. Attheinstant shown
inthefigure, assumem, ¢, d, @ and Mpmotor are
known and therod liesin the yz-plane.

a) Find the angular acceleration of the
shaft.

b) Themoment that the shaft appliestothe
rod.

c) Thereaction forces at the bearings.

motor

problem 11.39: Rod on a shaft.
(Filename:pg79.2)

11.40 Rod spins on a shaft. A uniform rod
R with length R and mass m spins at constant
rate w about the z axis. It isheld by ahinge at
A and astring at B. Neglect gravity. Find the
tensioninthestringintermsof @, Rand m. *
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string

problem 11.40:
(Filename:pfigure.s95f4)

11.41 A uniform narrow shaft of length 2¢ and
mass 2M is bent at an angle 6 half way down
itslength. It is spun at constant rate w.

a) What isthe magnitude of the force that
must be applied at O to keep the shaft
spinning?

b) (harder) What is the magnitude of the

moment that must be applied at O to
keep the shaft spinning?

[— ¢ —

\/A\ sl \ 0 B
problem 11.41: Spinning rod. No grav-
ity.

(Filename:f.4)

11.42 For the configuration in problem 11.41,
find two positions along the bent portion of the
shaft where concentrating one-half its mass at

each of these positions givesthe same H o and
L.

11.43 Rod attached to a shaft. A uniform
1kg, ~/2m rod is attached to a shaft which
spins a a constant rate of 1rad/s. One end
of the rod is connected to the shaft by a ball-
and-socket joint . The other end isheld by two
strings (or pin jointed rods) that are connected
to arigid cross bar. The cross bar iswelded to
the main shaft. Ignore gravity.

a) Draw a free body diagram of the rod
AB, including a bit of the strings.

b) Find the tension in the string DB. Two
approaches:

(i) Write the six equations of linear
and angular momentum balance
(about any point of your choos-
ing) and solve them (perhaps us-
ing a computer) for the tension
Tos.

APPENDIX 11. Contact: friction and collisions

(if) Write the equation of angular
momentum balance about the
axisAE. (That is, take the equa-
tion of angular momentum bal-
ance about point A and dot both
sides with a vector in the direc-
tion of rg,a.) Usethiscalcula-
tiontofind Tpg and compare to
method ii.

¢) Find thereaction force (avector) at A.
m =1kg
£=y2m

problem 11.43: Uniform rod attached to
ashaft.

(Filename:pg89.1)

11.443D, crooked bar on shaft fallsdown. A
massless, rigid shaft isconnected tofrictionless
hinges at A and B. A bar with mass My and
length ¢ is welded to the shaft at 45°. At time
t = 0the assembly is tipped a small angle 6g
from the yz-plane but has no angular velocity.
It then falls under the action of gravity. What
isf att = t1 (assuming t1 is small enough so
that 61 is much lessthan 1)?

T

4

‘| u/y
P B
X

45°
219

! Looking
A X down
y-axis X
problem 11.44: A crooked rod welded to
ashaft falls down.

(Filename:p2.4)

11.3 Moment of inertia ma-
trices: [1°M] and [1°]

11.45 Find the moment of inertia matrix [1°]
of the system shown in the figure, given that
m = 0.25kg and ¢ = 0.5m. Which compo-
nentsinthematrix [ 1 °] will changeif onemass
is removed and the other oneis doubled?

y

£12 22

massless —

o)

X

problem 11.45:
(Filename:pfigure4.4.rp12)

11.46 A dumbbell (two masses connected by
amasslessrod of length ¢) liesin the xy plane.
Compute the moments and products of inertia
of this body about the x, y, and z axes. What
are the principal axes of this body?

Y N
o0 point mass, m
I 0
\ //“z X
point mass, m
problem 11.46:

(Filename:pfigure.blue.38.2)

11.47 Equivalent dumbbell. Itisagreat fact
that, for the purposes of dynamics, every rigid
body can be replaced by amasslessrigid struc-
ture holding six masses. The structure looks
likeachild'sjack. It hasthree orthogonal bars
with three pairs of point masses aong the bars.
The center of the jack is at the center of mass.
The bars are in the directions of the eigenvec-
torsof the moment of inertiamatrix of the body
(the principal directions). For flat objects one
only needs four point masses. Where should
one put four masses on amasslessdisk to make
it equivalent to auniform and ‘massful’ disk in
problem 11.50(a). That is, what set of four
masses has the same total mass, the same cen-
ter of mass location, and the same moment of
inertiamatrix as a uniform disk?

11.48 Threeidentical solid spheres of massm
and radiusr are situated at (b, 0, 0), (0, b, b),
and (—b, 0, 2b) relative to the origin O. Find
all nine components of [1°] of the system of
three spheres.

Hint: [1°M] for each sphereis

Zmr2 0 0
0 gmr2 0
0 0 2mr2

Use the parallel axis theorem.
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r,m z
b Ar,m
b [b y
O%p~ rm
\x
problem 11.48:

(Filename:pfigure.blue.49.2)

11.49 Find the moment of inertiamatrix [1©]
for the ‘L’ -shaped rod shown in thefigure. The
mass of therod ism = 1.5kg and each leg is
¢ = 0.4mlong. You may ignore the width of
therod.

M

O] ¢ | X
problem 11.49:

(Filename:pfigure4.4.rp13)

11.50 Moment of Inertia Matrix. Thisprob-
lem concerns a uniform flat disk of radius Ry
with mass Mg = Mgjsc. In the two parts of
this problem, you are to cal culate the moment
of inertiamatrix for the disk. In thefirst part,
do it by direct integration and, in the second
part, by using a change of basis.

a) Using a coordinate system that is lined
up with the disk so that the z axis
is norma to the disk and the ori-
gin of the coordinate system is at
the center of mass (the center) of the
disk, calculate the moment of iner-
tia matrix for the disk. [Hint: use
polar coordinates, and use dm
(M/7R2)dA,  and dA
RdRd6.]

b) Useacoordinate system x’y’Z’ digned
asfollows: the origin of the coordinate
system is at the center of the disk, the
Z axis makes an angle ¢ with the z
axiswhichisnormal to the plane of the
(measured from thez axistowardsthe z/
axis), the disk intersectsthe X'y’ plane
alongthey’ axis. They axisand they’
axis are coincident. Calculate the mo-
ment of inertiamatrix for the disk. Al-
ternate method: use the solution from
(a) above with a change of basis.

z

uniform disk

mass = My,
YAY% radius=R,

problem 11.50:

(Filename:f92h7p1)

11.51 For each of the shapes below, mark the
approximate location of the center of massand
the principal axes about the center of mass

b
(¢
a
homogeneous homogeneous
sphere rectangular
parallel apiped
b4
14
b
massless rod capital "J*
holding two
equal masses
problem 11.51:

(Filename:pfigure.blue.52.2)

11.52 Find the moment of inertiamatrix [ 1°M]
for the uniform solid cylinder of length ¢ and
radiusr shown in the figure.

‘/ 14
problem 11.52:
(Filename:pfigure4.4.rp16)

11.53 An‘L’-shaped structure consists of two
thin uniform rectangular plates each of width
w = 200mm. The vertical plate has height
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h = 400 mm and the horizontal plate has depth
d = 300mm. The plates are welded at right
angles along the side measuring 200mm. The
total mass of the structureism = 0.7kg. Find
the moment of inertiamatrix [1°].

z| &d

S

y
problem 11.53:
(Filename:pfigure4.4.rp14)

11.54 A solar panel consists of three rectan-
gular plates each of massm = 1.2kg, length
¢ = 1 and width w = 0.5m The two side
panels are inclined at 30° with the plane of
the middle panel. Evaluate all components of
the moment of inertiamatrix [ ©] of the solar

(Filename:pfigure4.4.rp15)

11.4 Mechanics using [1°M]
and [1°]

11.55 Find the angle between @ and H =
[1°™®, if @ = 3rad/sk and

20 0 0
I = o 20 o0 |kgm?
0 0 40

11.56 Find the projection of H = [1°™& in
the direction of @, if @ = (2i — 3j) rad/sand

54 0 0
[1°M = 0 54 0 | Ibmft2.
0 0 108

11,57 Compute® x ([1°™]- @) for thefollow-
ing two cases. In each case @ = 2.5rad/sj.
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0
a) [I°M =[ 0 } kgm?, *
8

8 0 0
by [I°" = [ 0 16 -4 |kgm?

1

[@NeNe]
oo o

0 -4 8

*

11.58 Find the z component of H = [1°™|@
for @ = 2rad/sk and

1020 —2.56 0
I =| —256 10.20 0 | Ibmft?.
0 0 14.00

11.59 For @ = 5rad/s;, find A such that the
angle between @ and H = [I°™] - @ is zero

3 0 2
if[IS" =] 0 6 0 |kgm2
2 0 3

11.60 Calculation of H g and H 5. You will
consider a disc spinning about various axes
through the center of the disc O. For the most

part, you are concerned with calculating H .
But, you should keep in mind that the purpose
of thecal culation might beto calculatereaction
forces and moments. Every point on the disk
movesin circlesabout the sameaxisat thesame
number of radians per second. These problems
can be done at least three different ways: using
the[1]’sfrom problem 11.50, direct integration

of the definition of H o, and using the equiv-
aent dumbbell (with the definition of H o).

You should do them all three ways, first using
the way you are most comfortable with.

a) Assume that the configuration is asin
problem 11.50(a) and that the disk is
spinning about the z axis at the constant

rate of wk. What are ﬁo and ﬁo?

b) Assume that the configuration is asin
problem 11.50(b) and that the disk is
spinning about the z axis at the constant

rateof wk. Whatare H o and H 5? (In
this problem there are two ways to use
[1]: oneis in the xyz coordinate sys-
tem, the other isin acoordinate system
aligned nicely with the disk. )

11.61 What isthe angular momentum H for:

@ A uniform sphere rotating with angular
velocity @ (radius R, mass m)?

b) A rod showninthefigurerotating about
its center of mass with these angular
velocities ® = ol, ® = oj, and
®=o0l+ j)/«/i?

APPENDIX 11. Contact: friction and collisions

/

T X
problem 11.61:
(Filename:pfigure.blue.99.1)

11.62 A hoop iswelded to along rigid mass-
|ess shaft which lies on adiameter of the hoop.
The shaft is parallel to the x-axis. At the mo-
ment of interest the hoop isin the xy-plane of
a coordinate system which has its origin O at
the center of the hoop. The hoop spins about
the x-axisat 1rad/s. Thereis no gravity.

a) What is[I°™] of the hoop?
b) What is H o of the hoop?

y

t
o
/ "
7

problem 11.62:

(Filename:pfigure.blue.47.2)

11.63 Twothinrods, each of massmandlength
d, are welded perpendicularly to an axle of
mass M and length ¢, which is supported by a
ball-and-socket joint at A and ajournal bearing
atB.Aforce F = —Fi 4 Gk actsat the point
P as shown in the figure. Determine theinitial
angular acceleration o and initia reactions at
point B.
]

B
d _
SSF
—~ m P

24
M

2| &
mAQ)“

04 /&\

X y
problem 11.63:

(Filename:pfigure.blue.89.1)

11.64 The thin square plate of mass M and
side ¢ is mounted vertically on a vertical shaft
which rotates with angular speed wg. In the
fixed x, y, z coordinate system with origin at
the center of mass (with which the plateis cur-
rently aligned) what are the vector components

of ®? What are the components of H ¢m?

problem 11.64:
(Filename:pfigure.blue.35.2)

11.65 If youtakeany rigid body (withweight ),
skewer it withan axle, hold theaxlewith hinges
that cause no moment about the axle, and hold
it so that it cannot slide along the axle, it will
swing likeapendulum. Thatis, it will obey the
eguations:

§ =-Csnb, or (a
$ =-+Csng, (b)

where

0 istheamount of rotation about theaxismea-
suring zero when the center of massis
directly below the Z-axis; i. e., when
the center of massisin aplane contain-
ing the Z-axis and the gravity vector,

¢ istheamount of rotation about theaxismea-
suring zero when the center of massis
directly above the Z'-axis,

C= Mtotal gdsiny /1y,
Miotal iSthe total mass of the body,
g isthe gravitational constant,

d is the perpendicular distance from the axis
to the center of mass of the object,

y isthe angle of tip of the axis from the ver-
tical,

Iy is the moment of inertia of the object
about the skewer axis.

a) How many examples of such pendula
can you think of and what would be the
values of the constants? (e.g. asimple
pendulum?, a broom upside down on
your hand?, a door?, a box tipping on
one edge?, a bicycler stopped at a red
light and stuck in her new toe clips?, a
person who got rigor mortisand whose
ankles went totally limp at the same
time?,...)

b) A door with frictionless hinges is mis-
aligned by half aninch (thetop hingeis
half an inch away from the vertical line
above the other hinge). Estimate the
period with which it will swing back
and forth. Use reasonable magnitudes
of any quantities you need.
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¢) Can you verify the formula (a simple
pendulum and aswinging stick are spe-
cial cases)?

problem 11.65: 3-D pendulum on a
hinge.
(Filename:pfigure4.3Dpend)

11.66 A hanging rod goingin circles. A uni-
form rod with length £ and mass m hangs from
awell greased ball and socket joint at O. It
swingsincirclesat constant rate@ = wk while
the rod makes an angle ¢ with the vertical (so
it sweeps a cone).

a) Caculate ﬁo and ﬁo.

b) Using H 5 and angular momentum bal-
ance, find therotation rate w in terms of
¢, 9, £, and m. How long does it take
to make one revolution? *

c) If another stick rotates twice as fast
while making the same angle ¢, what
must be its length compared to ¢?

d) Isthere asimple way to describe what
two uniform sticks of different length
and different cone angle ¢ both havein
common if their rate of rotation w isthe
same? (If you accurately draw two such
sticks, you should see the relation.)

e) Find the reaction force at the ball and

socket joint. Isthisforce parallel to the
stick?

ball &
socket
joint

(Filename: pfigure.s94h6p3)

11.67 From discrete to continuous. n equal
beads of mass m/n each are glued to arigid
massless rod at equal distances| = ¢/n from
each other. For n = 4, the system is shown in
the figure, but you are to consider the general
problemwithn masses. Therod swingsaround
the vertical axis maintaining angle ¢.

a) Findtherateof rotation of thesystemas
afunctionof g, ¢, n, and ¢ for constant
rate circular motion. [Hint: You may
need these series sums: 1+ 2 4+ 3 +
o= "0 ang 12 22 1 32 4
et n2 _ n(n+l)éZn+l) ] *

b) Set n = 1inthe expression derived in
(@) and check the value with the rate of
rotation of aconical pendulum of mass
m and length ¢.

c) Now, put n — oo in the expression
obtained in part (a). Does this rate
of rotation make sense to you? [Hint:
How does it compare with the rate of
rotation for the uniform stick of Prob-
lem 11.667]

<

AY N\
<ﬁ’<‘\
- Lma
o\ ¢

(Filename:pfigure.s94h6p4)

11.68 Spinning dumbbell. Two point masses
are connected by arigid rod of negligible mass
and length 24/2¢. Therod iswelded to a shaft
that is along the y axis. The shaft is spinning
at aconstant rate w driven by amotor at A (Not
shown). At thetime of interest the dumbbell is
inthe yz-plane. Neglect gravity.

a) What is the moment of inertia matrix
about point O for the dumbbell at the
instant shown? *

b) What is the angular momentum of the
dumbbell at the instant shown about
point O. *

¢) What is the rate of change of angu-
lar momentum of the dumbbell at the
instant shown? Calculate the rate of
change of angular momentum two dif-
ferent ways:

(i) by adding up the contribution of
both of the masses to the rate
of change of angular momentum

(e H= Zﬁ x (m; @;)) and
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(ii) by calculating Iy and Iy, cal-
culating H , and then calculating
H fromw x H. *

d) What isthe total force and moment (at
the CM of the dumbbell) required to
keep this motion going? Do the calcu-
lation in the following ways:

(i) Using angular momentum bal-
ance (about any point of your
choice) for the shaft dumbbell
system.

(i) By drawing free body diagrams
of the masses alone and calcu-
lating the forces on the masses.
Then use action and reaction and
draw afree body diagram of the
remaining (massless) part of the
shaft-dumbbell system. Then
use moment balance for this sys-
tem. *

. m a)% -y
\450 ‘
weld ~
@]
m
X

L ooking down x-axis

S

o

== Y
B

| !
A !
J
problem 11.68: Crooked spinning dumb-
bell.

(Filename:pg84.3)

11.69 A uniform rectangular plate of mass m,
height h, and width b spins about its diagonal
at a constant angular speed w, as shown in the
figure. The plate is supported by frictionless
bearingsat O and C. TheplateliesintheY Z-
plane at the instant shown.

[Note: cos(8) = b/4/(h2 +Db2), and
sin(B) =h/y/(h2+b?)]

a) Computethe angular momentum of the
plate about G (with respect to the body
axis Gxyz shown).

b) Ignoring gravity determine the net
torque (moment) that the supports im-
pose on the body at the instant shown.
(Express your solution using base vec-
tors and components associated with
theinertial XY Z frame.)

¢) Calculate the reactions a O or C for
the configuration shown. *



826

d) Inthecasewhenh =b = 1mwhatis
the vertical reaction at C (still neglect-
ing gravity).

OXYZ - Fixed Frame
(base vectors, 1, j, k)

Gxyz - Moving "Body" Frame
(base vectors, ey, ey, ;)
problem 11.69:
(Filename:pfigure.blue.36.1)

11.70 A uniform rectangular plate spins about
afixed axis. The constant torque My isapplied
about the Y axis. The plate is held by bear-
ings at the corners of the plate at A and B. At
theinstant shown the plate and the y'Z’ axis at-
tachedtotheplateareintheY Z plane. Neglect
gravity. Att = Otheplateisat rest.

a) Att = 0T (i.e, just after thestart), what
is the acceleration of point D? Give
your answer in terms of any or al of
c,d, m, My, i, j, and k (the base vec-
tors aligned with the fixed XY Z axes),
and 197
[You may use 137 in your answer.
Or you could use this result from the
change of coordinates formulae in lin-
ear dgebra: 100 = (coszﬂ)lg,")‘,, +
(sin? B)157 to get an answer in terms
of ¢,d, m, and My.]

*

b) Att = 0%, whatisthereactionat B?*

z plate mass=m

problem 11.70:
(Filename:pfigure.s9508)

11.71 A uniform semi-circular disk of radius
r = 0.2m and mass m = 1.5kg is attached
to a shaft along its straight edge. The shaft
is tipped very dlightly from a vertical upright
position. Find the dynamic reactions on the
bearings supporting the shaft when the disk is
in the vertical plane (xz) and below the shaft.

APPENDIX 11.

bl

L 1)
E — 1.

problem 11.71:

~>

(Filename:pfigured.rpi)

11.72 A thintriangular plate of base b, height
h, and mass m is attached to a massless shaft
which passesthrough thebearingsL andR. The
plateisinitially vertical and then, provoked by
ateensy disturbance, falls, pivoting around the
shaft. The bearings are frictionless. Given,

N 2 1
r = (0, =b, =h),

cm ( 3P 3 )

m

% = SO +h%3,

o _ 2

lyy = mh</6,

12 = mbh?2

cm _ 2

Ig" = mh?/18,

Iy = —mbh/4,

a) what isthe plate’sangular velocity asit
passes through the downward vertical
position?

b) Compute the bearing reactions when
the plate swings through the downward
vertical position.

z
@)

L S
. |
|

problem 11.72:

(Filename:pfigure.blue.86.1)

11.73 A welded structural tubing framework is
proposed to support aheavy emergency search-
light. To select properly the tubing dimensions
itisnecessary to know the forces and moments
at thecritical section AA, when the framework
ismoving. The frame moves as shown.

a) Determinethe magnitude and direction
of the dynamic moments (bending and
twisting) and forces (axial and shear) at
section AA of theframeif, at theinstant
shown, the frame has angular velocity
wgo and angular acceleration ap. As
sume that the mass per unit length of
the pipeis p.

Contact: friction and collisions
S
L
T J5L —
A A
L o,
_DO%
\ D%

problem 11.73:
(Filename:pfigure.blue.88.1)

11.74 A uniform cubewithside0.25 misglued
to a pipe aong the diagonal of one of its faces
ABCD. The pipe rotates about the y-axis at
a constant rate = 30rpm. At the instant of
interest, the face ABCD isin the xy-plane.

a) Find the velocity and acceleration of
point F on the cube.

b) Find the position of the center of mass
of thecubeand computeitsaccel eration
a cm-

c) Supposethat theentiremassof the cube
is concentrated at its center of mass.
What is the angular momentum of the
cube about point A?

F
problem 11.74:

(Filename:pfigure4.2.rp3)

11.75 A uniform square plate of mass m and
sidelength b iswelded to anarrow shaft at one
corner. The shaft is perpendicular to the plate
and has length ¢. The upper end of the shaft is
connected to aball and socket joint at O. The
assembly is rotating about the z axis through
O at the fixed rate @ = wk which happens to
be just right to make the plate horizontal and
the shaft vertical, as shown. The gravitational
constant is g.

a) Whatiswintermsof m, ¢, b, and g?

b) Isthereactionat O on therod-plate as-
sembly in the direction of the line from
G to O? (Why?)
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O A

k A
L

i

problem 11.75:
(Filename:pfigure.s94q6p1)

11.76 The uniform cube shown is rotating at
constant angular velocity about the fixed axis
OA with angular speed 10rad/s counterclock-
wise looking towards O from A. Find:

a
b) Ug
0 ac
d Hpo

e Hy

f) The total torque applied to the block
in the configuration shown during this
motion.

problem 11.76:

(Filename:pfigure.spinningbrick)

11.77 A spinning box. A solid box &8 with
dimensions a, a, and 2a (wherea = .1 m) and
mass=1kg. Itissupportedwith ball and socket
joints at opposite diagonal cornersat A and B.
Itisspinning at constant rate of (50/7) rev/sec
and at the instant of interest is aligned with the
fixed axisi, j, and k. Neglect gravity.

a) Whatis@g?

b) Whatis® g?

o) Whatis H g/em?
o) Whatis H 5 ,cm?
) Whais?B/AxﬁB (Whaeﬁg isthe

reaction force on B at B)? A dimen-
sional vector is desired.

f) If the hinges were suddenly cut off
when B was in the configuration
shown, what would be @ g immedi-
ately afterwards?

a=0.1m
problem 11.77:
(Filename:pfigure.s94f1p2)

11.78 Uniform rod attached to a shaft. A
uniform 1kg, ~2m long rod is attached to a
shaft which spins at a constant rate of 1rad/s.
One end of the rod is connected to the shaft
by a ball-and-socket joint. The other end is
held by two strings (or pin jointed rods) that
are connected to arigid cross bar. The cross
bar iswelded to the main shaft. Ignore gravity.
Find the reaction force at A.

problem 11.78:
(Filename:s97f2)

11.79 A round disk spins crookedly on a
shaft. A thin homogeneous disk of mass m
and radius r is welded to the horizontal axle
AB. The normal to the plane of the disk forms
an angle B with the axle. The shaft rotates at
the constant rate w.

a) What isthe x component of the angular
momentum of the disk about point G
the center of mass of the disk?

b) What is the x component of the rate
of change of angular momentum of the
disk about G?

c) At the given instant, what is the total
force and moment (about G) required
to keep the disk spinning at constant
rate?
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uniform disk of
mass=m

i
\‘ ¢radius:r
A ) / P
."G \ﬂ

y
QR
w 4
problem 11.79: A round disk spins
crookedly on a shaft.

(Filename:pg92.2)

11.80 A uniform disk of mass m = 2kg and
radiusr = 0.2mismounted rigidly on amass-
less axle. The normal to the disk makes an
angle B = 60° with the axle. The axle rotates
at a constant rate @ = 60rpm. At the instant
shown in the figure,

a) Findtheangular momentum H o of the
disk about point O. *

b) Draw the angular momentum vector in-
dicating its magnitude and direction. *

c) As the disk rotates (with the axle),
theangular momentum vector changes.
Does it change in magnitude or direc-
tion, or both? *

d) Find the direction of the net torque on
the system at the instant shown. Note,
only thedirection is asked for. You can
answer this question based on parts (b)
and (c). *

X uniform disk of

n mass=m
radius=r
@\ |
A "“ n=
-0 B
/ A
y
P
X w z
n
B
|| e m z
Front View (xz-plane)
problem 11.80:

(Filename:summer95p2.3)

11.81 A uniform disk spins at constant an-
gular velocity. The uniform disk of mass m
and radiusr spins about the z axis at the con-
stant rate w. Its normal 7 isinclined from the
z axis by the angle 8 and is in the xz plane at
the moment of interest. What isthe total force
and moment (relative to O) needed to keep this
disk spinning at this rate? Answer in terms of
m, r, w, B and any base vectors you need.
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uniform disk of
mass=m
radius=r

Q.
X w z
n
B
- 0
Front View (xz-plane)
problem 11.81:

(Filename:p.f96.p3.3)

11.82 Spinning crooked disk. A rigiduniform
disk of mass m and radius R is mounted to a
shaft with a hinge. An apparatus not shown
keeps the shaft rotating around the z axis at
a constant . At the instant shown the hinge
axis is in the x direction. A massess wire,
perpendicular to the shaft, from the shaft at A
to the edge of the disk at B keeps the normal
to the plate (the Z direction) at an angle ¢ with
the shaft.

a) Whatisthetensioninthewire? Answer

in terms of some or al of R, m, ¢ and
w.

b) What is the reaction force at the hinge
at 0?

problem 11.82:
(Filename:s97p3.3)

11.83 A disoriented disk rotating with a
shaft. A uniform thin circular disk with mass
m = 2kg and radius R = 0.25m is mounted
on amassless shaft as shownin thefigure. The
shaft spins at a constant speed @ = 3rad/s.
At the instant shown, the disk is Slanted at 30°
with the xy-plane. Ignore gravity.

a) Find therate of change of angular mo-
mentum of the disk about its center of
mass. *

b) Find the rate of change of angular mo-
mentum about point A. *

APPENDIX 11. Contact: friction and collisions

¢) Find the total force and moment re-
quired at the supports to keep the mo-
tion going. *

i motor

f)\

problem 11.83:

R=0.25m
m:2 kg

R
B

D

(Filename:pfigure.s94h8p1)

11.5 Dynamic balance

11.84 Is@ = (2i + 5k) rad/s an eigenvector
8 0 0

of[I°"=| 0 16 -4 | kgm??
0 -4 8

11.85 Find the eigenval ues and el genvectors of

5 0 0
[I°"=| 0 5 -3 |kgm2
0 -3 10

11.86 Three equal length (1 m) massless bars
are welded to the rigid shaft AB which spins
at constant rate @ = wi. Three equal masses
(1kg) are attached to the ends of the bars. At
the moment of interest the masses are al in
the xy plane as shown. Where should what
masses be added to make the system shown
dynamically balanced? [The solution is not

unique.]
J L.
D ~
. 1
120 C
A B
120°
120°
Length of barsis1m
g Eachmassis1kg
problem 11.86:

(Filename:pfigure.s94q7p1)

11.87 Dynamic balance of a system of parti-
cles. Three massesare mounted on amassless
shaft AC with the help of massless rigid rods.
Massm; = 1kg and massmp = 1.5kg. The
shaft rotates with a constant angular velocity
® = Srad/sk. At theinstant shown, the three
masses are in the xz-plane. Assume friction-
less bearings and ignore gravity.
a) Find the net reaction force (the total of
all theforces) ontheshaft. Isthesystem
statically balanced?

b) Find the rate of change of angu-
lar momentum H/A, using H/A =
Z| Fija xm ai.

) Find the angular momentum about

point A, H ;5. Use this intermediate
result to fi nd the rate of change of an-

gular momentum H/A, using H/A =

® x H/A and verify theresult obtained
in (b).

d) What isthevalueof theresultant unbal-
anced torque on the shaft? Propose a
design to balance the system by adding
an appropriate mass in an appropriate

location.
motor .05m
D
A ‘Q/L
\ ~<I\ my
.M ' .05m
I
) ~ o
: £ |
1 SN !
J k 053 0.1Im
-

problem 11.87:
(Filename:pfigure.s94h7p2)

11.88 For what orientation of therod ¢ isthe
system shown dynamically balanced?

10m
N\ p

0.5m
\>( \\FQ y
, / \9
L 05m O\\ it X
/ weld
AN

problem 11.88:

0.25m

(Filename:ch4.7.c)

11.89 A uniform square plate with 1 m sides
and 1kg mass is mounted (as shown) with a
shaft that is in the plane of the square but not
paralel to the sides. What is the net force and
moment required to maintain rotation at a con-
stant rate?
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X
side view end view
N s
- ¢ m
problem 11.89:

(Filename:pfigure.blue.87d.1)

11.90 An equilateral uniform triangular plate
withsidesof length ¢ platespinsat constant rate
o about an axisthrough its center of mass. The
axisis coplanar with the triangle. The angle ¢
is arbitrary. When ¢ = 0°, the base of the
triangleis parallel to the axis of rotation. Find
the net force and moment required to maintain
rotation of the plate at a constant rate for any
¢. For what angle ¢ is the plate dynamically
balanced?
~ A

£

B
) ﬂ&
Side View w
A B
&

problem 11.90:

(Filename:Mikef91p3)

11.91 An abstract problem. This problem
concerns a system rigidly attached to a mass-
less rod spinning about a fixed axis at a fixed
rate. That is, whether or not the system is a
rigid body, it is moving as if it were arigid
body. Every point in the system is moving in
circles about the same axis at the same number
of radians per second. The position of a parti-

cle of the system relative to the axisis R. The
position relative to some point Cis 7. Inall
cases, the body rotates about the axis shown.
Thetota mass of all the objectsis Miot. Point
O isat the center of mass of the system and is
at adistance d from the rotation axisand is on
the x-axis at the moment of interest. Assume
there is no gravity. At the point A, therod is
free to dide in the z-direction. But, at point
B, the rod is constrained from moving in the
z-direction. TheFBD of thesystemisshownin
the figure. Referring to the free body diagram,

there are six scalar unknown reactionsin this 3
dimensional problem.

@ The general case: Imagine that you
know HO = Ho)(i + Hoyj + Hozk
andalso L = Lyi+Lyj+L-k. How
would you find the six unknown reac-
tions Ax, Ay, Maz, Bx, By, B;? [Re-
duce the problem to one of solving six
equations in six unknowns.]

b) TheGeneral Result: IsM p; necessar-
ily equal to zero? Prove your result or
find a counter-example. *

¢) Static Balance:. If d = O isit true
that all reactionforcesareequal tozero?
Prove your result or find a counter ex-
ample. *

problem 11.91:

(Filename:pfigure.s94h7p3)

11.92 A uniform block spinsat constant an-
gular velocity. The magnitude of the angular
velocity isw. The center of mass G is on the

axisof rotation. Thet, j, and k directions are
paralel to the sides with lengths b, ¢ and d,
respectively.
Answer in terms of some or all of », m, b, c,
d, 7, j,and k.

a) Findvy.

b) Finday.

c) What is the sum of al the moments
about point G of all the reaction forces
at Aand B?

d) Arethere any values of b, c, and d for
which this block is dynamically bal-
anced for rotation about an axisthrough
apair of corners? Why?

T
problem 11.92:

(Filename:p.f96.p2.3)

11.93 Dynamic Balance. Consider each of
the objects shown in turn (so to speak), each
spinning about the z axis which is horizontal.
In each case the center of mass is haf way
between the bearings (not shown). Gravity is

829

in the — j direction. State whether it is pos-
sible to spin the object at constant rate with
constant bearing reactions of mgj/2 and no
other applied torques (‘yes’) or might not be
(‘no’). Give a brief explanation of your an-
swer (enough to distinguish an informed an-
swer from a guess).

a) Axisaong centerline of auniform rect-
angular plate.

b) Axisorthogonal to uniform rectangular
plate and through its centroid.

¢) Axisorthogonal to uniform rectangular
plate and not through its centroid.

d) Axis orthogonal to uniform but totally
irregular shaped plate and through its
centroid.

e) Axis aong the diagona of a uniform
rhombus.

f) Axis through the center of a uniform
sphere.

g) Axisthrough the diagonal of auniform
cube.

h) Axiswith two equal masses attached as
shown.

i) Axis with three equal masses attached
as shown, all in a common plane with
the axis, with ¢ not equal to 30°.

j) Anarbitrary rigid body which has cen-
ter of mass on the axis and two of
its moment-of-inertia el genvectors per-
pendicular to the axis. (no picture)
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@@ —

(d)—

(f)

120°
0) k\

S e
120"\/ ¢

problem 11.93:
(Filename:s97p3.2)

11.94 Static and Dynamic Balance A series
of bodies, each of uniform density and each
with total mass m, rotate at a constant angular
speed w about a fixed horizonta axis. Ignore
gravity. For each body statewhether thebody is
(i) statically balanced and whether it is (i) dy-
namically balanced. Give clear arguments us-
ing words or equations to support your claims.
(ii, iv) For each body you must either (a) add
one point mass m or (b) add two point masses
each of mass m/2 (your choice) that maintain
static and dynamic balanceif they arebalanced,
or that make the bodies statically and dynam-
icaly balanced. Justify your placement with
words and/or equations. The masses need not
be added to the bodies, but coul d be attached of f
the bodies by structures with negligible mass.
[Hint: none of the placements are unique. You
may draw aside view if that helps clarify your
placement.]

a) A rectangular plate (height h, length ¢)
mounted with the axle perpendicular to
the plate and through its center.

b) The same plate as in (a) above but
mounted at an angle ¢ # /2 from the
shaft.

APPENDIX 11. Contact: friction and collisions

€) The numerals ‘203" cut out of a plate
and connected by massless rods. Each
letter has mass m/3 and the three
center-of-mass points of the individual
letters are colinear and equally spaced.
The shaft goesthrough the center of the
‘0’ and is perpendicular to the plane of
theletters.

d) A spherewith radius R where the shaft
passes adistance d < R from the cen-
ter.

%
-

d)

problem 11.94:

(Filename:pfigure.dynbal ancers)

11.95 Dynamictire balancing. Where should
you placewhat weightsin order to dynamically
balance the tire?

Assume that a car tire can be modeled as
a uniform disk of radius one foot and mass
201bm. Assume the tire has been mounted
crooked by one degree (the plane of the disk
makes an 89° angle with the car axle). This
crooked whedl is statically balanced since its
center of massison the axis of rotation. But it
isdynamically unbalanced sinceit wobblesand
will wobblethecar. Car shopsput littleweights
on unbalanced wheels to balance them. They

figure out where to put the weights by using
a little machine that measures the wheel wob-
ble. But you don’'t need such amachinefor this
problem because you have been told where al
the massis|ocated.

There are many approachesto solving this
problem and there are also many correct so-
lutions. You should find any correct solution.
[oneapproach: guessagood locationto put two
masses and then figure out how big they have
to be to make the tire dynamically balanced.]

problem 11.95:
(Filename:pfigure.s94h7p5)
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Answersto*’'d problems

N

255 )ry =r-i=(3cosh +15snO)ft, ry=r-j=
(83sing — 1.5cos0) ft.

2.77 ) No partial credit.

2.78 ) To get chicken road sin theta.

2.83)ﬁ=103%N(i+j+1€).

286 )d=,/3.
2.90a) Aog = ﬁ(4i+3j+ 5k).
b) Aoa = %4<3j+51€).

0) F1=28.3j +5k), Fz= T4 +3j+5k).
d) LAOB = 34.45deg.
e) le =0
f) Fpo x F1= (%ﬂj— %I@) N-m.
140
g M, = 755 N-m.
h) M;, = 2 N-m.(same as (7))
292a)n = 3(21 +2j + k).
b)d=1
c) 3(-2,19,11).
2.110 ) Yes.
2.1223) F, = r; + Fy x kM1/|F, 2, F, = F.

b) 7, = 7, + Fy x kMy/|Fy|? + cF; where cis any
real number, F, = F;.

) F, = 0 and M, = M, applied at any point in the
plane.

21238) r, = Fy + F1 x My/|Fy|?, Fy = Fy, My = M, -
F1F1/|F1| If F;, = Othen F, = 0, M, = M|,
and r, isany pomt aalin space

b)yr,=r + Fl X M1/|F1| + CF1 where c is any
real number, F, = F;, M, = M1 F1F1/|F1|
above for the special case of F; = 0.

2124 ) (0.5m, —0.4m)

3.1a) The forces and moments that show on afree body dia-
gram, the external forces and moments.

b) The forces and moments that show on a free body di-
agram, the external forces and moments. No “iner-
tial” or “acceleration” forces show.

3.2 ) You don't.

3.14 ) Note, no couples show on any of the free body dia-
grams requested.

41 )T = Nmg, T, = (N — 1)mg, Ty
general T, = (N +1—n)mg

= ()mg, and in

4.50Db) [Hint: at every height y the cross sectional area must
be big enough to hold the weight plusthe wire below
that point. From thisyou can set up and adifferential
equation for the cross sectional area A asafunction
of y. Find appropriate initial conditions and solve
the equation. Once solved, the volume of wire can
be calculated as V = fol 0mi A(y)dy and the mass

aspV.]
454 ) Surprise!  This pendulum is in equilibrium for all
values of 6.
Rsino 2sin6
4.64a) % = Rcos"srél)ﬂ = 1+§20$9
b) T =mg = 2M91+2T>gsa
c) Fc = Mg[ ml +j'| (where?’ and j" are
aligned with the horizontal and vertical directions)
d)tang = 2320959. Needs somewhat involved trigonom-
etry, geometry, and algebra.
2sin6
€) tany =R%' 0= 1+2$|ggs_9 y
m sn sn
4.658) ¥ = Reoso—r = Zcoso-1"
b) T = mg = 2Mg 5577

¢) Fc = % [sin6i + (coso — 2)j].
4.67d) reduce thedimension marked “ 2inches’. Thesmaller

the less the friction needed.

€) As the “2 inch” dimension is reduced to zero, the
needed coefficient of friction goes to zero and the
forces squeezing the pipe go to infinity. Thisis bad
becauseit can damagethepipe. Itisalso bad because
a small pipe deformation will cause the hinge on
the wrench to snap through, like a so called “toggle
mechanism” and thus not grab at al.

F1 _ RotRising
4.708) g = PIRERS
b) ForRo 3R. andp = 0.2, E " >~ 114,
c) E g=e¥= =el27 ~ 1.87.

4.78a) pgnrzz
b) —pgnr?(h — £), note the minus sign, it now takes
forceto lift the can.
484 ) (@Tag = 30N, (b) Tag = 3¥N, () Tag = 22BN
4.87g) Tey = 0 asyou can find a number of ways.
4.88a) Use axis EC.
b) Use axisAH.
c) Use j axisthrough B.
d) Use axis DE.
€) Use axis EH.
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f) Can’t do in one shot.
4.90) Hint: With reference to a free body diagram of the
robot, use moment balance about axis BC.
55 )x(B8s)=20m
5.22 ) hmax = €2h.
537 ) (@ mX + kx = F(), (b) mx + kx = F(t), and (c)
my + 2ky — 2kég = =F()

5.40b) mg — k(x — £g) =
C) X+ %x =g+ kimo
€) This solution is the static equilibrium position; i.e.,
whenthemassishanging at rest, itsweight isexactly
balanced by the upwards force of the spring at this
_constant position X.
)X+ £% =0

0) x(t) =[D — (o +

h) period= 271\/E

i) If theinitial position D ismorethan £9+ 2mg/k, then
the spring is in compression for part of the motion.
A floppy spring would buckle.
5.42a) period= 2L = 0.96s

+ M cos[t+(£o+ )

b) maximum ananIitudeco 75ft

c) period= 2\/> \/7[71+2tan‘1 —]~164$

5.44 ) LHS of Linear Momentum Balance: 3" F = —(kx +
bX)i + (N —mg) ;.
5.61a) Two normal modes.
b) xo = const *x X1 = const % (Asin(ct) +
B cos(ct)),where const = +1.

3k k
Owi= /1 ®@2=1/m-

0 X
562a)|: 0 m H X; }+
K1 + ko —ko X1 | _ 0
—ko k2+k3 X2 - 0

b) If we start off by assuming that each mass under-
goes simple harmonic motion at the same frequency
but different amplitudes, we will find that this two-
degree-of-freedom system has two natural frequen-
cies. Associated with each natural frequency is a
fixed ratio between the amplitudes of each mass.
Each mass will undergo simple harmonic motion at
one of the two natural frequencies only if the initial
displacements of the masses are in the fixed ratio
associated with that frequency.

5.64) ap = Xl = miB[—k4XB — ka(Xg — Xa) + C1(Xp —
Xg) + k3s(Xp — XB)]i.

5.65) dg = Xgi = p=[—kixg — C1(k8 — Xa) + (k2 +
k3)(Xp — XB)].

5.680) o = /2.

5.72a) One norma mode: [1, O, 0].

b) The other two normal modes: [0, 1,
5.79a) v (5s) = (307 + 3007) m/s.

1im]
=1

ANSWERS

b) @(5s) = (6i+ 120j) m/s2.
5.80 ) F(t) = (o + @ — 2 cos(Qt)) i + (Yo + vot) j.
5.88 ) v = 2t m/s% + €5 m/sj, @ = 2m/s%i + es m/Sj.
5.122 ) Tz = 13N

5.135) Equation of motion:

—mgj — b(x2 + y?) (%) = m(Xi + Vj).
5.136a) System of equations:
X == Ux
y = vy

b
— o vx [vg + v2
: b 52
vy = _g_avy vy + vy

5.149) No. You need to know the angular momenta of the
particles relative to the center of mass to complete
the calculation, information which is not given.

5.160a) vg = %(mUB + mpug + Mava).

1.))( ==

b) vy = Mv
¢) (1) Eoss = lm[vé (m+mB)sz] - —mAvA
Ejoss = 3m |4 +mB) —(m+ mB)vB]
5.161 ) va = %
6.2)Tn=17.
6.8a) ag = (mierg) g
b)T = 2m’11mn?sg
6.12 ) (@ apn=ag = —z wherei isparalléel to the ground
and pointing totherlght., (b)an= 27 ag = 255,
(© @a = o=i, dg = 521, (d) aa = L, ﬁB =

_Ei

6.14 )ratlo of the acceleration of A to that of point B, g—é =
81.
6.17a) aa = °&i, ag = 2Fi, where i is parallel to the

ground and poi nts to theright.
b) aa (4m1+m2) @mp — V3mpiy, ag =
W(Zmz V/3my)io, wherel 1 isparalle to
the slope that mass m; travels along, pointing down
andtotheleft, and A, isparallel to theslopethat mass
my travels along, pointing down and to the right.

6.21 ) angular frequency of vibration = =,/ &,

6.27a) mX + 4kx = Asinwt + mg, where x is the distance
measured from the unstretched position of the center

of the pulley.
b) The string will go slack if & > (1 - m—g)

6.288) ap = — 245,

b)v—3d\/7
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6.33 ) Tas = 2Em(a, + 9)
6.36 ) ax > 39
6.39 ) Can't solvefor Tag.

6.52d) Normal reaction at rear wheel: N, = %, nor-
mal reaction at front wheel: Ny = mg — %
; . _ “gw
deceleration of car: acgr = — Zhirw)-
) Normal reaction at rear wheel: N, = mg — %,

normal reaction at front whee!: Nf = 2(wg ik de-

celeration of car: acgr = m Car stopsmore
quickly for front wheel skidding. Car stops at same
rate for front or rear wheel skiddingif h =0

f) Normal reaction at rear wheel: N, = MO/2-ih)
normal reaction at front wheel: Ny = M90/Ztuh),
deceleration of car: acgr = —ug.

g) No. Simple superposition just doesn’'t work.

h) No reaction at rear wheel.

i) Reaction at rear wheel is negative. Not alowing for
rotation of the car in the xy-plane gives rise to this
impossibility. In actuality, the rear of the car would
flip over the front.

6.53a) Hint: the answer reducesto a = ¢;g/h in the limit
w— 00.]

6.54a) a = g(sing — ucos¢)i, wherei is parale to the
slope and pointing downwards

b)a =gsing

C) v =g(sing — ucose)ts, r = g(sing — /LCOSd))%

d) ¥ = gsingti, F = gsingYi

6.568) Rp = 12M00S0 (57 7).

¢) Nottipping if Na = w > 0; i.e, notipping
if w < 1sincecost > 0for0 < 6 < Z.(Here
u=0.9)

6.58 ) braking acceleration= g(% cosf — sing).
6.62a) v =d, /K
b) The cart undergoes simple harmonic motion for any
size oscillation.
6.65a) dpike = l,\:/lp—ll-;,fc
b) max(apike)= m
6.66 ) Ter = 640v/21bf.
6.67a) Tgp = 92.61bm - ft/<°.

b) Ten = 5v61lbm - ft/s?.

6.68b) Tey =0

©) (Re, — Tae)t + (Re, —
160k = ma = 10Nk.

T60)j + (The + Re, +

d)ZMcmZ(TGT;_THE Rec,)i + (Re, — TGD—
THe)J + (TaB + Re, — Rey, — TGD)k— 0

e

Re, — Tag =0

833
T
Re, —%:
Rc, + ﬁ D 4 Tey =5N
—TEH—l—TGTZD—RcZ:O
_TEH_TGTZD‘FRCZIO
TAB—TGT;+RCX—Rcy=O
f) Re, = 5N, Re, = 5N, Re, = 5N, Tep = %N

Ten = ON, Tag = 5N. -

g) Find moment about C D axis; e.9., (3 Mg = Femyc X
Mdcm) - Acp, Where Acp is a unit vector in the di-
rection of axisCD.

6.73a) FL = $ming.

b) ap = ﬁ [2(T — Fp) — D]i.

o F = [%(ﬁ ~D—2Fp) T+ FD]i +
(mwg - FL)j and M = (bFL - amwg)i +
[(bFD —cT)+aMe 2T —D - 2FD)] j.

6.74 ) sideways force = Fgi = “J@i
715 ) F =0.521bf = 23N
7.22b) For 6 = 0°,
ér - i
e =
R 2nr
v = —J
T
R A7?r
a = — = 7,
for 9 = 90°,
ér = j
ét —
N 27r
vV = ——1
T
N Arr |
a = - T 5 9
2/
and for 0 = 210°
R V3, 1,
= —_—] — =
ey 2 2]
o 1, 3.
e = —1——
t > 2 J
- V3rr . oawr,
v = — J+ —1i
T T
N 2/31%r 2n2r
a = )
72 72



834

C) T = 4mJT
d) Tens on |s enough
7.25b) (HO)| = 0 (Ho)|| — 0.0080N-mk.

c) Position-A: (Hg); = 0.012N-m - sk,(Hg)|| =
0.012N-m - sk, Position-B: (H ) 0.012N-m - sk,
(Hg)i) = 0.014N-m- sk.]

727 )r = k+nw2
7.29 ) to = 0.2m
7.31b) T = 0.167“N.
¢) Hg = 0.04n2kg-m/sk

d) ¥ =2 — veos(ZH]i + [ + vsin(ZH] .
7.33a) 2mg.
b) w = +/99g/r

or~1im(r > 0.98m)
7.36 ) () + 5 sin6 =0
7.39b) The solution is a simple multiple of the person’s
weight.
7.41a) 6 = —(g/L)sing

d)a = —(g/L)sing, 6=a
) Trax = 30N
7.428) b = —p%.
b) v = voe "
7.453a) The velocity
of departure is Tgep = |/ K22° _ 2GRj, where j

is perpendicular to the curved end of the tube.
b) Just before leaving the tube the net force on the pellet
is due to the wall and gravity, Fret = —mgj —

'v“"‘p' : Just after leaving the tube, the net force
on the pellet isonly due to gravity, Fnet = —mgj.

7.63 ) wmin = 10rpm and wmax = 240rpm
7.75a) 7.85 kW

b) 7.85 kW

¢) 750 rev/min

d) 100N-m.
7.78a) vp = 2m/s.

b) vp = —2m/g.

¢ ap = —4m/j.

d) o, = 1m/sk,, where i, is a unit vector pointing in

the direction of the rack, down and to the right.

€) No force needed to move at constant velocity.
7.79a) P = 7.33kilo-watts

b) 500 rpm

€) Moyt = 140N-m
7.83a) ap = 20rad/s? (CW)

b)a = 4m/s? (up)

¢) T = 280N.
7.86a) Fg = 1001bf.

c Uright = V.
7.94b)

(b) T =2.29s
(e) T=19s

ANSWERS

(b) has alonger period than (€) does sincein (b) the moment
of inertia about the center of mass (located at the
same position as the massin (€)) is non-zero.

7.98a) 6 = 0 rad/s?.

b) 6 = S2¢(Dk — mg).

7.99b) —F ()£ cos¢p — mgl sing + Tm = —me2e.

7.100a) (a) F = 0.33Ni — 0.54Nj.

7.101a) T(r) = M2 (L2 —r?)

b)atr = 0; i.e, at the center of rotation
or=L/v2

7.103 ) I, = 0.125kg - m?.

7.104a) 0.2kg - m2.

b) 0.29m.
7.105 ) At 0.72¢ from either end
7.1068) (122)min = M¢?/2, about the midpoint.
b) (1:2)max = M2, about either end
7.107a) C
b) A
Oln/15=2
d) smaler, rgyr = /15/(Bm) =

7.108a) Biggest: 1.2; smallest: |19, = |O
3
b) 1S = Emzz =lg. 12

7.1138) wn = | IEME2)TK
a) wn (M+%)L2+MR72
b) wn = /%. Frequency higher than in (a)
3

7.114a) 1SN = 2m¢?

byP=A, B, C,orD

) rgyr = £/+/2
7115 ) 1,3 = 1§ = 0.3kg - m?.

b rhx/b
7.117a) 19 = —h/ / (x2 4 y?) dy dx.
0 Jo
7.128a) Point at 2L /3 from A
b) mg/4 di rected upwards.

7129) T = «/_ 12(d/e) +19 7
g)d=0.29¢
7.132a) Netfor(ie: ﬁneh: —(%)i —
ment: Mpg = O.
b) Net force: Fret = —(%)i + (2mg — mw—L 7
Net moment: Mnet = 3'“79"12.

7133 ) Tre, = |/ 240"
7.139 ) period = 7,/ 47,

7.141d) & = Gk =?rad/s?k (oops).

= 3m¢2.

(ML), Net mo-

b) T = 538N.
7142 ) vg = 2gh[mB_2mA(Siﬂ9+£LCO§0)]-
|:4mA+mB+4mc(%) ]

7.143 ) @m = 0.188m/<?



ANSWERS
8.7a)
A 2itesj
“ = T a
Va5 +es
43 +e% m/&
a = —F——
t2 2
4? + €
2t N t A
i = 2—2Yes m/i+ (45 — abyes mysPj
4‘2 +e
) esi — 2L
én = > =
t S
4? +€es
@Y +e%)
IO =
t L
=N
8 11a) adcm = ml
b)& = - k.
Qan=Hi.
d) Fg = 5i
8.14a)d = +-j.
b)a =tk
m>

8.23a) Four = 3 Ib.

b) Fout |salwaysle$than the Fip.
8.32a) @pisk = — 4 rad/sk.

b)aa= 3 m/Szl.
8.343) ac = (F/m)(1 - Ri/Ro)i.

b) (—Ri/Ro)Fi.
8.39) speed v = 2.

mR242

b) The energy lost to friction is Etrjc = 0. The

energy lost to friction isindependent of . for u > 0.
Thus, the energy lost to friction is constant for given
m, R, and 6g. As u — O, the transition time to
rolling — oo. Itisnot true, however, that the energy
lost to friction — Oas . — 0. Sincethe energy lost
isconstantforany i > O, thedisk will slipfor longer
and longer times so that the distance of dlip goes to
infinity. The dissipation rate — O since the constant
energy is divided by increasing transition time. The
energy lost is zero only for © = 0.

840 )V =2m/s.

841 ) vy = 2“/39_R.

8.47 ) Accelerationsof the center of mass, wherei isparallel
to the slope and pointing down: (a) acm = gsinoi,
(b) @em = 39sin6i, (C) dem = 39sin6i, (d) dem =
%gs’nei. So, the block is fastest, al uniform disks
are second, and the hollow pipeisthird.

8.60 )h=2L/3] ‘

9.1 ) plot(2): 6(t) = br(t) and v = £ é; +

SIES

ét.
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9.1) plot(2): x = rcos(br) and y = rsinbr or x =
g cos(d) andy = § sinf

9.5 ) One situation: ¥ = RAég;the case of a particle con-
strained to movein acircle.

9.6 ) Onesituation: @ = Rép; the case of no rotation (6 =

i =0).
9.9a)
A 2iyesj
6 = ———
,/4‘2+es
4t§+e—sm/s2
& = Nl
g Tes
o 2-2Ye5 m/shi + (4% — 4esm/Sj
N o=
4% +es
LN t A
6 — est—2¢J
t2 2
4?—}—85
4% +e%)
p =
(2—2—s)e‘s

ap=0;(h) vp =3m/s, ap

9.21)(g) vp = 8M/si
0

922 ) vp = wi1L(cosOj — sinbi) + (w1 + w)ri, dp =
—w?L(cosOi + Sin6 ) + (w1 + w2)?].

9.23 Ywp = (w1 + a)z)k.

9.25 ) d@p = —(s2A+ aw? + 2wpup)i — avpk.

9.30b) Onecase: ap = @, Wwhere P refers to the bug; the
bug standsstill ontheturntable, thetruck accelerates,
and the turntable does not rotate.

c) One case: ap = do + ap/p, Where D is the
turntable; the bug accelerates along astraight line on
the turntable, the truck accelerates, and the turntable
does not rotate.

9.31a) woa = ok.

b) otoA—Qk

C) A = —RIsinfi + RI cosbj.

d) ap = —(RI%cosf + Risind)i + (Ricoso —
R62sing)j.

€) Bag = —R6 cost
J2_R2s§n?g’
No=2n+1)%Z,n=0,+1, +2,....
9.34 ) @pe = —%k = —15rad/sk
9.35 ) dpE = 3.5rad/Sk
10.8a) R(t) — w3R(t) = 0.
b) CRO) _ R@e) =0
¢) RO = 27) = 267.7ft, R(6 = 4m) = 1.43 x 10°ft.
d) v = 2378.7ft/s
e) Ex = (2.83 x 10°) x (mass)(ft/9)%.
10.9a) R = Row? — 21 Row.
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b)¢=sin1[—1 }
(V142241

10.18a) w~ = 4rad/s, where the minus sign ‘- means *just
before leaving’.
b) o™ = 4rad/s, where the plus sign ‘+' means ‘just
after leaving'.
C) vy = 3.841m/s, vy = 2.4m/s.
d) torque=0.072N-m
1019 ) F = —06Nj
10.21a) Tgc = m¥%=" 3 (2ax +9).
b) @ = %[(25ax + 159)i + (15ax — 259) j]
0) TEC = m\%‘l(Sax + 3g). A
10.27a) Hg = [ML2%w1 + $mr2(o1 + w) | k
b) Ho = 0.
C) Hc = 2mr (w1 + a)z)k
d) HC =0.
1028 ) F = ma = —109.3N7 — 19.54Nj.
10.30b) 6 = —5{ cos®.
¢) From the diagram, we see wag = —6(t = O)k =

39 cosflg, G = g cosbo[sindoi — cosboj].

d) Ra = 3mgsinfgcosépi, Rg = mg[l —
3gcos? 6ol j.

e ag = ggsineocoseoi

HAto = %, oan = |/ B(sindo - Sn Pk, aa =
—3g [200329—2‘)+51n9—2(’(51n00—sn70)]

10.36 ) There are many solution methods. —872 poundals
to the left. (Note: 1 poundal = 1ft- Ibm- s72))

10.38a) A = W
b) Tangential forces point toward the wall!

(Mc+4M,,)v2
Q) A = HefMulg.

10.43a) —k(xi + yj) = m(xz + 9.

b) — krer =m{ — r9 Yér +m(ré + 2r0)é;.

0) §r(xy — y¥) =

d) $(r26) =0

€) dot equationin (a) with (x j—y7) toget (xy—yX) =
which can berewritten as(c); dot equationin (b) with
éy to get (ré 4+ 2r0) = 0 which can be rewritten as
(d).

f) 2m2 + y?) + 3k(x? + y?) = const.

9) 3m(r2 + (r6)?) + kr2=const.

h) dot equationin (a) with ¥ = X7 + yj to get m(Xx +
yy) + k(xx + yy) = 0which can berewritten as (f).

i) X = A1sin(wt + B1), y = Axsin(wt + By), where

o= % The general motion isan ellipse.
j) Yes. Consider By = B, =0, A1 =1,and Ap = 2.
10.44a) 0.33m:¢
b) vc = 1.82my/si.
Cc) T ~ 240N.

ANSWERS

10.50b)

R-—R§? = 0
(lz+mMR)J +2mRRI = 0

¢) Thesecond equationin part (b) can berewritteninthe
form & [1 + mR?)d] = 0. Thequantity insidethe
derivativeisangular momentum; thus, itisconserved
and equal to a constant, say, (H/o)o, Which can be
found in terms <2)f theinitial conditions.

= (Ho)

e) Eg = %mRZ + %w(H/O)o.

f) The bead’s distance goes to infinity and its speed
approaches a constant. The turntable’s angular ve-
locity goes to zero and its net angle of twist goes to

aconstant.
10.51a)
6 = w
. 2mRvw
0 = ——
|,z + mMR2
R = v
v w?R
1053 ) vo. = M,U — o.Ml tan ,
) 2% \/(l—',— +(i1)2tan2¢) 2y 2x n ¢
vy, = —%, vy, = 0, where 2 refers to the top

wedge and 1 refers to the lower wedge.
10549) F =m(g + a0) [ ¥ + 3.
b) For ag = —g, the acceleration of the massis exactly
vertical; do, vo, and t could be anything.
10.55a) angular speed = 8.8rad/s.
b) displacement = 0.5ft.
10.66a) For point mass. ¢ = (g/L) Sin¢ — (ahand/L) COSé.
b) There are many correct solutions. Test your solution
with a computer simulation. Show your result with
appropriate plots.
10.67¢) ¢ — %] sing = 0, where y(t) is the vertical
displacement of your hand and ¢ (t) is the angle of
the broom from the vertical.
10.68 ) ¢1 = 0, ¢ = —3g/2L.
10.69) & + [3(R . %)%] ¢ = 0.
b) This first-order approximation show that stable
standing requires R > 5. R = & isneutrally stable
(like awhedl).
11.13a) Fp/0 = 0.5m[(cos¢)i + singj].
b) vp = (0.5w singk) m/s,
ap = (— 05a>231|n¢1)m/s2
11.23a) Tpg = 0.9N.
b) Fao = —0.3Ni, F
C) Torquemotor - 0
11.25a) Angles ¢ for steady circular motion are solutionsto
10tan¢ = 8+ 40sin¢.

= —0.6Ni
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b) P —

[1.3627rad, —0.2735rad, —1.2484rad, —2, 9813 rad],

four solutions, found numerically. Graphicaly, the
solutions are the interns of the curves fi(¢) =
10tan¢ and fo(¢) = 8 + 40sin¢ between —z and
.

11.28a) Period of revolution= 2—” , Period of simple pendu-
[um (for small osmllatlons) 21 Wherez isthe
length of the pendulum.

b) T = mw?L (strange that ¢ drops out!), Tyock =
—wLsngi, Grox = -—w?lLsngj, o —
—mwL2sing cosg.

11.29 ) ¢ = cos‘l(wziL).

11.32 ) (@ T = —69.2N, (b) 1.64rad/s < w < 3.47rad/s
11.36 ) Ax = —0.554m

11.37b) Ho = — L mw?e?sing cosgk.

¢) Fa = (5mo?t?/dsing cosg)j, Fg = —F a.

d) Fa = (mw??/dsingcose + 3mg)j, Fe #
—Fa.

1140 ) T = ¥Y2mo’R
11.57a) @ x ([I°M - ®) = 0 kg-m?/s2.
b) @ x ([I°"] - ®) = —25i kg-m?/s2.

11.66b) 0? = 532, Trey = 2.
11.678) 0 = 3 5o
11.68a)
4 0 0
[I°]=me?| 0 2 -2 |,
0 -2 2

in terms of the coordinate system shown.
b) Hg = 2mt2w(—j + k).
¢) Ho = —2me20?i.
d) F = 0, Mgy = —2mL2w%.

11.69¢) Ro = —Me?h®®-hdp g
" 12(2§+h2)2
11.70a) ap = om s Tidzl'
= MleZ R
b) B = ZIC”‘WL
11.80a) Ho = (—0.108i + 0.126k") kg-m?/s

b) Hg isinthex’z plane at the moment of interest and
a an angle o ~ 41°, clockwise from the z'-axis.

¢ H o does not change in magnitude (M, R, », B are
constants). H o rotateswith thedisk; i.,e., it changes
direction.

d) H o = therateof changeof H . Thetip of H 5 goes
inacircle. At theinstant of interest, the change will
beinthe j" or j direction. Thus, 3" My = H o will
beinthe j direction.

11.83a) H om = 32 N-mj = 0.122N-mj

b) Ha = —26.89N-mj
0) Ra = —456Ni, Rc = —13.439Ni, M, = O,
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11.91b) Ma; is dways zero.

¢) No. See problems 11.68 and 11.37 for counter-
examples.



