Problems for
Chapter 9

Unconstrained 1D dynamics

9.1 Force and motion in
1D

Preparatory Problems

9.1 Give three examples of unconstrained
1D motion of real life objects where you
can use the particle idealization for dy-
namic calculations.

9.2 A car is going downhill on a constant
slope straight road. You consider the car
as a particle for finding out its speed at the
end of the road. For specifying initial ve-
locity, which point on the car would you
consider?

9.3 The acceleration of a particle is given
as a function of time, a(t). Is this infor-
mation sufficient to find the speed of the
particle at the end of, say, T seconds?

9.4 If a particle has constant accelera-
tion, its linear momentum (a) remains con-
stant, (b) changes linearly with time, or (c)
changes quadratically with time. Which
one is true?

9.5 In a motorcycle race on a straight
track, the speed of a motorcyclist at the
200 mmark is recorded. Given that the
rider started from rest position, you can
find the acceleration of the motorcyle from
the given information, provided the accel-
eration (a) is constant, (b) varies linearly
with time, or (¢) is a sinusoidal function of
time.

9.6 The force acting on a particle is given
as a function of time. If you plot the force
function and find the area under the graph,
you can determine (a) the net displacement
of the particle, (b) average velocity of the
particle, or (c) the change in linear momen-
tum of the particle.

9.7 If the linear momentum of a body re-
mains constant in time, it must have (a) a
constant force acting on it, (b) no net force
acting on it, or (c) a sinusoidal force acting
on it.

9.8 The distance between two points in a
bicycle race is 10 km. How many minutes
does a bicyclist take to cover this distance
if he/she maintains a constant speed of 15
mph.

9.9 A 5kNconstant force acts on an object
of mass 1kgfor 5 seconds. If the object
was initially at rest, find the final speed of
the object.

9.10 Given that x = ki + kpt, k1 =
1ft/s, ky = 1ft/s>, and x(0) = 1ft,
what is the displacement at the end of 10
seconds?

More-Involved Problems
9.11 Find x (3 s) given that

x=x/(1s) and x(0)=1m
or, expressed slightly differently,

Xx=cx and x(0) = xq,
where ¢ = 157! and xo = 1l m. Make a
sketch of x versus 7.

9.12 A ball of mass m is dropped from rest
at a height & above the ground. Find the
position and velocity as a function of time.
Neglect air friction. When does the ball hit
the ground? What is the velocity of the ball
just before it hits?

9.13 The speed of a particle varies sinu-
soidally as v = Asin[(3rad/s)t], where
A = 0.5m/s. Let the initial position of
the particle be x(0) = 0. Find the position
of the particle att = 7 /2s.

9.14 The speed of a particle is directly pro-
portional to its position and is given as x =
x/s. If the initial position, x(0s) = 1m,
how far would the particle be from the ori-
gin in 5 seconds?

469

9.15 Consider a force F(¢) acting on a cart
for a short duration. In case (a), the force
acts in two impulses of one second dura-
tion each as shown in Fig. 9.15. In case
(b), the force acts continuously for two sec-
onds. Given that the mass of the cart is 10
kg, v(0) = 0, and Fy = 10N, for each
force profile,
a) Find the speed of the cart at the end
of 3 seconds, and
b) Find the distance travelled by the
cart in 3 seconds.
Comment on your answers for the two
cases.

F(1)
Fy
(@)
0 1 2 3 (sec)
F(1)
Fy
(b) ‘ ‘
0 1 2 3 t(sec)
problem 9.15:

Filename:pfigure9-1-fcompare

9.16 A car of mass m is accelerated by
applying a triangular force profile shown
in Fig. 9.16(a). Find the speed of the car at
t = T seconds. If the same speed is to be
achieved at t=T seconds with a sinusoidal
force profile, F(t) = Fjsin ”%, find the
required force magnitude Fj.

F(@)

problem 9.16:

Filename:pfigure9-1-fcompare2

9.17 A particle of mass m = 1kg is acted
upon by a short duration force given by

__ | Fot
Fo= [Fo(z — 1)

0<t<ls
1s<t<2s

where Fyp = 5N. If the particle starts from
rest, find the speed of the particle as a func-
tion time. Sketch the given force profile
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as a function of time and draw the corre-
sponding speed v(¢) as a function of time.
What is the speed of the particle att = 2s?

9.18 A ball of mass m is dropped vertically
from rest at a height & above the ground.
Air resistance causes a drag force on the
ball directly proportional to the speed v of
the ball, F; = bv. Find the velocity and
position of the ball as a function of time.
Find the velocity as a function of position.
Gravity is non-negligible, of course.

9.19 In quadratic drag problems, the dec-
celeration is proportional to the square of

velocity, i.e.,a = 71—'; = —kv?. As-
sume that a particle with initial velocity
v(0) = vg. experiences quadratic drag.

a) How long does it take for the par-
ticle to reduce its speed to half of
its initial speed (i.e., find ¢ such that
v(t) = %vo )?

b) Find the position of the particle as
a function of velocity. How far does
the particle move from its initial po-
sition when its velocity drops to half
its initial value?

9.20 A sinusoidal force acts on a 1 kg mass
as shown in the figure and graph below.
The mass is initially still; i. e.,

x(0)=v0)=0

a) What is the velocity of the mass af-
ter 2 seconds?

b) What is the position of the mass af-
ter 2 seconds?

c) Plot position x versus time ¢ for the
motion.

Foy
SN/(I/\ 2nse</
0

}—x
F(1)
. O]

problem 9.20:
Filename:pfigure-blue-6-1

9.21 A motorcycle accelerates from 0 mph
to 60 mph in 5 seconds. Find the average
acceleration in m/ s2. How does this accel-
eration compare with g, the acceleration of
an object falling near the earth’s surface?

9.22 A car moves on a straight road with
an initial velocity vg = 30m/s. Let its po-
sition x = 0 at + = 0. For the first 5s it
has no acceleration, and thereafter it brakes
with a retarding force that gives it a con-
stant acceleration ay = —10m /sz. Cal-
culate the velocity and the x-coordinate of
the car when ¢ = 8 s and when ¢ = 125, and
find the maximum distance travelled by the
car.

9.23 A grain of sugar falling through honey
has a negative acceleration proportional to
the difference between its velocity and its
‘terminal’ velocity (which is a known con-
stant v;). Write this sentence as a differ-
ential equation, defining any constants you
need. Solve the equation assuming some
given initial velocity vg.

9.24 The mass-dashpot system shown be-
low is released from rest at x = 0. Deter-
mine an equation of motion for the particle
of mass m that involves only x and x (a
first-order ordinary differential equation).
The damping coefficient of the dashpot is
c.

problem 9.24:
Filename:pfigure-blue-151-2

9.25 Due to gravity, a particle falls in air
with a drag force proportional to the speed

squared.
1. Write
ables you clearly define,

2. find a constant speed motion that
satisfies your differential equation,

E F = ma in terms of vari-

3. pick numerical values for your con-
stants and for the initial height. As-
sume the initial speed is zero

a) set up the equation for numer-
ical solution,

b) solve the equation on the
computer,

¢) make a plot with your com-
puter solution and show how
that plot supports your an-
swer to (2).

9.26 A force pulls a particle of mass m to-
wards the origin according to the law (as-
sume same equation works for x > 0, x <
0)

F = Ax + Bx? + Ci

Assume x(0) = 0.
Using numerical solution, find values of
A, B, C, m, and x so that
1. the mass never crosses the origin,
2. the mass crosses the origin once,
3. the mass crosses the origin many
times.
[Hint: Vary one parameter at a time and
choose a different set of parameter values
for each case.]

9.2 Energy methods in 1D

Preparatory Problems

9.27 A mass m is at position x moving at
velocity v and being acted upon by force
F. For each of the quantities below:

i give the symbol used for the quan-

tity

ii describe the quantity in words

iii give a formula to evaluate the quan-
tity in terms of some or all of
m,x,v and F and any other vari-
ables you may need.

iv Give the standard units for the
quantity in the SI system.

v Give the standard units for the
quantity in the English system.

a) Power
b) Kinetic energy
¢) Work
d) Potential energy

9.28 Write an equation relating the two
words in each of these pairs. If any con-
ditions or descriptions of the situation are
needed, give them. If you know more than
one equation (or form for a given equa-
tion), give all that you know. All should
be given in the context of this section: 1D
motion.
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a) work and power

b) work and kinetic energy

¢) power and kinetic energy

d) work and potential energy

e) potential energy and kinetic energy

9.29 A force F = Fysin(ct) acts on a par-
ticle with mass m = 3 kg which has po-
sition x = 3m, velocity v = 5m/s at
t=2s. Fp=4Nandc=2/s. Att =2s
evaluate (give numbers and units):

a) a,

b) Ek.

© P,

d) Ek.

e) the rate at which the force is doing

work.

9.30 A force only depends on position ac-
cording to F' = Cy + C1x where Cy and
C1 are constants. What is the work done
by this force when the point to which it is
applied moves from x| to xp. Answer in
terms of some or all of Cg, C1, x1 and x5.

9.31 Find the potential Ep associated with
each of these force fields.

a) F=0.

b) F = Fy (=constant).
c) F =kx.

d) F = Asin(x/xg).
e) F= c/xz.

9.32 Consider a spring-mass system with
m = 2kg and k = 5SN/m. The mass is
pulled to the right a distance x = xy =
0.5 m from the unstretched position and re-
leased from rest. No external forces act on
the mass.

a) What are the initial potential and ki-
netic energy of the system?

b) What is the potential and kinetic
energy of the system as the mass
passes through the static equilib-
rium (unstretched spring) position?

¢) What is the speed of the mass when
it passes through the static equilib-
rium position?

problem 9.32:

Filename:ch2-10-a

9.33 A mass m is held in place by a spring
whose restoring force is 7 (x) = kx. De-
rive the equation of motion of the system
(that is, find the acceleration a in terms of
x).

9.34 The peak propulsion force on a 4-
wheel-drive car is about umg where u ~ 1
for rubber on road (a bit more for fancy
racing tires). Assume a car starts from
rest at position zero. Answer the follow-
ing questions with symbols and with num-
bers (using © = 1, m = 1000kg, and
g=10m/ 52).
a) What is the minimum distance re-
quired to reach vy = 60 mph?
b) What is the extra distance required
to get from vy = 60 mph up to vy =
70 mph?
c¢) What is the peak power used by
the engine in getting up to v; =
60 mph?

9.35 A car (mass m = 1000kg) traveling
at speed vy30 m/s crashes into a brick wall
and comes to a stop as the front end of the
car compresses a distance d = 1m. An-
swer with symbols and numbers. Assume
constant deceleration during the crash. Ne-
glect the mass of crushing region of the car.

a) What is the total energy dissipated
in the crash?

b) What is the force of the car on the
wall?

¢) What is the force of the wall on the
car?

d) What is the deceleration of the
car passengers (assuming they are
strapped in and move with the bulk
of the car). Answer in g’s?

€) Assuming an m, = 50kg person,
what is the force of the seat belts on
the person (answer in body weight).

f) If a parent was holding a 15 kg child
on his lap, what force would he
need to hold on to the child through
the crash (answer in N and in num-
ber of child body weights).

More-Involved Problems

9.36 A 10 year old (m = 901bf) jumps off
an i = 10ft wall and accelerates down
with g = 32 ft/sz. She bends her legs a
distance d = 1 ft to brake her fall and bring
her body to a stop. Neglect the mass of her
legs. Assume constant deceleration as she
brakes the fall.

a) What is the total distance her body
falls?

b) What is the potential energy lost?

¢) How much work must be absorbed
by her legs?

d) What is the force of her legs on her
body (answer in symbols, numbers
and numbers of body weight)?

9.37 In traditional archery, when pulling
an arrow back the force increases approxi-
mately linearly up to the peak ‘draw force’
Fgyqy that varies from about Fj,q, =
25 1bf for a bow made for a small person to
about F,4,, = 75 1bf for a bow made for
a big strong person. The distance the ar-
row is pulled back, the draw length €, 4,
varies from about £;,4,, = 2 ft for a small
adult to about 30inch for a big adult. An
arrow has mass of about 300 grain (1 grain
~ 64.8milli gm, so an arrow has mass of
about 19.44 =~ 20 gm ~ 3 /4 ounce). Give
all answers in symbols and numbers.
a) What is the range of speeds you can
expect an arrow to fly?
b) What is the range of heights an ar-
row might go if shot straight up?

9.38 A big person (m = 100kg) jumps
on a trampoline which we model as a lin-
ear spring with stiffness k. You know that
the trampoline deflects dy = 20 cm under
the stationary weight mg of the person (use
g=10 m/sz). Assume there is no dissipa-
tion and the person is jumping repeatedly
a height & = 1 m above the unloaded sur-
face of the trampoline. Give all answers
with symbols and numbers.
a) What is the stiffness & of the spring
(answer in terms of some or all of
m, g and d).
b) What is the maximum deflection of
the trampoline during these jumps?
¢) What is the peak force of the tram-
poline on the jumper? (answer in
symbols, Newtons, and numbers of
body weights).

9.39 For the car of problem 9.34 what is the
average power required to reach speed v{?
There are two plausible ways to calculate
this power:

Py

X
/ P(x) dx//x and
0

t
P, / P(ydl'/t .
0
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Use both. Do the two methods give the
same answer? If so, why, if not, why not?

9.40 For problem 9.35 which answers
would change in which way if the decel-
eration was not exactly constant during the
crash? That is, for which quantities would
be bigger, which smaller, which the same,
for which would the answer depend on the
nature of the non-constant acceleration?

9.41 The earth’s gravitational pull on a

2
. meR .
mass m is F = —"&% where mg is

the pull at the surface of the earth and R
is the radius of the earth. Assume a bal-
listic rocket is shot straight with a launch
velocity of vy (measured in a ‘fixed” not-
rotating-with-the-earth frame). Assume
the rocket goes in a straight radial line as
the earth turns underneath it (relative to the
surface of the earth this rocket would be
launched somewhat to the West to cancel
the earths rotation). Assume the period of
active thrust is negligibly short (hence the
word ballistic: “relating to or characteristic
of the motion of objects moving under their
own momentum and the force of gravity”).

a) Solve for v as a function of r (and
some or all of m, g, R and vg.

b) Find the maximum height the
rocket reaches.

c) Find the ‘escape velocity’ vescapes
the minimum launch speed needed
for the rocket to never return.

d) On one graph plot height (r or r —
R) vs t for a vy just below vescape
and for vy just greater than vescape-
If you use numerical methods to
make this plot use g = 10m/52,
R = 6400km, and m = 1kg. Make
sure your axis are such that you can
see a clear qualitative difference be-
tween the two cases.

9.42 The power available to a very strong
accelerating cyclist over short periods of
time (up to, say, about 1 minute) is about
1 horsepower. Assume a rider starts from
rest and uses this constant power. Assume
a mass (bike + rider) of 1501bm, a realis-
tic drag force of .006 1bf/(ft/ $)2v2. Ne-
glect other drag forces.
1. What is the peak speed of the cy-
clist?
2. Using analytic or numerical meth-
ods make a plot of speed vs. time.

3. What is the acceleration as t — 00
in this solution?

4. What is the acceleration as t — 0
in your solution?

L] L] L]
Also see several problems in the harmonic
oscillator section.

9.3 Elementary vibration
analysis

Preparatory Problems

9.43 The basic model.

a) Draw a spring (k) mass (m) system
in a configuration where the spring
is stretched.

b) On the drawing indicate the variable
X.

c) Draw a free body diagram of the
mass.

d) Write the equation of linear mo-
mentum balance for the mass.

e) Rearrange the
momentum balance equation to get
the Harmonic-oscillator equation in
standard form.

f) Write the general solution to the
harmonic oscillator equation in 2
different ways (one as a sum of a
sine and cosine function and one as
a phase shifted sine or cosine func-
tion).

g) What is the natural frequency of this
system?

h) What is the period?

i) What is the frequency (or circular
frequency)?

j) Find the solution for the special
case that the mass is released from
rest at x(0) = x.

e give the analytic expression.

e plot the position vs time for at
least one whole cycle of mo-
tion.

e with the same time scale, plot
velocity vs time (what is the
peak velocity).

e with the same time scale, plot
both the potential and kinetic
energies vs time.

k) Find the solution for the special
case that the mass is launched at vg
from the rest position (just the ana-
Iytic form, no need to repeat all the
parts just above).

9.44 Does the function x = Cjet +
Cpe™™ satisfy the harmonic oscillator
equation X + A2Zx = 0 for any, possibly
special, values of C1 and C»? Show that it
does or does not.

9.45 Given that ¥ = —(1/s%)x, x(0) =
1 m, and x(0) = O find:

a) x(ws)=?

b) x(ws) =?

9.46 Given that X +x = 0, x(0) = 1, and
x(0) =0, find the value of x att = /2 s.

9.47 Given that ¥ + A2x = Cop, x(0) = xq,
and x(0) = 0, find the value of x at t =
/A s.

9.48 A mass m is connected to a spring
k and released from rest with the spring
stretched a distance d from its static equi-
librium position. It then oscillates back
and forth repeatedly crossing the equilib-
rium. How much time passes from release
until the mass moves through the equilib-
rium position for the second time? Neglect
gravity and friction. Answer in terms of
some or all of m, k, and d.

9.49 A spring with rest length ¢ is at-
tached to a mass m which slides friction-
lessly on a horizontal ground as shown. At
time t = O the mass is released with no
initial speed with the spring stretched a dis-
tance d. [Remember to define any coordi-
nates or base vectors you use. |

a) What is the acceleration of the mass
just after release?

b) Find a differential equation which
describes the horizontal motion of
the mass.

¢) What is the position of the mass at
an arbitrary time 7?

d) What is the speed of the mass when
it passes through the position where
the spring is relaxed?

}L,‘_d,

SYSPTSONY

problem 9.49:

Filename:s97f1

9.50 Reconsider the spring-mass system
from problem 9.49.
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a) Find the potential and kinetic en-
ergy of the spring mass system as
functions of time.

b) Assigning numerical values to the
various variables, use a computer to
make a plot of the potential and ki-
netic energy as a function of time
for several periods of oscillation.
Are the potential and kinetic energy
ever equal at the same time? If so,
at what position x(7)?

¢) Make a plot of kinetic energy versus
potential energy. What is the phase
relationship between the kinetic and
potential energy?

9.51 For the three spring-mass systems
shown in the figure, find the equation of
motion of the mass in each case. All
springs are massless and are shown in their
relaxed states. Ignore gravity. (In problem
(c) assume vertical motion.)

(a) y
k, £o F(1)
m { — ;
(b)
k, @0 k, KO F([)

F(1)

—~
o
~

#

k, £y k, £

problem 9.51:

Filename:summer95f-3

More-Involved Problems

9.52 A spring and mass system is shown
in the figure.

a) First, as a review, let ky, ko, and k3
equal zero and k4 be nonzero. What
is the natural frequency of this sys-
tem?

b) Now, let all the springs have non-
zero stiffness. What is the stiff-
ness of a single spring equivalent to
the combination of ki, kp, k3, kg?
What is the frequency of oscillation
of mass M?

problem 9.52:
Filename:pfigure-blue-159-3

9.53 Mass hanging from a spring. A
mass m is hanging from a spring with con-
stant £ which has the length [y when it is
relaxed (i. e., when no mass is attached). It
only moves vertically.

a) Draw a Free Body Diagram of the
mass.

b) Write the equation of linear mo-
mentum balance.

¢) Reduce this equation to a standard
differential equation in x, the posi-
tion of the mass.

d) Verify that one solution is that x(¢)
is constant at x = [g +mg/k.

e) What is the meaning of that solu-
tion? (That is, describe in words
what is going on.)

f) Define anew variable X = x — (I[p +
mg/k). Substitute x = x + (Ig +
mg/k) into your differential equa-
tion and note that the equation is
simpler in terms of the variable x.

g) Assume that the mass is released
from an an initial position of x =
D. What is the motion of the mass?

h) What is the period of oscillation of
this oscillating mass?

i) Why might this solution not make
physical sense for a long, soft
spring if D > £o + 2mg/k)?

problem 9.53:
Filename:pgl41-1

9.54 One of the winners in an egg-drop
contest was a structure in which rubber
bands held the egg at the center of it. Here
is a model. Consider the egg to be a par-
ticle of mass m and the springs to be lin-
ear with spring constants k. Consider only
a two-dimensional version of the winning
design as shown in the figure. Assume the
frame hits the ground on one of the straight
sections. Assume small motions (deflec-
tion < side-length) and that the springs do
not buckle.
a) what will be the frequency of vibra-
tion of the egg after impact?
b) What is the maximum vertical de-
flection of the egg (relative to its
equilibrium position)?

ground

problem 9.54:
Filename:pfigure-blue-149-1

9.55 A person jumps on a trampoline.
The trampoline is modeled as having an
effective vertical undamped linear spring
with stiffness k& = 2001bf/ ft. The person
is modeled as a rigid mass m = 1501bm.
g = 32.21ft/s2.

a) What is the period of motion if the
person’s motion is so small that her
feet never leave the trampoline?

b) What is the maximum amplitude
of motion for which her feet never
leave the trampoline?

c) (harder) If she repeatedly jumps so
that her feet clear the trampoline by
a height 4 = 5 ft, what is the period
of this motion?

problem 9.55: A person jumps on a trampo-
line.

Filename:pfigure3-trampoline
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9.56 A mass moves on a frictionless sur-
face. It is connected to a dashpot with
damping coefficient b to its right and a
spring with constant k and rest length ¢
to its left. At the instant of interest, the
mass is moving to the right and the spring
is stretched a distance x from its position
where the spring is unstretched. There is
gravity.

a) Draw a free body diagram of the

mass at the instant of interest.
b) Derive the equation of motion of the

mass.
| ¢ =]
I k : b I
problem 9.56:

Filename:ch2-11

9.57 The equation of motion of an
unforced mass-spring-dashpot system is,
mX 4+ cx + kx = 0, as discussed in the
text. For a system with m = 0.4kg,c =
10kg/s, and k = SN/m,

a) Find whether the system is under-
damped, critically damped, or over-
damped.

b) Sketch a typical solution of the sys-
tem.

¢) Make an accurate plot of the re-
sponse of the system (displacement
vs time) for the initial conditions
x(0) =0.1mand x(0) = 0.

9.58 Experiments conducted on free oscil-
lations of a damped oscillator reveal that
the amplitude of oscillations drops to 25%
of its peak value in just 3 periods of oscil-
lations. The period os oscillation is mea-
sured to be 0.6 s and the mass of the sys-
tem is known to be 1.2kg. Find the damp-
ing coefficient and the spring stiffness of
the system.

9.59 You are required to design a mass-
spring-dashpot system that, if disturbed,
returns to its equilibrium position the
quickest. You are given a mass, m = 1kg,
and a damper with ¢ = 10kg/s. What
should be the stiffness of the spring? Your
solution needs to include your definition of
“‘quickest”.

9.4 Coupled motion in 1D

The primary emphasis of this section is set-
ting up correct differential equations (with-
out sign errors) and solving these equations
on the computer. Experts note: normal
modes are not covered here.

Preparatory Problems

9.60 Write the following set of coupled
second order ODE’s as a system of first or-
der ODE’s.

kp(xp — x1) — k1x1
k3xy — ko (xp — x1)

¥

¥

9.61 See also problem 9.62. The solution
of a set of a second order differential equa-
tions is:

£(t) = Asinot + Bcoswt + &F
£(t) = Awcos wt — Bwsin o,

where A and B are constants to be deter-
mined from initial conditions. Assume A
and B are the only unknowns and write the
equations in matrix form to solve for A and
B in terms of £(0) and & (0).

9.62 Solve for the constants A and B in
Problem 9.61 using the matrix form, if
£0) =0, £€0) = 0.5, w = 0.5rad/s
and £* = 0.2.

9.63 A set of first order linear differential
equations is given:
X 1 =X2
Xy +kxy+cxp;=0

Write these equations in the form ¥ =

[A]x, where X = [ 1 ]
X2

9.64 Write the following pair of coupled
ODE’s as a set of first order ODE’s.

X1 +x; = Xxpsint

Xp+xp = Xjcost

9.65 The following set of differential equa-
tions can not only be written in first order
form but in matrix form ¥ = [A]¥ + ¢.
In general things are not so simple, but
this linear case is prevalent in the analytic
study of dynamical systems.

X1 =x3
Xy = X4
i3+ 5% — 4Q%x, = 29%}
iy — 495 +5Q%0 = —Q%v}

9.66 Write each of the following equations
as a system of first order ODE’s.

a) 6+ 220 = cost,

b) X +2px +kx =0,

¢) X+ 2cx + ksinx =0.

9.67 A train is moving at constant absolute
velocity vi. A passenger, idealized as a
point mass, is walking at an absolute ab-
solute velocity uf, where u > v. What is
the velocity of the passenger relative to the
train?

9.68 Two equal masses, each denoted by

the letter m, are on an air track. One mass
is connected by a spring to the end of the
track. The other mass is connected by a
spring to the first mass. The two spring
constants are equal and represented by the
letter k. In the rest (springs are relaxed)
configuration, the masses are a distance ¢
apart. Motion of the two masses x| and xp
is measured relative to this configuration.

a) Draw a free body diagram for each
mass.

b) Write the equation of linear mo-
mentum balance for each mass.

¢) Write the equations as a system of
first order ODEs.

d) Pick parameter values and initial
conditions of your choice and sim-
ulate a motion of this system. Make
a plot of the motion of, say, one of
the masses vs time,

e) Explain how your plot does or does
not make sense in terms of your
understanding of this system. Is
the initial motion in the right direc-
tion? Are the solutions periodic?
Bounded? etc.
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problem 9.68:
Filename:pfigure-s94f1p4

9.69 Two equal masses, each denoted by
the letter m, are on an air track. One mass
is connected by a spring to the end of the
track. The other mass is connected by a
spring to the first mass. The two spring
constants are equal and represented by the
letter k. In the rest configuration (springs
are relaxed) the masses are a distance ¢
apart. Motion of the two masses x| and xp
is measured relative to this configuration.
a) Write the potential energy of the
system for arbitrary displacements
x1 and x at some time 7.
b) Write the kinetic energy of the sys-
tem at the same time ¢ in terms of
)51, )'Cz, m, and k.
c) Write the total energy of the system.

problem 9.69:

Filename:pfigure-twomassenergy

9.70 Normal Modes. Three equal springs
(k) hold two equal masses (m) in place.
There is no friction. x; and x; are the dis-
placements of the masses from their equi-
librium positions.

a) How many independent normal
modes of vibration are there for this
system?

b) Assume the system is in a normal
mode of vibration and it is observed
that x; = Asin(ct) + Bcos(ct)
where A, B, and c¢ are constants.
What is x(#)? (The answer is not
unique. You may express your an-
swer in terms of any of A, B, ¢, m
and k. )

c) Find all of the frequencies of
normal-mode-vibration for this sys-

tem in terms of m and k.
k k

[ m |
¢} ] ] ¢}
}—’xl }—’xz

problem 9.70:

k

Filename:pfigure-f93f2

9.71 A two degree of freedom mass-spring
system, made up of two unequal masses
my and my and three springs with unequal
stiffnesses ki, kp and k3, is shown in the
figure. All three springs are relaxed in the
configuration shown. Neglect friction.
a) Derive the equations of motion for
the two masses.
b) Does each mass undergo simple
harmonic motion?
X1 X2
ky ky [ ks

problem 9.71:
Filename:pfigure-s94h5p1

9.72 For the three-mass system shown,
draw a free body diagram of each mass.
Write the spring forces in terms of the dis-
placements x1, xp, and x3.
‘R L——L—}—L—

T

X1 X2 A3

problem 9.72:
Filename:s92f1p1

9.73 The springs shown are relaxed when
xg = xg = xp = 0. In terms of some
or all
ofmg,mp,mp,xa,Xg,Xp,XA,XB, XC,
and k1, ky, k3, kg, c1, and F, find the ac-
celeration of block B.

problem 9.73:
Filename:pfigure-s95q3

9.74 A system of three masses, four
springs, and one damper are connected as
shown. Assume that all the springs are re-
laxed when x4 = xg = xp = 0. Given
ki, kp, k3, kg, c1, ma, mp, mp, xa, Xp,
Xp, XA, Xp, and X p, find the acceleration
of mass B, ag = ¥pi.

problem 9.74:
Filename:pfigure-s95f1

9.75 Equations of motion. Two masses
are connected to fixed supports and each
other with the three springs and dashpot
shown. The force F acts on mass 2. The
displacements x| and x, are defined so that
x1 = xp = 0 when the springs are un-
stretched. The ground is frictionless. The
governing equations for the system shown
can be written in first order form if we de-
fine v; = x| and vy = xp.

a) Write the governing equations in a
neat first order form. Your equa-
tions should be in terms of any or all
of the constants m1, my, ki, kp k3,
C, the constant force F, and 7. Get-
ting the signs right is important.

b) Write computer commands to find
and plot vy (¢) for 10 units of time.
Make up appropriate initial condi-
tions.

¢) For constants and initial conditions
of your choosing, plot x| vs ¢ for
enough time so that decaying erratic
oscillations can be observed.

X2
F c
x| — —
Kk — ke my ks

problem 9.75:
Filename:p-f96-f-3

9.76 x(t) and x,(¢) are measured posi-
tions on two points of a vibrating struc-
ture. x(t) is shown. Some candidates
for x5 (¢) are shown. Which of the x5 (¢)
could possibly be associated with a normal
mode vibration of the structure? Answer
“could” or “could not” next to each choice.
(If a curve looks like it is meant to be a
sine/cosine curve, it is.)
X](t)1
I

0 X,
7

problem 9.76:
Filename:pfigure-blue-144-1

9.77 For the three-mass system shown,
one of the normal modes is described with
the eigenvector (1, 0, -1). Assume x; =
xp = x3 = 0 when all the springs are fully
relaxed.
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a) What is the angular frequency w
for this mode? Answer in terms of
L, m, k, and g. (Hint: Note that in
this mode of vibration the middle
mass does not move.)

b) Make a neat plot of xp versus x|
for one cycle of vibration with this

mode.
[ L L —— L —
X1 X2 X3
) [y S

problem 9.77:
Filename:pfigure-blue-160-2

9.78 The three beads of masses m, 2m, and
m connected by massless linear springs of
constant k slide freely on a straight rod.
Let x; denote the displacement of the i N
bead from its equilibrium position at rest.

a) Write expressions for the total ki-
netic and potential energies.

b) Write an expression for the total lin-
ear momentum.

¢) Draw free body diagrams for the
beads and use Newton’s second law
to derive the equations for motion
for the system.

d) Verify that total energy and linear
momentum are both conserved.

e) Show that the center of mass must
either remain at rest or move at con-
stant velocity.

f) What can you say about vibratory
(sinusoidal) motions of the system?

Static

equilibrium

problem 9.78:

Filename:pfigure-blue-161-1

9.79 The system shown below comprises
three identical beads of mass m that can
slide frictionlessly on the rigid, immobile,
circular hoop. The beads are connected
by three identical linear springs of stiffness
k, wound around the hoop as shown and
equally spaced when the springs are un-
stretched (the strings are unstretched when
01 =60, =603=0.)

a) Determine the natural frequencies
and associated mode shapes for the
system. (Hint: you should be able
to deduce a ‘rigid-body’ mode by
inspection.)

b) If your calculations in (a) are cor-
rect, then you should have also ob-
tained the mode shape (0, 1, —l)T.
Write down the most general set of
initial conditions so that the ensuing
motion of the system is simple har-
monic in that mode shape.

¢) Since (0,1, =17 is a mode shape,
then by “symmetry”, (—1,0, DT
and (1, —1, O)T are also mode
shapes (draw a picture). Explain
how we can have three mode shapes
associated with the same frequency.

d) Without doing any calculations,
compare the frequencies of the con-
strained system to those of the un-
constrained system, obtained in (a).

k

m

problem 9.79:
Filename:pfigure-blue-158-1

9.80 Equations of motion. Two masses
are connected to fixed supports and each
other with the two springs and dashpot
shown. The displacements x; and x, are
defined so that x; = xp = 0 when both
springs are unstretched.

For the special case that C = 0 and
Fy = 0 clearly define two different set of
initial conditions that lead to normal mode
vibrations of this system.

F sin(Ar)
m—-

—x

problem 9.80:

Filename:p-s96-p3-1

9.81 As in problem 9.74, a system of three
masses, four springs, and one damper are
connected as shown. Assume that all the
springs are relaxed when x4 = xp =
xp =0.

a) In the special case when k| = kp =
k3 =k4 =k,C1 = O,andmA =
mp = mp = m, find a normal
mode of vibration. Define it in any
clear way and explain or show why
it is a normal mode in any clear way.

b) In the same special case as in (a)
above, find another normal mode of
vibration.

problem 9.81:
Filename:pfigure-s95fla

9.82 As in problem ??, a system of three
masses, four springs, and one damper are
connected as shown. In the special case
when ¢; = 0, find the normal modes of
vibration.

problem 9.82:
Filename:pfigure-s95q3a

9.83 Normal modes. All three masses
have m = 1kg and all 6 springs are k =
1N/ m. The system is at rest when x; =
xy =x3=0.

a) Find as many different initial con-
ditions as you can for which nor-
mal mode vibrations result. In each
case, find the associated natural fre-
quency. (we will call two ini-
tial conditions [v] and [w] differ-
ent if there is no constant ¢ so that
[vi v2 v3] = c[w] wy w3]. Assume
the initial velocities are zero.)

b) For the initial condition

[xg] =[0.1m 0 0],
Ligl =[0 2m/s 0]
what is the initial (immediately af-
ter the start) acceleration of mass 2?

I
AT

my [P my (A g
k

~>

problem 9.83:
Filename:pfigure3-f95p2p2

9.84 Two blocks with masses M and m are
connected by a spring with constant k and
free length £( that can sustain compres-
sion. MassM is resting on the ground at the
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start. There is gravity. The upwards verti-
cal displacement of mass m is x, which is
zero when the spring is at its rest length
and M is on the ground.

a) For what value of x is the system in
static equilibrium?

b) Find a differential equation govern-
ing the motion of the m assuming
M remains on the ground.

c) Draw a free body diagram of M.

d) For what value of x is M on the
verge of lifting off the ground.

e) Defining y as the height of the lower
mass, write two coupled differential
equations for the motion of m and
M if both masses are in the air.

f) Find the value of x < 0 so that if
the system is started from rest with
that x and y = O that the ground re-
action force on M just goes to zero.

g) Starting here, this problem is more
of a project than a typical home-
work problem. Assume x (¢ = 0) is
less than the value computed above.
Write a computer program that inte-
grates the equations of motion until
M lifts off and then switches to in-
tegrating the equations for the two
masses in the air.

h) modify your program so that if M
hits the ground again, it sticks un-
til the ground reaction force goes to
zero again.

i) By playing around, this way or that,
see if you can find a special value
for x(t = 0) so that the bounc-
ing continues indefinitely. (This is a
perhaps surprising result, that a sys-
tem with plastic collisions can con-
tinue to bounce indefinitely.)

mlm
!
REE

M

717777 77777777777777

problem 9.84:

Filename:pfigure-2blocksandspring

9.5 1D Collisions

Preparatory Problems

9.85 Before a collision two particles,
myg = lkg and mp = 2kg, have veloc-
itiesof v, = 10m/sand v, = Sm/s. Af-
ter the collision the velocity of A is vj{ =
8m/s.
a) What is the momentum of A before
the collision?
b) What is the momentum of B before
the collision?
¢) What is the system momentum be-
fore the collision?
d) What is the momentum of A after
the collision?
e) What is the system momentum after
the collision?
f) What is the momentum of B after
the collision?
g) What is the impulse that A applies
to B during the collision?
h) What is the impulse that Be applies
to A during the collision?
i) What is the kinetic energy of the
system before the collision?
j) What is the kinetic energy of the
system after the collision?
k) What is the coefficient of restitu-
tion?

9.86 A ball is dropped from a height of
hg = 10m onto a hard stationary surface.
After the first bounce, it reaches a height
of hi = 6.4m. What is the coefficient
of restitution between the ball and ground?
What is the height of the second bounce,
hy?

problem 9.86:
Filename:Danef94s1q7

9.87 A ball of mass m is dropped verti-
cally from a height 4. The only force act-
ing on the ball in its flight is gravity. The
ball strikes the ground with speed v~ and
after collision it rebounds vertically with
reduced speed v directly proportional to
the incoming speed, v = ev™, where
0 < e < 1. What is the maximum height
the ball reaches after one bounce, in terms
of h, e, and g.

More-Involved Problems

9.88 Before a collision two particles,
myg = 7kg and mp = 9kg, have veloc-
ities of v, = 6m/s and vy = 2m/s. The
coefficient of restitution is e = .5. Find
the impulse of mass A on mass B and the
velocities of the two masses after the colli-
sion.

9.89 A ball of mass m is dropped from
height & onto the solid hard ground where
its coefficient of restitution is ¢ < 1. The
gravitational constant is g.
a) How many times does the ball
bounce before it comes to a stop?
b) How long does it take from first re-
lease until it comes to a stop?
¢) What is the total distance the ball
travels before coming to a stop (add
up and down distances)?

9.90 A basketball with mass mj, is dropped
from height / onto the hard solid ground
on which it has coefficient of restitution e,.
Just on top of the basketball, falling with it
and then bouncing against it after the bas-
ketball hits the ground, is a small rubber
ball with mass m, that has a coefficient of
restitution e, with the basketball.

a) In terms of some or
all of myp, my, h, g, ep and e, how
high does the rubber ball bounce?

b) assuming the coefficients of restitu-
tion are less than or equal to one, for
given h, what mass and restitution
parameters maximize the height of
the bounce of the rubber ball and
what is that height?

9.91 Show that it is necessary that |e| < 1
for the kinetic energy of the system to not
increase.

9.6 Advanced vibration

Preparatory Problems

9.92 Given that i +k20 = B sinwt, 6(0) =
0, and 8(0) = 6, find O(¢) .

More-Involved Problems
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9.93 A 3 kg mass is suspended by a spring
(k = 10N/m) and forced by a 5N si-
nusoidally oscillating force with a period
of 1s. What is the amplitude of the
steady-state oscillations (ignore the ‘ho-
mogeneous” solution)

9.94 A machine produces a steady-state
vibration due to a forcing function de-
scribed by Q(¢) = Qg sinwt, where Qg =
5000N. The machine rests on a circu-
lar concrete foundation. The foundation
rests on an isotropic, elastic half-space.
The equivalent spring constant of the half-
space is k = 2,000,000 N-m and has a
damping ratio d = c¢/c, = 0.125. The
machine operates at a frequency of w = 4
Hz.

1. What is the natural frequency of the
system?

2. If the system were undamped, what
would the steady-state displace-
ment be?

3. What is the steady-state displace-
ment given that d = 0.125?

4. How much additional thickness
of concrete should be added to
the footing to reduce the damped
steady-state amplitude by 50%?
(The diameter must be held con-
stant.)
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255 r,=r-1i = (3cosf + L.5sinO)ft, r,=r-j =
1.5 cos ) ft.

2.77)  No partial credit.

2.78)  To get chicken road sin theta.

283) NN G 4 j4 k),
286) d=./2.
2.90a) Aoy = S5 @i+ 3+ 5k).
b) Xoa = S=GJ+5k).
¢ F, = 5N(3]+5k) E:%(4i+3f—i—5/€).
d) AAOB — 34.45deg .
e) F1 =0

f) FDOXF1=(3/L3%f—J—07’€)
g M, =12Nm

(3sinf —

If

V50
h) M, = %N-m.(same as (7))
2.92a) A =12i+27+k.
b) d=1.
¢ 1(=2,19,11).
294) (/Y2
2.110) Yes.
2.122a) 7, =F + F, x kM,/|F,|*, F, = F,.
b) 7, = F, + F, x kM,/|F, > + cF, where c is any real number,
F,=F.
c) 172 =0and A7I =M M, applied at any point in the plane.
2123a) 7, = 7, + F, x M,/|F,*>, F, = F;, M, = M, - F,F,/|F,|*.
ﬁl = 0 then ﬁ2 = 6, M, = Ml, and r, is any point at all in space.

533
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b)

2.124)
3.1a)

b)

3.2)
3.12)
4.5)

4.23)
4.59)
4.62)

4.66)
4.66)
4.68a)

b)
¢)

)

d)
4.69a)
b)

4.70a)

b)
4.75)
4.90)
4.93)

4.94)

4.97g)

—

r, = —|— ><M1/|F| +cF where c is any real number,

2=
=M, - F F 1/ |F |2. See above for the special case of ﬁ
(0.5 m, —0.4m)

The forces and moments that show on a free body diagram, the
external forces and moments.

EL

=F,
0.

The forces and moments that show on a free body diagram, the
external forces and moments. No “inertial” or “acceleration” forces
show.

You don’t.

Note, no couples show on any of the free body diagrams requested.
T, = Nmg, T, = (N — 1)mg, Ty = (1)mg, and in general 7,, =
(N+1—-—n)mg

(@7Tap = 30N, (b) Tap = 2N, ()Tap = 52N

0 > tan~! ((1 — u?)/2)

For this device to hold, © > 1. (Demanding & > 1 is large for a
practical device because typical rock friction has  ~ 0.5. The too-
large number follows from the simplified geometry and numbers
chosen for a homework problem.)

Tas = v/10umg/(3 + p)

Minimum tension if rope slope is u (instead of 1/3)
m __ _Rsin® __ _2sinf
M T RcosO+r T 1+42cosf "’

— 6
T = mg = 2Mg l—l—s;]cose

Fc = Mg[—5208- ¢ + j'] (where i’ and j’ are aligned with the

horizontal and vertical directions)

__ sin@ : .
tan ¢ = 50 . Needs somewhat involved trigonometry, geometry,
and algebra.

_ m __ _2sinf
any = 5 = 1hcess
m __ Rsinf® __ _2sinf
M T RcosOr — 2cosf—1°

— _ sin 6
I'=mg= 2Mg2cost971'
o Mg . A~ _ A
Fc=15o3 [sm@t + (cos B 2)]].

Fi _ Ry+Rising
F, = R,—R;sin¢

For R, =3R; and u = 0.2, —~1 14.
None are true. The tension is 100 N.
Maximum overhang when n — oois¥.

Assuming no side-loads from floor the support from leg AB is
250N, T4yp = —250N.

Tig = mg/2,Tey = ~2mg/2,Tgy = —mg/2, A, =
mg/2, Ay, =mg/2, A, =mg

Tey = 0 as you can find a number of ways.
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4.98a)
b)
¢)
d)
e)
f)

4.99)

4.99)
4.99)
4.101)

5.9)
5.10)
5.13)

5.36)
5.36)
5.36)
6.1)
6.2)
6.3)
6.4)
6.5)
6.7)
6.8)
6.12)
6.37)
6.48)
6.55)

6.56)

6.57)
6.57)

Use axis EC.

Use axis AH.

Use j axis through B.
Use axis DE.

Use axis EH.

Can’t do in one shot.

Tac = —«/img = —1000+/2N =~ —1410N (the bar is in compres-
sion)

Tip=0

Ty = ~/2mg/6 = (1000«/5/6) N ~ 408 N (the bar is in tension)
Hint: With reference to a free body diagram of the robot, use mo-
ment balance about axis BC.

Tyc = —1000N, (AC is in compression)

Tsp = 173N

12 of the 15 bars are zero-force members; all but BD, DG, and GJ.
The others carry no load but are needed for stability.

Tgp = —11F)/2

Ty = —11bF/2a

T;x = —35bF /2a, (more than 3 times the compression of HI)
1000 N

0.08 cm

1160N

Scm

k., = 66.7N/cm, § = 0.75cm

k=20N/cm

Middle spring: § = 1 cm; side-springs § = 0.5cm

Surprise! This pendulum is in equilibrium for all values of 6.
200N

N = (h(w +d)/dt) F,

Either by looking at part KAP or at part BAQ, if we think of moment
balance about A we see that the cutting force has to fight about twice
the torque in the gear mechanism as in the ungeared mechanism.
For example KAP is aided in its cutting by the torque from the force
at G.

The mechanism multiplies the force at B and C by a factor of 2
compared to having the handle hinged at A. The force at G also gets
(a shade less than) this force but with half the lever arm. Together
they give a force multiplication of (a shade less than) 2+1=3.

Fp=125N
Fp=125N
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6.57)
6.57)

6.58)
6.59d)

6.60)
6.60)
6.62)
6.62)
6.62)

6.63)
6.63)

7.3)
7.4)
7.4)
7.9a)
b)

8.14)
8.15)

8.17b)

9.11)

For the load at I, Fp = 75 N. For the load at J, Fp = 250N.

With the welded handle there is just a simple lever and the mechan-
ical advantage comes from the horizontal distance between the load
and hinge A. For the 4 bar mechanism the force at C is the applied
vertical load, no matter where it is applied. So the lever arm is the
horizontal distance from A to C.

Fs = 5001bf

reduce the dimension marked ‘2 inches”. The smaller the less the
friction needed.

As the “2 inch” dimension is reduced to zero, the needed coeffi-
cient of friction goes to zero and the forces squeezing the pipe go
to infinity. This is bad because it can damage the pipe. It is also
bad because a small pipe deformation will cause the hinge on the
wrench to snap through, like a so called “toggle mechanism” and
thus not grab at all.

Ry,=0

T = 2001bf

Fp=4_tpc(lpn —d)F/dlcp

Tccoo = (gu/d —1) Lec/bep+ D F

Asd — 0, Fp — oo. Two problems: the amount of motion goes

to zero and the assumption of rigidity becomes non-negligibly in-
accurate.

Fy (b(a2 + bz)/az)) F =130F = 1300 1bf

The mechanism uses three tricks to multiply the force: a lever, a
wedge, and a toggle. Each of these multiplies by about 5. Thus the
nut-force Fy is on the order of 5° = 125 times as big as F.
(117y/2)m?* =5.85% 10°N

Water starts to spill at &7 = 3rqp = 3 m.

Assuming no friction at B, F,=225%10%N

pgmrl

—pgmr?(h — £), note the minus sign, it now takes force to lift the
can.

Fay = —-500N, M4, = —500/3N-m

V(£/2) = —wt/8, M(£)2) = wt?/16, My, = M@3L/8) =
9wi?/128

[Hint: at every height y the cross sectional area must be big enough
to hold the weight plus the wire below that point. From this you
can set up and a differential equation for the cross sectional area
A as a function of y. Find appropriate initial conditions and solve

the equation. Once solved, the volume of wire can be calculated as
V= fol OmiA(y)dy and the mass as pV.]

x(3s) =20m
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9.15) (a) v(3s) = 2m/s in each case. (b) x(3s) = 3 m for case (a),
x(3s) = 4m for case (b).
9.16) F,=7%Fr
9.48)  Time span = 3w /m/k/2
9.51) (a) mX + kx = F(t), (b) mX + kx = F(t), and (c) my + 2ky —
2kl \/e?)y+7 = F(1)
9.53b) mg — k(x — {y) = mi
c) X+ %x =g+ kmﬁ
e) This solution is the static equilibrium position; i.e., when the mass
is hanging at rest, its weight is exactly balanced by the upwards
force of the spring at this constant position x.
) T+Lii=0
g x(t)= [D—(&H—%)]cos\/%t—i-(ﬁo-l-%)
h) peri0d=27r\/% .
i) If the initial position D is more than €y 4+ 2mg/k, then the spring

is in compression for part of the motion. A floppy spring would
buckle.
9.55a) period= % =0.96s

b) maximum amplitude=0.75 ft
¢) period= 2\/¥+ JE [Jr + 2tan~! /%] ~ 1.64s.
9.56) LHS of Linear Momentum Balance: > F = —(kx +bx)t + (N —

mg)J.
9.70a) Two normal modes.

b) x, = const * x; = const x (Asin(ct) + B cos(ct)),where const =

+1.
C) w] = \/inz , (D) = \/g .

9.71b) If we start off by assuming that each mass undergoes simple har-
monic motion at the same frequency but different amplitudes, we
will find that this two-degree-of-freedom system has two natural
frequencies. Associated with each natural frequency is a fixed ra-
tio between the amplitudes of each mass. Each mass will undergo
simple harmonic motion at one of the two natural frequencies only
if the initial displacements of the masses are in the fixed ratio asso-
ciated with that frequency.

9.73) ap=ipi = #[_IQXB_ICZ(XB_xA)+C1(XD_).CB)'i‘kS(xD_xB)]i-

9.74) ap=igi= #[—qug —ci(Xp —xa) + (k2 + k3)(xp — xp)].
9.77a) o = ,/%.

m

9.81a) One normal mode: [1, 0, 0].

b) The other two normal modes: [0, 1, %ﬁ].
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9.87)  hpax = €%h.
10.4a) v(5s) = (307 +3007) m/s.
b) a(5s) = (61 + 1207) m/s>.
10.5)  r (1) = (x0+ 2 — 2 cos(Q0)) i + (yo + vor) j.
10.13) v =2rm/s% +esm/sj, @ = 2m/s2i + e m/s2J.
1048) 75 =13N
10.61) Equation of motion: —mgj—b(x>+ y?) (m—”) =m(X1+5yJ).

)'C2+)',2

10.62a) System of equations:

X = vy

y = v

b
D — /2 2
Vy = P Ux/ V5 + V3
b
). = —o — 2 2
Uy = T8 Uy [vg + 05



